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INTRODUCTION 


"OLUME  I  of  this  work  will  not  be  found  to  overlap  Netto's  Gombi- 


»  natorik  to  any  considerable  extent. 
The  latter  excellent  treatise  treats  for  the  most  part  of  combinations  of 
objects  which  are  all  different,  and  deals  with  many  special  investigations  of 
interest  concerning  them.  It  is  particularly  good  in  the  historical  treatment, 
and  the  reader  who  desires  a  comprehensive  account  of  combinatory  analysis 
should  read  the  Combinatorik,  as  well  as  the  present  book.  Investigations 
by,  amongst  other  writers,  Weyrauch,  Longchamp,  Tait,  Cantor,  Terquem, 
Weiss,  Metzler,  Sprague,  Scheck,  Schroder,  Steiner,  Reiss,  Moore,  Ue  Vries, 
Heffter,  Kirkman,  Lucas,  are  given  by  Netto,  which  are  valuable,  but  are 
not  within  the  scope  of  the  task  undertaken  here.  This  has  in  view  the 
presentation  of  processes  of  great  generality,  and  of  new  ideas,  which  have 
not  up  to  the  present  time  found  a  place  in  any  book  in  any  language. 

This  second  volume  commences  with  a  detailed  account  of  what  is  known 
concerning  the  algebra  of  the  Theory  of  Partitions  of  Numbers,  the  point  of 
view  being  that  of  Euler,  and  the  first  Section  overlaps  the  Combinatorik  to 
some  extent.  It  does  not  include  the  investigations  of  Sylvester  and  Cayley 
in  regard  to  expressions  for  the  general  coefficients  in  the  enumerating  gene- 
rating functions.  These  are  omitted  as  being  arithmetical  rather  than 
algebraical.  The  reader  is  recommended  to  consult  the  original  memoirs, 
and  also  a  short  account  in  the  work  of  Netto. 

New  ideas  will  be  found  in  Section  VII  in  regard  to : 

(i)  the  transformation  of  certain  series  by  a  graphical  method  ; 

(ii)  the  discussion  of  Ramanujan's  important  identities  ; 

(iii)  the  transformation  of  certain  generating  functions  by  means  of 

symmetric  functions; 

(iv)  the  connexion  of  the  theory  of  partitions  with  other  combinatory 

theories. 

The  most  important  part  of  the  volume,  Sections  VIII  et  seq.,  arises  from 
basing  the  theory  of  partitions  upon  the  theory  of  Diophantino  inequalities. 
This  method  is  more  fundamental  than  that  of  Euler,  and  leads  directly  to 
a  high  degree  of  generalization  of  the  theory  of  partitions,  and  to  several 
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investigations  which  are  grouped  together  under  the  title  of  "  Partition 
Analysis."  A  partition  of  a  number  consists  essentially  of  an  assemblage  of 
integers  whose  sum  is  equal  to  the  number  partitioned.  There  is  a  priori 
no  definite  order  amongst  the  integers  (parts  of  the  partition),  and  it- there- 
fore becomes  possible  to  import  a  new  idea  into  the  definition  of  a  partition 
by  regarding  a  descending  order  of  magnitude  amongst  the  parts  as  essential. 
A  partition  thus  becomes  a  series  of  integers  in  descending  order  of  magni- 
tude, and  the  problem  of  enumeration  is  transformed  into  the  enumeration 
of  the  solutions  of  a  set  of  Diophantine  inequalities.  In  fact,  a  part  of 
a  partition  is  considered  to  have  the  attribute  of  position  as  well  as  of 
magnitude,  thev  position  being  determined  by  relative  magnitude. 

The  ordinary  partitions  of  Section  VII  are  regarded,  from  this  point  of 
view,  as  essentially  belonging  to  space  of  one  dimension  with  a  graphical 
representation  in  two  dimensions.  One  generalization,  taken  up  in  Sections 
IX  and  X,  considers  partitions  which  appertain  essentially  to  space  of  two 
dimensions,  with  a  graphical  representation  in  three  dimensions. 

The  complete  solution  of  this  problem  is  given.  After  fruitless  researches 
extending  over  many  years  it  finally  yielded  before  the  invention  of  the 
lattice,  function  and  its  derivatives.  This  function,  which  is  otherwise  of 
much  intrinsic  interest,  is  formed  from  the  lattice  permutations  of  a  given 
assemblage  of  letters  through  the  medium  of  the  index  of  a  permutation. 
The  assemblage  of  letters  spoken  of  arises  from  the  Ferrers  graph,  which 
involves  the  points  or  nodes  at  which  the  parts  of  a  partition,  subject  to 
Diophantine  inequalities,  are  placed.  The  lattice  permutations,  and  the 
theory  of  the  indices,  were  studied  in  Section  III  of  Vol.  I. 

The  subject  of  partitions  in  space  of  three  dimensions  is  also  broached, 
and  the  complete  solution  in  regard  to  the  summits  of  a  cube  is  reached. 
There  is  here  no  convenient  graphical  representation,  and  the  general 
question  appears  to  bristle  with  difficulties. 

In  Section  XI  an  account  is  given  of  the  Theory  of  the  Symmetric 
Functions  of  several  systems  of  quantities.  A  knowledge  of  this  subject 
must  be  of  service  in  further  researches  in  Combinatory  Analysis.  It  is 
here  shewn  to  yield  a  second  brief  and  elegant  solution  of  the  question  of 
the  Latin  Square  and  its  generalizations. 

In  conclusion,  I  would  say  that  I  am  aware  that  the  reader  will  probably 
find  imperfections  in  these  volumes,  but  I  shall  be  satisfied  if  they  are  found 
to  contain  ideas  which  are  new  and  fresh,  and  such  as  are  likely  to  prove 
starting-points  for  further  investigations  in  an  exceedingly  interesting  field 
of  pure  mathematics. 

I  wish  to  express  my  thanks  to  the  Cambridge  University  Press  for  the 
care  they  have  taken  in  producing  the  work,  and  to  Mr  H.  B.  C.  Darling,  of 
the  Standards  Department  of  the  Board  of  Trade,  for  his  kindness  in  reading 
the  proofs  of  both  volumes. 


INTRODUCTION 


Note  on  Waring's  Formula  for  the  Sum  of  the  Powers 
of  the  Roots  of  an  Equation 

In  the  work  Grundziige  der  Antiken  und  Modernen  Algebra  von  Ludwig 
Matthiessen,  Leipzig,  1878,  there  appears,  p.  62,  the  following  statement : 

"Der  niederlandische  Mathematiker  Albert  Girard  hat  in  einer 
1629  verfassten  Schrift  fur  die  Potenzsumme  die  Formel 

8  -  mS  (-)*l+'2+ 1 + °m («i  +  g  +  • : :  ±  *c  *>!  £g?  •  • :  £ 

m  Si!*2!...*n! 

angegeben.    Sie  wird  zumeist  Waring  zugeschrieben,  der  sie  erst  1782 
und  zwar  ohne  Beweis  mittheilt"; 
with  a  foot-note : 

"Girard,  Invention  nouvelle  en  I'Algebre,  Amsterdam,  1629." 

This  statement  is  absolutely  incorrect,  as  I  will  now  shew.  I  was  un- 
fortunately misled  by  it  to  ascribe  the  formula  in  Vol.  I  of  this  work  to 
Girard. 

Girard,  in  the  pamphlet  quoted  by  Matthiessen,  gives  the  formulae 

A 

Aq  —  B2 

Acub-ABS  +  CS 

Aqq  -  AqB4>  +  AC4>  +  Bq2  -  Z)4 

for  the  sums  of  the  first,  second,  third  and  fourth  powers  of  the  roots.  He 
gives  no  formula  for  the  general  coefficient,  and  there  is  no  sign  whatever 
that  he  knew  of  the  existence  of  such  a  formula. 
So  much  for  Matthiessen's  first  statement. 

In  regard  to  Waring,  the  theorem  in  question  forms  the  subject  of  the 
first  problem  in  Chapter  I  of  the  Meditationes  Algebraical,  which  was  pub- 
lished at  Cambridge  in  1770,  and  therein  is  given  a  complete  proof  by 
mathematical  induction. 

Compare  Matthiessen's  second  statement  to  the  effect  that  Waring  first 
gave  the  formula  in  1782,  and  then  without  proof.  It  appears,  therefore, 
that  the  theorem  is  due  to  Waring,  and  I  much  regret  having  failed  to  verify 
Matthiessen's  references  before  adopting  his  view. 

I  am  indebted  to  Dr  R.  F.  Muirhead  for  drawing  my  attention  to  this 
subject,  and  for  giving  me  the  reference  to  his  paper,  "  A  proof  of  Waring's 
Expression  for  %<xr  in  terms  of  the  Coefficients  of  an  Equation,"  Proc.  Edin. 
Math.  Soc.  Vol.  xxiil.,  wherein  the  matter  is  discussed. 
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Note  on  the  Greater  Index  of  a  Permutation  and  the  Number 
of  Inversions  of  a  Permutation 

It  is  shewn  in  Vol.  II,  Sect.  IX,  p.  206  that,  in  regard  to  any  assemblage 
of  letters,  if  p  be  the  greater  index  of  a  permutation  and  we  take  %xp,  the 
summation  being  in  regard  to  every  permutation  of  the  assemblage, 

Sr„  _  (l)(2)...(i+j  +  k+...) 

(l)(2)...(i).(l)(2)...(j).(l)(2)...(k)....' 

where  the  assemblage  of  letters  is  taken  to  be 

Netto  and  other  investigators  have  on  the  other  hand  considered  the 
number  of  inversions  of  a  permutation,  say  v. 

I  have  recently  shewn  in  Proc.  L.  M.  S.  1916  that  while  p  and  v  are 
different  numbers  for  the  same  permutation,  the  assemblage  of  numbers  p  is 
identical  with  the  assemblage  of  numbers  v.  Hence 

and  the  properties  of  Nthe  numbers  v  are  comprised  in  the  algebraic  expression 
of       given  above. 

Compare  Netto's  Combinatorik,  p.  92,  and  this  work,  Vol.  I,  p.  135. 


To  the  original  papers  reference  is  made  in  regard  to : 

Section  VII.     Sylvester,  Collected  Mathematical  Papers,  Vol.  in.: 

pp.  249-51,  "  Note  on  continuants"  ; 

pp.  653-5,   "  On  Crocchi's  theorem  "  ; 

pp.  658-60,  "On  the  fundamental  theorem..."; 

pp.  661-3,   "  Note  on  the  paper  by  Mr  Durfee... "  ; 

pp.  664-6,   "  Note  on  Ur  Franklin's  proof..."; 

pp.  667-71,  "  On  the  use  of  cross  gratings... " ; 

pp.  677-9,   "  Proof  of  a  well-known  development..."  ; 

pp.  680-2,   "  On  a  new  theorem  in  partitions  " ; 

pp.  683-4,   "Note  on  the  graphical  method  in  partitions"; 

pp.  685-6,   "An  instantaneous  graphical  proof..."; 
and  in  Vol.  iv. : 

pp.  1-83,     "A  constructive  theory  of  partitions...  ." 
Cayley,  Collected  Mathematical  Papers,   Vol.    II.   pp.   235-49,  506-12, 

"  Researches  in  the  partition  of  numbers." 
The  Author,  Phil.  Trans.  P.  S.  1896,  a,  "  Memoir  on  the  theory  of  the 

partition  of  numbers — Part  I." 
S.  Ramanujan. 
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Section  VIII.    Phil.  Trans.  R.  S.  1899,  A,  "Memoir  on  the  theory  of  the  partition  of 

numbers— Part  II."  and  1905,  a, — Part  ill. 
Camb.  Phil.  Trans.  Vol.  xvm.  "  Application  of  the  partition  analysis  to 

the  study  of  the  properties  of  any  system  of  consecutive  integers." 
Camb.  Phil.  Trans.  Vol.  xix.  Part  i.  "The  Diophantine  inequality  Xv  ^  py." 

Section  IX.      Phil.  Trans.  R.  S.  1911,  a,  "Memoir  on  the  theory  of  the  partition  of 
numl>ers — Part  v.    Partitions  in  two-dimensional  space." 

Section  X.       Phil.  Trans.  R.  S.  1911,  a,  "Memoir  on  the  theory  of  the  partition  of 
numbers — Part  vi." 
Camb.  Phil.  Trans.  Vol.  xvn.  Part  ii.  "  Partitions  of  numbers  whose  graphs 
possess  symmetry." 

Section  XI.      Phil.  Trans.  R.  S.  1890,  a,  "  Memoir  on  symmetric  functions  of  roots  of 
systems  of  equations." 

P.  A.  M. 


April  1916. 
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THE  PARTITION  OF  NUMBERS 
CHAPTER  I 

THE  THEORY  OF  EULER 

238.  We  have  now  to  consider  in  interesting  detail  the  division  of  an 
integer  into  other  integers  of  which  it  is  the  sum.  The  integers  last 
mentioned  are  the  parts  of  the  partition  of  the  first  mentioned  integer. 
These  parts  may  be  drawn  from  the  whole  series  of  natural  numbers  or  they 
may  be  drawn  from  a  system  of  integers  which  is  duly  specified ;  thus  the 
system  may  be  that  which  involves  the  uneven  integers  or  the  even  integers 
exclusively,  or  the  actual  numbers  which  may  appear  as  parts  may  be  parti- 
cularly specified  as  being  any  integers  agreed  upon.  Further  the  number  of 
times  which  each  integer  or  the  whole  of  the  integers  may  appear  as  parts 
may  be  fixed  and  also  the  whole  number  of  the  parts  of  the  partition.  The 
part  magnitude  may  also  be  fixed  and  a  host  of  other  conditions  may  be 
imposed  upon  the  partitions. 

Euler's  theory  proceeds  from  the  fact  that  algebraical  multiplication  of 
integral  powers  of  the  same  numerical  magnitude  is  equivalent  to  the 
arithmetical  addition  of  the  powers ;  thus 

xPl  xP2 1. xPs  z=aJPi+P2+P3  +  '~t 

It  thence  follows  at  once  that  the  whole  number  of  partitions  of  an  , 
integer  n  is  equal  to  the  coefficient  of  xn  in  the  expansion  of  the  function 

 1  . 

(1  -  x)  (1  -  a?)  (1  -  a?)  . . .  ad  inf. ' 
Ex.  gr.  expanding  each  factor  into  an  infinite  series  and  then  multiplying 
them  together  we  find  that  the  term  7x*  arises  made  up  in  the  multiplication 
in  the  manner 

a-l+l+l+l+l  +  ^U+l+l+2  +  ,pl+S+ 2  _|_  -gl+l+8  +  aJ+S  +  ^44  _|_ 

due  to  the  expansion 

(1  -  xrYx  =  l+xr  +xlr+x*r+ 
where  r  has  all  values  not  exceeding  in  this  instance  5. 
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The  above  written  algebraic  fraction  we  call  the  enumerating  generating 
function  (g  F.  for  brevity)  of  the  partitions  of  n.  It  is  also  clear  that  if  the 
part  magnitude  be  restricted  to  not  exceed  the  enumerating  generating 
function  will  be 

 1  

(1  -x)(l-a?) 

If  the  condition  of  partition  be  that  there  are  to  be  exactly  i  parts  the 
number  of  partitions  of  n  will  be  equal  to  the  coefficient  of  aixn  in  the 
expanded  fraction 

 1  

(1  -ax)  (I-  aa?)  (1  -  ax3)  ...  ad  inf. " 

This  fraction  may  be  expanded  in  ascending  powers  of  a  in  many  ways ; 
one  of  the  simplest  is  to  write  it  as  a  function  F  (a)  of  a  and  to  put 

F(a)  =  l+a<j>1  (x)  +  a?$2  (x)  +  a3<f>3  (x)  +  . . . , 

from  which  we  derive 

F(ax)  =  1  +  ax  fa  (x)  +  a2x?fa  (x)  +  a?a?fa  (x)+  .... 

Now,  from  the  G.F., 

F  (ax)  =  (1  -  ax)  F(a), 

so  that 

1  +  ax  fa (x)  +  a?x-fa (x)  +  . . .  =  (1  -  ax)  {1  +  afa  (x)  +  a?  fa  (x)  +...}. 
Herein  equating  coefficients  of  like  powers  of  a  we  find 
xfa  (x)  =  fa  (x)  —  x, 
x2fa  (x)  =  fa  (x)  —  xfa  (x), 
Xs  fa  (x)  =  fa  (x)  -  xfa  (x), 

etc. 

from  which  fa  (x)  =  |  X  , 


,  .  x* 


and  in  general 


fa{x)- 


(i-x)(i-xy 

X1 


(l-x)(l-x2)...(l-xi)' 
leading  to  the  algebraical  identity 

 1  

(1  -  ax)  (1  -  ax*)  (1-ax3)...  ad  inf. 

t  .    ax  a?a?  a¥ 


l-x    (1  -  x)(l  -  a?y      ^  (I  -  x)  (1  -  x>)  ...  {l-x1)' 


CONJUGATE  GRAPHS 


3 


and  to  the  conclusion  that  the  enumerating  G.F.  for  partitions  into  exactly  i 
parts  is 

r'l ''  a? 

(1 -«»).. .(1-**)' 

the  number  required  being  given  by  the  coefficient  therein  of  xn. 

239.  Moreover  this  coefficient  is  equal  to  the  coefficient  of  arn-i  in  the 
expanded  fraction 

 1  

(\-x){\-o?)...{\-a*)y 

a  fact  which  demonstrates  that  n  has  as  many  partitions  which  involve 
exactly  %  parts  as  n  —  i  has  partitions  in  which  the  part  magnitude  is  limited 
so  as  not  to  exceed  i.  This  theorem  is  not  obvious  immediately  d  priori 
but  becomes  so  on  further  consideration.  Ferrers  (and  after  him  notably 
Sylvester)  denoted  a  partition  of  a  number  graphically.  The  parts  being 
arranged  in  descending  order  of  magnitude  from  left  to  right,  corresponding 
rows  of  dots  or  nodes  are  placed  in  succession,  each  row  starting  from  the 
same  line  parallel  to  the  long  edge  of  the  page ;  thus  the  graph  of  a  partition 
7521  will  be 


wherein  it  will  be  noticed  that,  in  general,  the  number  of  rows  is  equal 
to  the  number  of  parts  in  the  partition  while  the  number  of  columns  is  equal 
to  the  highest  part.  If  we  now  rotate  this  graph  so  that  the  rows  become 
columns  we  find  the  graph 


which  now  denotes' the  partition  4322211  of  the  same  number  15.  The  two 
partitions  are  said  to  be  conjugate ;  and  so  also  the  two  graphs. 

It  is  clear  that  if  a  graph  denote  a  partition  having  a  highest  part  j  and 
exactly  i  parts,  the  conjugate  graph  will  denote  one  which  has  a  highest 
part  t  and  exactly  j  parts.  Hence  these  two  sets  of  partitions  are  equi- 
numerous.  Moreover  if  we  have  a  set  of  partitions  in  which  the  highest 
part  is  limited  not  to  exceed  j,  the  conjugate  set  of  partitions  will  be  such 
that  the  number  of  parts  is  limited  not  to  exceed  j.    We  thus  see  clearly 

1—2 
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that  the  partitions  having  a  highest  part  not  exceeding  j  have  the  same 
enumerating  G.F.  as  the  partitions  in  which  the  number  of  parts  does  not 
exceed^'.  The  theorem  which  gave  rise  to  this  discussion  may  therefore  be 
stated  in  the  form :  "  A  number  n  has  as  many  partitions  involving  exactly 
t  parts  as  the  number  n  —  i  has  partitions  which  do  not  involve  more  than 
i  parts."  In  this  form  its  truth  is  seen  at  once,  for  if  we  diminish  each  of 
the  parts  of  the  former  partitions  by  unity  we  obtain  each  of  the  latter 
partitions. 

Ex.  gr.    n  =  11,  i  =  3. 

The  sets  of  partitions  are 

911    821    731    722    641    632    551    542    533  443 
8     71      62    611      53    521      44    431    422  332 

Conversely  reasoning  in  this  manner  leads  at  once  to  the  expansion  of  the 
reciprocal  of  (1  —  ax)  (1  —  ax"1)  (1  —  ax3)  ...  ad  inf.  in  ascending  powers  of  a. 

240.  We  can  obtain  a  different  expansion  of  the  same  fraction  from  the 
following  consideration.  The  G.F.  of  the  partitions  which  have  exactly*  parts 
and  a  highest  part  precisely  equal  to  j  is  clearly 

ax* 

(1  -ax)  (I-  ax1)  ...  (1  -axi) ' 
the  number  of  partitions  being  given  by  the  coefficient  of  aixn. 
Hence  giving  j  all  values 


(1  -  ax)  (1  -  ax2)  (1  -  aw>)  . . .  ad  inf. 

ax  ax1  aa?  . 

+  1^-  ax  +  (l-ax){l-aa?)  +  (1  -  ax)  (1  -  ax')  (1  -  ax?)  +  ' ' ' 

The  partitions  which  involve  not  more  than  i  parts  are  given  by  the 
coefficient  of  alxn  in  the  G.F. 

 1  

(1  _  a)  (1  -  ax)  (1  -  ax2)  ...  ad  inf. 

—     _L      a     4.  0,2  a* 

+  T^~x  +  (1  -x)(l-x2)  +  (r^x)Jl-x2)(lrxs)+'''  ' 

This  series  is  obtained  as  before  from  the  consideration  that  writing  ax 
for  a  is  equivalent  to  multiplication  by  1  —  a. 

The  number  in  question  is  the  coefficient  of  xn  in 

1  _ 

(i  -tf)(i-^).;7(i-^)' 

verifying  a  previous  conclusion. 


CH.  i]    THE  HIGHEST  PART  AND  THE  NUMBER  OF  PARTS  BOTH  LIMITED  5 

241.  We  now  come  to  the  important  G.F.  which  enumerates  the  partitions 
in  which  the  number  of  parts  and  the  highest  part  are  limited  by  the  numbers 
i,  j  respectively.  The  number  is  clearly  given  by  the  coefficient  of  aV*  in 
the  fraction 

 1  

(1  -a)  (I -ax)  (I  -aa?)...(l  -cud)' 

Writing  ax  for  a  is  equivalent  to  multiplication  by 


1  -  cuv*+l  1 

hence  as  before  we  are  at  once  led  to  the  expanded  form 

l-xi+1      a(l-^+1)(l-^+3)  .  (1  -  xi")  (1  -  xJ+>)  ...  (1  -  a**) 

1  +  a  1-x  +a     (l-x)(l-x*)     +-+a  (l-x)(l-x*)...(l-xi) 

..As-*?-?  >r;«>.yt',/*j     u'.iti  ■■■.;■'>:■>■  +  cp.  W«  r,<y,^  t^vliugt  «ff  • 

establishing  that  the  enumerating  G.F.  is 

(1  -  xi+1)  (1  -  xi+*)  ...  (1  - 

(1  1 
which  may  be  also  written 

 (l-s)(l-a;')...(l-tt»+-0  

(1  -  x)  (1  -  x2) ...  (1  -a*)-  (1  -  x)(l -a?)  ...  (1  -x>)' 

This  is  symmetrical  in  i  and  j,  as  should  be  the  case  from  the  consideration 
of  conjugate  graphs*. 

Cayley,  in  his  researches  on  partitions,  adopted  a  very  convenient  notation. 
He  wrote 

1  -  xm  =  (m), 

thus  the  above  generating  function  would  be  written 
(j  +  1)  (j  +  2)...(i  +  j) 
(l)(2)...(i) 

242.    It  is  important  at  this  stage  to  examine  the  G.F. 

xi 

(l)(2)..(j) 

in  some  detail  so  as  to  become  familiar  with  a  method  of  interpretation  in  the 
theory  of  partitions. 

We  take  the  particular  case 

x* 

(1)<2)  (3) 

The  highest  part  of  a  partition  exceeds  the  next  highest  part  by  one  of 
the  numbers  0,  1,  2, ...  n.    This  will  be  called  the  "  first  excess";  similarly  the 

*  An  arithmetical  proof  of  this  theorem  has  been  given  by  Franklin,  Amer.  Journ.  of  Math. 
Vol.  rv.  p.  18. 
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second  highest  part  (which  may  be  equal  to  the  highest  part)  exceeds  the 
next  occurring  part  by  some  number  which  we  shall  call  the  "  second  excess," 
and  so  on. 

Take  any  partition  of  9  into  three  or  fewer  parts  and  express  it  graphically ; 
thus  suppose  we  take  the  partition  333 

•  ••ooooo 

and  continue  it  by  any  graph  of  three  rows  represented  by  hollow  dots  or 
nodes.  We  may  suppose  the  g.f.  to  represent  such  graphs  where  the  filled 
nodes  are  fixed  and  the  hollow  nodes  can  be  written  down  at  pleasure  so  as 
to  constitute  the  regular  graph  of  a  partition.  The  partitions  represented  by 
the  combined  graph  are  specified  by  the  statement  that  "  there  are  exactly 
three  parts  and  no  part  is  less  than  three."  If  instead  of  333  we  take  the 
partition  531  we  find 

•  ••••ooooo 

•  o 

and  the  hollow  nodes  must  be  regarded  as  moved  to  the  left  as  far  as 
possible  so  as  to  form  the  combined  regular  graph 

•  ••••ooooo 


We  look  upon  the  filled- in  nodes  as  fixed  and  the  hollow  ones  to  be 
assigned  at  pleasure.    We  have  here  exactly  three  parts  with  the  conditions 

(i)  the  first  excess  must  be  at  least  2, 

(ii)  the  second  excess  must  be  at  least  2. 

These  partitions  are  therefore  also  enumerated  by  the  G.F. 

The  conditions  in  regard  to  the  first  two  excesses  shew  that  the  partitions 
under  view  are  those  in  which  there  are  no  repetitions  or  sequences  of  parts. 
In  fact  consecutive  parts  such  as  p,  p ;  p  +  1,  p;  are  clearly  ruled  out. 

Bringing  under  view  the  successive  partitions 

1,  31,  531,  7531,  97531,..., 

we  see  that  the  partitions  of  numbers  which  involve  neither  repetitions  nor 
sequences  are  enumerated  by  the  series 

x        x*  x°  x16 

1  +  (T)  +  0M2j  +  (1M2M3)  +  0M2) "(3)  (4)  +  ' 
the  powers  of  x  involved  in  the  numerators  being  the  successive  square 
numbers. 
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Again  if  we  take  the  partition  72  of  9  the  partitions  enumerated  will  be 
those  into  not  less  than  two  nor  more  than  three  parts  subject  to  the 
condition  that  the  first  and  second  excesses  must  be  at  least  5  and  2 
respectively. 

Generally,  in  respect  of  the  fraction 

(1)  (2)  <3)...(j)' 

considering  the  partition  pip2p3---P»  of  i  the  partitions  enumerated  will  be 
those  which  involve  not  less  than  s  nor  more  than  j  parts  subject  to  the  con- 
dition that  the  fith  excess  must  be  at  least  pM— pM_,,  ji  having  all  values 
from  2  to  s. 

243.  Another  interesting  series  is  obtained  by  consideration  of  the 
successive  partitions 

1,    21,    321,    4321,  etc  

This  is 

x        x3  x* 
+  <Tj  +  (1)  (2)  +  (1)<2)(3)  +  jTT<2)  (3)  (4) 

the  exponents  that  occur  in  the  numerators  being  the  triangular  numbers. 
The  series  clearly  enumerates  the  partitions  in  which  no  part  is  repeated ;  in 
other  words  partitions  into  unequal  numbers.  Moreover  such  partitions  are 
obviously  enumerated  by  the  infinite  product 

(1  +  x)  (1        (1  +  Xs)  (1  +  a*)  ...  ad  inf. 
Hence  the  identity 

(l+x)(l+x*)(l+x3)(l+x*)... 
x         Xs  x9  x10 

-    +  pj  +  (1M2)  +  (1M2M3)  +  (W)T3>  (4)  + 

244.  An  important  identity  is 

— !-  =(1+*)(1+^)(1+^)(1+^)(1+^').... 
1  —  x 

This  is  obvious  as  soon  as  we  multiply  up  by  1  —  x. 

On  interpretation  it  establishes  that  every  integer  can  be  partitioned  in 
one  and  only  in  one  way  into  parts  which  are  different  powers  of  2. 

There  is  thus  one  partition  uniquely  connected  with  every  integer.  The 
parts  are  different  powers  of  2.  The  reader  will  have  no  difficulty  in 
establishing  that  a  particular  power  of  2,  say  2a,  will  or  will  not  be  a  part  in 
this  special  partition  of  an  integer  n  according  as  the  greatest  integer  in 
n/2*  is  uneven  or  even. 


8  A  FORMULA  OF  TRANSFORMATION  [SECT.  VII 

For  example,  since  the  greatest  integer  in  73/8  is  9,  an  uneven  number, 
2s  will  be  one  part  in  the  special  partition  of  73.  The  partition  in  question 
is  in  fact  64  +  8  +  1. 

Stated  in  another  way  we  may  say  that 

22*  =  n, 

where  the  summation  is  for  every  integer  a  such  that 

is  uneven. 

Writing  xm  for  x  we  find 

=  (1  +  xm)  (1  +  x2m)  (1  +  xim)  (1  +  x8m) 

a  formula  of  use  in  the  transformation  of  generating  functions.  Thus 

1 

(1)  (3)  (5)  (7)... 

-(1+*)(1+^)(1+«*)(1+^)... 
x  (1  +  x3)  (1  +  a?  )  (1  +  a?12)  (1  +a«) ... 
x  (1  +  x>)  (1  +  xw)  (1  +  xw)  (1  +  x*°) . . . 
x  (1  +  x7)  (1  +  a14)  (1  +  x*s)  (1  +  x56) . . . 

=  (l+x)(l+x*)(l+x>){l+xi)... 

because  every  integer  is  uniquely  expressible  as  the  product  of  an  uneven 
number  and  a  power  of  2. 

If  we  apply  the  transformation  to  the  G.F. 

1 

(1)  (2)  (3)  (4)...' 

it  becomes  (1  +  x  )  (1  +  x2 )  (1  +  x*  )  (1  +x8)(l  +  x™)  ... 

x  (1  +  x2)  (1  +x*  )  (1  +  xs  )  (1  +  x16)  ... 
x(l+x3)(l  +  x6)(l+x12)  ... 
x(l+x*)(l  +  x8)(l+x16)  ... 
x  (1  +  x5)  (1  +  x10)  ... 

X  ... 

and  in  this  infinite  product  1  +  xm  occurs  with  an  exponent  1  +p  where  2^  is 
the  highest  power  of  2  which  is  a  factor  of  m. 

We  may  therefore  write  the  G.F. 

(1  +  x)  (1  +  xj  (1  +  x?)  (1  +  x')3  (1  +  x5)  (1  +  x6)2  (1  +  x')  ( 1  +  x*y  . . . , 
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and  interpret  it  to  mean  that  the  whole  number  of  partitions  of  n  is  equal  to 
the  number  of  partitions  into  the  parts 

1,  %,  22,  8,  4,,  42,  43,  5,  6„  62,  7,  8,,  8.2,  83,  84>  ... 
where  4,,  42,  43,  for  example,  denote  the  number  4  in  three  different  colours 
and  the  partitions  are  such  that  no  number  occurs  twice  as  a  part  with  the 
same  colour.    The  seven  partitions  of  the  number  5  are 

5,  4,1,  4,1,  43],  32, ,  322,  2,221. 

245.  The  identity 

Y^  =  (l  +  a?)(l  +  ar2)(l  +ar*)(l  +a8)  +  ...ad  inf. 

may  be  put  into  the  form 

 1   , 

(l+x)(l  +  a?)  (1  +  x*)  (1  +  a?)  ...  ad  inf.  * 

from  which  expansion  of  the  left-hand  side  shews  that  every  number  greater 
than  unity  when  partitioned  into  repeatable  parts  which  are  powers  of  2 
has  as  many  partitions  involving  an  even  number  of  parts  as  partitions 
involving  an  uneven  number.  As  an  example,  the  number  12  has  the 
partitions 

Even  number  of  parts  Uneven  number  of  parts 

84,  8212,  4»22,  4214,  42312,  82a,814,    43  ,  42212,  42« , 

4216,    26  ,  2*1*,  2218,    l12  ,  4221<,  418,  281J,  2J16,  2110, 

the  number  being  ten  in  each  case. 

246.  The  expansion  of  the  finite  product 

(1  -  ax)  (1  -  ax1)  ...  (1  -  ax<) 
can  be  derived  from  the  expansion  of  its  reciprocal  by  the  following  con- 
siderations. The  coefficient  of  a^x11  in  the  former  is  equal  to  the  number  of 
partitions  of  n  into  exactly  j  unequal  parts,  none  greater  than  % ;  the  same 
coefficient  in  the  latter  is  equal  to  the  number  of  partitions  of  n  into  exactly 
j  parts,  equal  or  unequal,  the  part  magnitude  as  before  being  limited  so  as 
not  to  exceed  i. 

Now  if  one  of  the  latter  partitions  written  in  ascending  order  of  part 
magnitude  be 

where  +  p2  +  jh  +  •  •  •  +  Pi  =  «, 

it  is  clear  that 

Pi  +  0,  p2  +  1,  jh  +  2,  ...pj  +j  -  1 
is  a  partition  of  n  +  (j^j  mto  exactly  j  unequal  parts,  the  limit  to  the  part 
magnitude  being  i+j-  1. 


10  PARTITIONS  INTO  A  GIVEN  NUMBER  OP  UNEQUAL  PARTS    [SECT.  VII 

Conversely  from  any  partition  of  n  +        into  exactly  j  unequal  parts, 

no  part  being  greater  than  —  we  can  by  subtracting  the  numbers 
0,  1,  2,  ...  j  —  1  from  the  successive  parts  reach  a  partition  of  n  into  exactly 
j  equal  or  unequal  parts,  no  part  greater  than  i.  There  is  thus  a  one-to-one 
correspondence  between  the  system  of  partitions  of  n  into  exactly  j  equal  or 

unequal  parts,  no  part  greater  than  i,  and  the  system  of  partitions  of  n  +  (^j 

into  exactly  j  unequal  parts,  no  part  greater  than  i  +  j  -  1.  Therefore  we 
pass  to  the  coefficient  of  a)  in  the  expansion  of 

(1  -  ax)  (1  -  ax2)  ...  (1  -  ax1) 

from  the  coefficient  of  a)  in  the  expansion  of 

 1  | 

(I -ax)  (1-ax2)...  (I -ax*) 

by  changing  i  into  i  —j  +  1  and  multiplying  by  xx<i\ 

1 

Since  therefore 


(1  -  ax)  (1  -  ax2)  ...  (1  -  ax1) 

ajl-x^x    a2(l-^)(l-  xi+1)x2- 
+     1-x     +  (l-x)(l-x>) 

a)  (1  -  x{)  (1  -  xi+1)  ...  (1  -  at+J-1)  xi 
+        (l-x)(l-x2)...(l-xi)  ' 

we  find  that  (1  -  ax)  (1  -  ax2)  ...  (1  -  ax1) 

a  (I  -x*)x    a2  (1  -  a;*"1)  (1  -x^a?  _ 
~  1-x     +  (l-x)(l-a?) 

.aJ(l-  x^1)  (1  -  x^2)  . . .  (1  -  xl)  aA  2  / 
+  (  >3  (l-x)(l-x*)...(l-xi) 

The  generating  function  for  partitions  into  exactly  j  unequal  parts  none 
greater  than  i  is  therefore 

+     (i-J  +  2)     (i)  J*?) 
UM2)...(j) 

or  as  it  may  be  also  written 

(j+i) o+2)...(i)  et1) 

(1)  <2)  (i-j) 
247.    Let  us  next  consider  partitions  into  uneven  parts. 
The  g.f.  is  clearly         (1M3)  <5M7)  (9)  ... " 


CH.  l]  PARTITIONS  INTO  UNEVEN  PARTS  11 

Multiplying  numerator  and  denominator  by 

(2)  (4)  (6)  (8)  (10)..., 

we  obtain  (2)  (4)  (6)  (8)  (10)— 

e°btam  (1)(2)(3)(4)(5)...  ' 

which  is  (1  +  x)(l  +  x*)(l  +  x*)(l  +x*)(l  +  x*) 

which  is  none  other  than  the  G.F.  for  partitions  into  unequal  parts.  We  thus 
find  the  theorem :  "  Any  number  can  be  partitioned  into  uneven  parts  in 
the  same  number  of  ways  as  it  can  be  partitioned  into  unequal  parts." 
Cf.  Art.  243. 

Again,  putting 
F(a)  =  ? 


(1  -cue)  (I-  ax*)  (1  -  ax>)(\ -ax1)  ...  ad  inf. ' 
we  find  that  F (ax2)  =  (l-ax)F (a), 

and  we  are  led  to  the  expansion 

„  ax      u?x*  a'x* 

*  W  ~    +  (2)  +  (2M4)  +  W(WiG)  +  "" 
This  shews  that  the  G.F.  which  enumerates  the  partitions  into  exactly  i 
uneven  integers  is 


(2)  (4)  (6)  ..  .(2i)' 

a  result  which  might  have  been  predicted,  because  considering  i  nodes  placed 
in  a  column 


if  we  place  to  the  right  of  it  the  graph  of  any  partition  which  involves  i  even 
parts  and  no  uneven  parts  we  find  that  the  combined  graph  exhibits  a 
partition  composed  of  exactly  •  uneven  parts. 

248.    In  a  precisely  similar  manner  we  are  led  to  the  expansion 

 1  

(1  -  ax)  (1  -  aa?) . . .  (1  -  ax*-1) 

^vqi^WIW^,      .^«)  (2j  +  2)...(2i  +  2j-2) 
-l  +  ax{2)+ax      (2)(4)     +...+ax  (2)(4>  ...  (2i)  +  " 

establishing  that  the  G.F.  for  partitions  into  uneven  numbers  such  that  the 
highest  part  does  not  exceed  2j  —  1  while  there  are  exactly  i  parts  is 

(2j)  (2j  +  2)  ...  (2i  +  2j-2) 
(2)  (4)  .  .(2i) 
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ALGEBRAICAL  PROOF  OF  ONE-TO-ONE  CORRESPONDENCE    [SECT.  VII 


The  fact  that  the  partitions  into  uneven  parts  are  equi-numerous  with 
those  into  unequal  parts  has  been  shewn  by  Glaisher  in  an  ingenious  manner. 
He  establishes  a  one-to-one  correspondence  between  the  two  sets  of  partitions. 
Writing  a  partition  into  uneven  numbers  in  the  form 


ai>  a3,  a5,  a7>  •••  denoting  repetitions  of  parts,  he  expresses  these  numbers  a  in 
the  binary  scale ;  thus 


and  thence  proceeds  to  the  partition 

1  x  (2fto  +  2fto  +  ...)  +  3  x  (2/3u  +  2fe  +  ...)+  5  x  (2^12  +  2fe  +  ...)+..., 
the  parts  being 

gpw   2fto,  ...  3.2ftl,  S.2p2\...  5.2/?12,  5.2p2\ 
and  asserts  that  these  parts  are  all  different  because  any  integer  is  only 
expressible  in  one  way  as  the  product  of  an  uneven  integer  and  a  power  of  2. 

The  correspondence  in  the  case  of  the  number  9  is 

9  712  531  514  33  3213  316  l9  parts  uneven, 
9    72    531    54    63    621    432    81    parts  unequal. 

In  this  connexion  it  should  be  observed  that  the  function  which  enumerates 
partitions  into  uneven  parts,  viz.: 

1 


a2S+1=2Pu  +  2p'2g  +  2P3g+ 


(1)  (3)  (5)  (7)...' 

may  be  put  into  the  form  (by  Art.  244) 


(l  +  x)(l  +  a?  )(l+a*)(l  +  a?  )... 
x  (1  +  xs)(l  +  &•*)..■. 

x  (1  +af)(l  +  ^-2)(l  +  *•*)... 

x  (1  +0(1  +  #7-2)(l  +  x1-*)(l  +  X1-*)... 


x 


wherein  the  5th  row  of  factors  is  equal  to  7-  . 

^  (2s  -  1) 

Considering  now  the  partition  into  uneven  parts 
lP^SP35P5  ...(2s-l)P2s~i 
it  is  clear  that  the  factor  xV2fs~l  ^2s "  ^ 


of  the  term 


,Vl  •  1  +P3  •  3  +P5  •  5  +  . . .  +P2S--L  (2s  -  1)  +  . . . 


is  obtained  from  the  sth  row  of  factors  in  the  form 


,(2«-l)  (2ai  +  2tt2  +  2a3  +  ...) 


CH.  i]       GRAPHICAL  EXHIBITION  OF  ONE-TO-ONE  CORRESPONDENCE 
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and  that  we  thus  arrive  at  a  partition  of  p.2t-l(28—1)  into  unequal  parts. 
Moreover  varying  s  so  as  to  obtain  similarly  a  pirtition  of 

p1A+ps.3  +  ps.5  +  ...+ptl_l(2s-  1)  +  ... 

into  parts  we  see  that  no  two  parts  can  be  equal  since  we  know  otherwise  that 
the  enumerating  function  is  identically  the  same  as 

(1  +  **).... 

Hence  the  form  of  enumerating  function  written  above  involves  necessarily 
the  one-to-one  correspondence  under  discussion.  It  is  also  the  analytical 
expression  of  the  fact  that  a  number  is  only  expressible  in  one  way  as  the 
product  of  an  uneven  number  and  a  power  of  2. 

249.  Another  method  of  exhibiting  a  one-to-one  correspondence  is  due  to 
Sylvester.  It  is  valuable  as  shewing  the  power  of  the  graphical  represen- 
tation. The  correspondence  differs  from  that  obtained  by  Glaisher.  In  the 
discussion  of  self-conjugate  partitions  (Art.  252)  it  will  be  shewn  that  the  graph 
may  be  composed  by  means  of  angles  of  nodes,  each  angle  containing  an 
uneven  number  of  nodes,  and  it  will  thus  appear  that  the  number  of 
self-conjugate  partitions  of  a  number  n  is  equal  to  the  number  of  ways  of 
composing  n  with  unequal  uneven  numbers.  In  the  present  case  we  are 
given  a  partition  of  n  into  repeatable  uneven  numbers  and  we  may  form  an 
angle  graph,  but  it  will  not  be  regular. 


A  B 


Thus  let  the  partition  into  uneven  numbers  be 

13    13    7    5    5    5    1  1 
of  the  partible  number  50  and  form  the  angle  graph  by  making  the  angles 

BAT,   FDX,    IGO,   LKP,   NMU,  SQY,    W,  Z 
to  contain  13,  13,  7,  5,  5,  5,  1,  1  nodes  respectively. 
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THEOREM  IN  REGARD  TO  SEQUENCES 


[SECT.  VII 


The  graph  is  now  to  be  read  in  the  manner 

ZAB,    VCT,    REF,    YJX,    SHI,  0, 
yielding  the  partition  into  unequal  numbers 

14,    11,    10,    9,    5,  1 
of  the  partible  number  50. 

Slight  consideration  shews  that  the  process  must  produce  a  partition  into 
unequal  numbers. 

The  correspondence  in  the  case  of  the  number  9  yields 
9    7l2   531    514       33    3213     316  l9 
54    63    531    72    432    621     81  9 
which  should  be  contrasted  with  that  reached  by  the  method  of  Glaisher. 

250.  There  is  also  a  more  refined  correspondence  arising  from  this 
point  of  view.  A  partition  into  unequal  parts  may  involve  s  consecutive 
numbers.  This  is  termed  a  sequence  of  order  s.  If  a  number  is  not 
accompanied  by  the  next  highest  or  the  next  lowest  number  this  would  be 
called  a  sequence  of  order  one.  This  is  obviously  the  same  as  no  sequence 
at  all,  but  in  what  follows  it  counts  as  a  sequence.  A  partition  into  s  unequal 
parts  may  therefore  involve  1,  2,  3,...  or  s  sequences.  For  example  the 
partition 

14,    11,    10,    9,    5,  1 
involves  four  sequences,  viz.: 

14;    11,  10,  9;    5;  1. 
This  partition  was  derived,  by  Sylvester's  graphical  method,  from  the 
partition 

13,    13,    7,    5,    5,    5,    1,  1 
which  is  composed  of  four  distinct  uneven  numbers. 

The  correspondence  to  be  noticed  here  is  that  between  the  partitions 
which  are  composed  of  s  distinct  uneven  numbers  and  the  partitions  into 
unequal  parts  which  involve  s  sequences. 
Thus  for  the  number  9  we  have  for 

s=l,       9,  33,  l9  uneven  parts, 

54,  432,  9  unequal  „ 

5  =  2,       712,  514,  3213,  316  uneven  „ 
63,  72,  621,  81     unequal  „ 
5  =  3,       531  uneven 

531  unequal  „ 

The  proof  of  the  theorem,  too  long  to  be  given  here,  will  be  found  in 
Sylvester's  Collected  Mathematical  Papers,  Vol.  iv.  p.  45. 


CHAPTER  II 


GEOMETRICAL  AND  OTHER  TRANSFORMATIONS 

251.  One  of  the  most  important  methods  of  studying  the  graph  of  a 
partition  is  due  to  Durfee*.  He  fixed  attention  upon  the  square  of  nodes 
that  appertains  to  every  graph.  Consider  the  graphs  of  the  partitions 
32,  662,  4431,  viz.: 

o     o     •  o     o     •     •     •     •  o     o     o  • 

oo  o     o     •     •     •     •  o     o     o  • 

•     •  o     o  o 

where  the  square  of  nodes  is  specified  in  each  case.  The  reader  will  observe 
that  if  the  mth  part  of  the  partition  is  at  least  equal  to  m,  and  the  (ra  +  l)th 
part  less  than  r/i  +  1,  the  graph  involves  a  square  of  nodes  having  m  nodes 
in  the  side.  It  follows  at  once  that  every  graph  of  i  rows  and  j  columns 
can  be  dissected  into  three  pieces: 

(i)  a  square  containing  ma  nodes, 

(ii)  a  lateral  graph  of  m  rows  (at  most)  and  j  -  m  columns, 

(iii)  a  subjacent  graph  of  i  —  m  rows  and  m  columns  (at  most). 

The  number  m  may  be  as  large  as  the  least  of  the  numbers  t,  j,  and  may 
have  any  lesser  value. 

If  the  content  of  the  graph  be  n,  and  there  is  a  square  of  m*  nodes,  we 
may  distribute  n  -  ra.2  nodes  into  two  groups,  one  of  which  involves  in  or 
fewer  rows  and  exactly  j  —  m  columns,  and  the  other  exactly  i  —  m  rows  and 
m  or  fewer  columns.  The  corresponding  partitions  will  have  in  the  one  case 
m  or  fewer  parts  and  a  highest  part  equal  to  j  —  m,  and  in  the  other  exactly 
i  —  m  parts  and  a  highest  part  not  greater  than  m. 

*  Johns  Hopkins  University  Circulars,  B,  (1883);  Sylvester's  Collected  Mathematical  Papers, 
Vol.  m.  p.  661. 
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durfee's  dissection  of  a  graph 


[sect.  VII 


Many  applications  may  be  made  of  the  dissection  above  described. 
Consider  in  the  first  place  a  self-conjugate  partition;  that  is  to  say,  one 
whose  graph  reads  the  same  by  columns  as  by  rows. 


o  2jo  o 
o     o  ho 


o 

Obviously  we  can  dissect  it  into  a  Durfee  square  and  two  perfectly 
similar  appended  graphs,  lateral  and  subjacent  respectively.  If  the  square 
involve  w2  nodes,  the  lateral  graph  may  have  any  number  of  columns  but 
not  more  than  m  rows;  similarly  the  similar  subjacent  graph  may  have 
any  number  of  rows  but  .not  more  than  m  columns. 

The  lateral  graph  may  be  appended  in  as  many  ways  as  the  number 
\{n  —  m2)  possesses  partitions  into  not  more  than  m  parts. 

We  are  therefore  concerned  with  the  coefficient  of 

in  the  development  of  the  fraction 

 1  

(l-x)(l-x2)...(l-xm)' 

or  of  xn  in  the  development  of 

xm*  

(1  -  ...<l-aft»)' 

It  follows,  giving  m  all  possible  values,  that  the  function  which  enume- 
rates self-conjugate  partitions  can  be  expressed  by  the  series 
x  x*  x9 

+  V^x~*  +  (l-x*){l-x*)  +  (l-x^d-x*)^-^)  +  *'• 


(1-^)(1-^)...(1  -x™)       '  ■ 

252.  Another  expression  is  obtainable  from  the  circumstance  that  the 
symmetrical  graphs  which  appertain  to  these  partitions  can  be  dissected  in 
another  manner,  viz.  into  a  succession  of  angles  of  nodes  fitting  into  one 
another.  Each  such  angle  involves  an  uneven  number  of  nodes,  and  no  two 
angles  involve  the  same  number. 

Thus  in  the  graph  depicted  which  denotes  the  self-conjugate  partition 
85543111  of  the  number  28,  the  successive  angles  are  ABC,  DBF,  GHI  and 
J,  involving  15,  7,  5,  1  nodes  respectively. 
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We  find  in  fact  that  every  symmetrical  graph  denotes  a  partition  into 
unequal  uneven  numbers,  and  we  are  led  to  the  identity 

(l+a,)(l  +  a*)(l  +  *»)...  ad  inf. 

XX*  X9 


l-rfT(l-rf)(l-*)T(l-rf)(l-^)(l-*»)'f'"* 

because  the  left-hand  side  infinite  product  enumerates  the  partitions  into 
unequal  uneven  parts. 

Moreover,  if  there  be  a  square  of  to*  nodes,  the  partition  involves  exactly 
to  unequal  uneven  numbers;  it  follows  that  the  coefficient  of  amaf  in  the 
infinite  product 

(1  +ax)(l  +  ax3)(l+axs)... 
is  equal  to  the  coefficient  of  xn  in  the  development  of 

{\-a?)  (1-x*)  ...(l-x**)' 
a  fact  which  establishes  the  identity 

(l  +  ax)(l+ax*)(l  +  ax>) ...  (1  +  OX"*-1)  ...ad  inf. 
a*  ■  tt* 


=  1  +  a  = — -  +  a? 


\-a?^    {\-x*)(\-x*y'"^  (l-x*)(l-x*)...(l-x»*y"" 

This  is  a  well-known  result,  but  it  was  obtained  in  the  above  manner  by 
Sylvester.  It  is  a  good  example  of  the  application  of  graph  dissection  to 
obtain  results  in  algebraic  series. 

253.  In  a  similar  manner  the  reader  will  have  no  difficulty  in  dealing 
with  the  finite  continued  product  and  in  establishing  the  formula 

(1  +  ax)(l  4-  ax9)  (1  +  ax6)...  (1  +  cur5*-1) 
I  -  X3  (l—x,){l—xi) 

,  nm  (i  -  *»-»"-»)  (i  -       . . .  (i  - , 

+  (1  -  4*)  (1  -  «*)  —  (1  ~  " 

The  number  of  self-conjugate  partitions  which  involve  exactly  t  parts 
may  be  similarly  discussed.  If  a  symmetrical  graph  involve  a  square  of  m* 
nodes  the  subjacent  graph  will  involve  exactly  i  —  to  rows  and  not  more 
than  to  columns ;  it  will  denote  a  partition  of  the  number  |  (n  —  «*)  into 
exactly  i  -  m  parts,  no  part  exceeding  to  in  magnitude.  The  subjacent 
graphs  will  therefore  be  enumerated  by  the  coefficient  of  a*  ~ m  ~  in 
the  expansion  of 

(1  -  ax)  {I  -  ax>)  ...{1  -  aa~) ' 
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or  by  the  coefficient  of  a$^n~m^  in 

(i-^)d-^)...q-^) 

(1  -a?)(l  -a?)...(l  -aJ*-"1)  ' 

or  by  the  coefficient  of  a;'1-™2  in 

o._^  (1  -  a;2"*)  (1  -  artm+2) ...  (1  -  a;2^2) 
■    "   (1-#2)(1  -^)...(l-^~2wl)  ' 

or  by  the  coefficient  of  «•*  in 

rm2_2m+2,  (1-^)(1-^2)...(1-^-2) . 

(1  -  a;2)  (1  -  a*)  ...  (1  -  a**-™)  ' 

and  now  giving  m  the  values  1,  2,  3,  ...  in  succession  the  enumerating 
function  is  found  to  be 


+  a^  —   + 


(l-^-6)(l-^)(l-^-2) 
(l-a?)(l -a^)(l-a*)  T 

Corresponding  to  these  partitions  we  find  from  the  dissection  of  the 
graphs  into  angles  that  we  have  partitions  into  unequal  uneven  parts  which 
involve  a  highest  part  exactly  equal  to  2^  —  1. 

The  number  of  these  partitions  is  equal  to  the  coefficient  of  xn  in  the 
finite  product 

x*-1  (1  +  x)  (1  +  a?)  (1  +  a?) . . .  (1  +  x2i~3), 

that  is  to  say,  in 

„.     L     1  -  x2i~2       (1  -  x2i~4)  (1  -  a;21'"2)  ' 

r  +  -T^g+-ir-^)(i-^)  * 

T       (l-a;2)(l-a^)(l-a^)  ^"'j' 

a  verification. 

254.  There  is  another  way  of  investigating  the  generating  function  of 
conjugate  partitions  which  leads  to  its  expression  by  another  series. 


Consider  this  graph  of  a  self-conjugate  partition  664322. 
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It  is  symmetrical  about  the  diagonal  AUG,  to  the  right  of  which  we  find 
an  irregular  graph  of  three  rows,  viz. :  4 


If  there  are  *  nodes  in  the  diagonal  the  irregular  graph  under  view  must 
have  either  *  —  1  or  *  rows.  If  we  transform  the  irregular  graph  by  shifting 
the  second,  third,  etc.  rows  to  the  left  so  as  to  bring  the  left-hand  nodes  of 
those  rows  underneath  the  left-haud  node  of  the  first  row,  we  obtain  a 
regular  graph 


which  has  the  property  that  no  two  rows  can  be  of  the  same  length.  Now  the 
function  which  enumerates  such  graphs  is  either  the  product 

(l+x)(l  +  x>)(l+a*)  +  ..., 

or  the  series  (which  is  algebraically  equal  to  it) 

+  (I)  +  (1)  (2)  +  (1)  (2)  (3)  +  -  +  (1)  (2)      (s)  +  -  * 

In  the  series  the  term 


(1)  (2)  (s) 

enumerates  the  partitions  into  exactly  s  parts. 

Suppose  now  that  the  irregular  graph,  and  therefore  the  derived  regular 
graph  also,  has  s  rows  exactly.  Then  the  diagonal  of  nodes  ABC...  may 
have  s  or  *  + 1  nodes.  There  is  a  corresponding  graph  consisting  of  « 
columns  below  the  diagonal  of  nodes.    These  are  also  enumerated  by 

<1><2>  <s) 

Hence  considering  the  combined  contents  of  the  graphs  to  the  right 
of  and  below  the  diagonal  of  nodes  we  see  that  the  enumerating  function  is 
found  by  writing  a?  for  x  in  the  above  function.    It  is 

(2)  (4)  .  .(2s) 

That  is  to  say  that  the  number  iv  of  nodes  can  be  arranged  in  a  pair 
of  irregular  graphs,  competent  to  be  the  right-hand  and  lower  graphs  of 

2—2 
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a  self-conjugate  partition,  in  a  number  of  ways  given  by  the  coefficient  of 
xw  in  % 

rtf  (s+i) 


(2)  (4)  .  .  .  (2s) 

the  right-hand  graph  having  s  rows. 

Containing  only  the  two  graphs  the  self-conjugate  graph  is  so  far  inverte- 
brate. It  has  no  diagonal  of  nodes.  Since  this  diagonal  may  have  s  or  s  +  1 
nodes,  we  must  multiply  by 

+      —  x*  ' 

to  make  the  graph  complete. 

Hence  as  regards  exactly  s  rows  in  the  right-hand  irregular  graph,  we 
have  the  enumerating  function 

J2)  of*™ 
X  (1)  (2)(4)..7(2sj 

Hence  the  generating  function  for  self-conjugate  partitions  is 

fT  (1)  W)  <4)  .(2s) 

x*        x*  x1*  x(8+i)*-i 

=  1  +  X+ 


and  the  term 


(1)  T  (1)  (4)     (1)  (4)  (6)  T     ^  (1)  (4)  (6)  (2s) 

r(S+l)2-l 


(1)(4)  (6)  .  ..  (2s) 

enumerates  those  of  them  which  have  s  rows  in  that  portion  of  the  graph 
which  lies  to  the  right  of  the  diagonal  of  nodes.  The  series  obtained  is 
therefore  equal  to  the  product  previously  found 

(1  +  x)(l+x?)(l  +x5)  ...  ad  inf. 

and  to  the  series 

,      x         x4  x°  Xs2 

1  +  J^V  +  JOV   SAK   +  ^>  ,01  +  • 


(2)     (2)  (4)     (2)(4)(6)^'    ^(2)(4)...(2s)^  •  • 

255.  We  are  also  led  to  the  identity  (by  dividing  each  side  of  the  identity 
which  involves  the  old  product  and  the  new  series  by  1  +  x) 

(1  +  a?)  (1  +  x5)  (1  +  x7)  ...  ad  inf. 

=  1  +  (2)  L  (2H4)  +  (2M4M6)  "     +  (2)  jtyT  (2s)  +  ' '  *  * 

The  truth  of  this  result  can  be  seen  from  a  priori  considerations.  For 
since  (s  +  1)^  —  1  is  equal  to  s  terms  of  the  series 

3  +  5  +  7  +  9+... 
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we  can  write  down  the  graph  of  the  partition 

(2«  +  l,  2s -1,  ...  5,  3) 
and  join  it  to  the  graph  which  denotes  a  partition  into  *  or  fewer  even  num- 
bers and  thus  obtain  a  graph  which  denotes  a  partition  into  *  uneven  unequal 
parts,  no  one  of  which  is  less  than  three.  Such  partitions  are  therefore 
enumerated  by  the  (*+  l)th  term  of  the  above  series.  The  whole  series  is 
therefore  equal  to  the  product  concerned  which  obviously  enumerates  all 
partitions  into  uneven  unequal  parts,  no  one  of  which  is  less  than  three. 

256.  The  general  term  in  the  expansion  of  the  infinite  continued 
product 

(1  -  x)  (1  -  ar»)  (1  -  a?)  . . .  ad  inf. 
was  obtained  by  Euler  and  is  a  celebrated  result. 
He  shewed  that  the  expansion  is 

j=  -» 

The  coefficient  of  xn  in  the  expansion  denotes  the  excess  of  the  number 
of  partitions  of  n  into  an  even  number  of  unequal  parts  over  the  number  into 
an  uneven  number  of  unequal  parts. 

Many  proofs  of  the  theorem  exist.  One  of  the  most  interesting  is  that 
given  by  Franklin  in  the  Comptes  Rendus  of  the  Institut  (1880). 

Suppose  a  partition  into  unequal  parts  written  in  ascending  order  of 
magnitude.   Its  graph  consists  of  rows  of  nodes  which  continually  increase  in 
length.    Consider  the  particular  graph 
A  B 

 c 

 D 

 E 

of  the  partition  23567.  In  particular  fix  the  attention  upon  the  nodes  A,  B 
at  the  summit  (of  the  graph)  and  upon  the  nodes  C,  D,  E  which  form  a  slope 
line  at  the  base  (of  the  graph).  We  can  remove  the  nodes  A,  B  from  the 
summit  and  place  them  so  as  to  form  a  new  slope  line  at  the  base  in  the 
manner 


 n 

This  is  also  the  graph  of  a  partition  into  unequal  parts.  The  process, 
which  has  been  termed  "  contraction,"  can  be  applied,  with  exceptions  to  be 
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specified  later,  whenever  the  nodes  in  the  summit  are  equal  to  or  less  than 
the  number  of  nodes  in  the  slope  line. 

When  this  is  not  the  case  we  can  reverse  the  process,  viz.  remove  the 
nodes  in  the  base  line  and  place  them  so  as  to  form  a  new  summit.  For 
example,  take  the  graph 

ABC 


which  now  becomes 


the  process  being  termed  "  protraction."  This  also  produces  a  partition  into 
unequal  parts. 

Subject  to  exceptional  cases,  when  neither  contraction  nor  protraction  can 
be  applied,  contraction  or  protraction  can  be  applied  and  the  number  of  parts 
in  the  partition  (always  into  unequal  parts)  is  thereby  changed  from  an  even 
to  an  uneven  number  or  vice  versa. 

Hence,  subject  to  elimination  of  the  exceptional  cases,  there  is  a  one-to- 
one  correspondence  between  the  partitions  into  an  even  number  of  parts  and 
those  into  an  uneven  number. 

The  exceptional  cases  arise  when  the  summit  meets  the  slope  line  and 
contains  either  the  same  number  or  one  more  than  the  number  of  nodes  in 
that  line,  for  then  neither  contraction  nor  protraction  is  feasible.  To  explain 
this  statement  observe  that  to  the  graph 


in  which  the  summit  meets  the  slope  line  and  contains  the  same  number  of 
nodes,  neither  contraction  nor  protraction  can  be  applied.  Also  that  to  the 
graph 


contraction  cannot  be  applied,  for  it  produces  the  graph  of  a  partition  with  two  J 
parts  equal ;  protraction  is  obviously  out  of  the  question. 
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The  exceptional  cases  therefore  arise  when  the  graphs  correspond  to  one 
or  other  of  the  partitions 

j,      j  +      j  +  2,  ...2j-l, 
j  +      j  +  2,   j  +  3,  ...  2j, 
where  j  may  be  unity  or  any  larger  number. 
The  contents  of  the  two  partitions  are 

£(3ja-j),  £(3j2+j)  respectively, 
and  each  involves  j  parts ;  when  j  is  even  in  each  case  there  is  no  corre- 
sponding partition  into  an  uneven  number  of  parts  obtainable  by  contraction 
or  protraction,  and  therefore  the  number  of  partitions  of  £  (3/2  —j)  or  J  (3j*  +j) 
into  an  even  number  of  unequal  parts  must  exceed  the  number  into  an 
uneven  number  of  unequal  parts  by  unity.  Further  if  j  be  uneven  the 
number  of  partitions  of  ^(3ja  —  j)  or  of  %(3j2+j)  into  an  uneven  number  of 
parts  must  be  in  excess  by  unity.  These  facts  are  all  summed  up  in  the 
identity 

(1  -x)(l  -0s). ..ad  inf.=    X   (-)* x  2  , 

i=-» 

the  numbers  £(%'2—  j)  and  being  the  direct  and  retrograde  pen- 

tagonal numbers. 

Jacobi's  Identity. 

257.  An  important  theorem  in  this  subject  is  derived  by  Jacobi  from  his 
researches  in  elliptic  functions*,  viz.  it  has  the  two  statements 

(1  +  x*%-m)  (1  +  xn+m)  (1  -  a*1) .  (1  +  xsn~m)  (1  +  x3"*™)  (1  -  x**) 
x  (1  +  a*n~m)  (1  +  a?n+m)  (1  -       . . . 

=  +%  xnii+mi, 

(1  -  xn~m)  (1  -  xn+m)  (1  -  x™).(l  -  x*"-™)  (1  -  (1  -  x**) 

x  (1  -a*,-»)(l  -a*n+m)(l  -  a**)... 

=  +£  (-Y  xnit+mi, 

wherein  n  and  m  are  not  necessarily  integers. 

258.  The  important  particular  cases  are : 

(i)  In  the  second  formula  put  n  =  f,  m  =  deriving  Euler's  formula 
discussed  in  the  last  Article. 

*  CrelU,  Vol.  xxxii.  p.  166. 
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259.  (ii)  In  the  first  formula  put  n  =  \,  m  =■  \,  deriving  a  series  given  by 
Gauss*,  viz. : 

(1  +  X)  (1  +  X*)  (1  +  x3)  ...  x(l-<)(l  -<fc*)(l  -xe)  ... 
=  1  +  x+a?+x6  +  x10  +  ...  +^(l'2  +  ?')  + 
the  left-hand  side  of  which  may  be  also  written 

(1  -x*)  (l-a*)... 

260.  (iii)   In  the  second  formula  put  n  =  § ,  m  =  § ,  obtaining 

(1  -  x)  (1  -  ar«)  (1  -  af) .  (1  -  x«)  (1  -  #9)  (1  -  xw) .  (1  -  xn)  (1  -  «14)  (1  -  O  .... 

=  1  -  (x  +  <**)  +  (x7  +  x13)  -  (x18  +  O  +  . . .  (-Y  (x^2 +  x%i2  +  %i) 
the  exponents  on  the  left-hand  side  being  numbers  of  the  form 
0,  1,  4  mod  5. 

261.  (iv)  In  the  second  formula  put  n  =  §,  m  =  §,  obtaining 

(1  -  x*)(l  -  x3)(l  -  a?)  .(I  -  x7)  (l-a*)(l-<).(l-<)(l-<)(l-tf15).... 

=  l  _  (a*  +  ^  +      +  o;u)  _  (a*  +  ^)  +  . . .  (-)< (a?**1      +  a?**8 + *f)  . . . , 
the  exponents  on  the  left-hand  side  being  numbers  of  the  form 
0,  2,  3  mod  5. 

262.  (v)  It  has  been  shewn  by  Sylvester f  that,  taking  the  second 
formula  and  making  n  =  ^,  w  =  |  +  e  where  e  is  an  infinitesimal,  another 
formula  of  Jacobi  mav  be  deduced,  viz. : 

(l-xy(l-xj(l-a?)s  ...  =1  -3^+5^-7^+  ...(-)* (2i  +  l)a;v  2  '  .... 

This  celebrated  result  is  justly  considered  to  be  one  of  the  most  remarkable 
in  the  whole  range  of  pure  mathematics. 

263.  There  is  an  important  expansion  of 

1 

(1  —  ax)  (1  —  a2x)  (1  —  a3x)  ...  ad  inf. ' 
for  if  we  suppose  that  it  can  be  expanded  in  the  form 

*  +     1  —  a#  +  ^(l  —  ax)  (1  —  a2  x)  +  ^  (1  —  ax)  (1  —  a*x)  (1  -  asx)  +  '"' 

where  A,  B,  G,  ...  etc.  do  not  involve  x,  we  substitute  ax  for  x.  This  has 
the  effect  of  multiplying  the  algebraic  fraction  by  1  —  ax  while  the  series 
becomes 

.ax        „  a2a?  ~   d?a?  

+     1  -  a?x  +    ( 1  -  a*x)  (T-  a3x)  +    (1  -  a?x)  (1  -  a3x)(l  -a*x) 

*  Gottingen  Commentaries  for  the  years  1808-11. 
t  Collected  Mathematical  Papers,  Vol.  iv.  p.  60. 
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Hence  this  series  must  be  equal  to 

(l-ax)\l+AT-^-+B/.l  ^  — 

'  {         1  -  ax       (1  —  ax)  (1  -  a*x) 


(1  -  ax) (1  -  a'x)  ( 1  -  a?x)  ^  "')  ' 


Comparing  these  two  series  in  regard  to  powers  of  x  we  find  without 
difficulty 

Am', 
I -  a 

B 


(l-a)(l-«0' 


■(l-a)(l-a2)(l-a«)' 
and  thence  the  formula 


=  1  + 


(1  -  ax) (I  -  a2x)(l  -  a'x)  ...  ad  inf. 
x  a* 


1  -  a '  1  -  ax    (1  -  a)  (1  -  a})'  (1  -  ax)  (1  -  a'x) 
a9  x* 


(l-a)(l  -a2)(l  -  a3)' (I -ax)  (I -a'x)  (I  -  a'x) 
264.    Putting  herein  x  =  1  and  a  =  x  we  have 


(1  -!c)(l-^)(l-^)(l-^)...adin£ 

X*  X9 


(l-^^i-^i-i'fO  -xY(i-x*y{i-x*)> 

a  new  form  of  the  function  which  enumerates  the  unrestricted  partitions  of 
numbers. 

The  expansion  can  be  at  once  interpreted  by  means  of  the  Durfee  square 
of  nodes.  The  (i  +  l)th  term  of  the  series  enumerates  all  the  partitions  whose 
graphs  involve  a  Durfee  square  of  i3  nodes.  For  the  lateral  appendage  to  the 
square  may  be  the  graph  of  any  partition  of  any  number  into  not  more  than 
t  parts,  the  part  magnitude  being  unrestricted ;  and  the  subjacent  appendage 
may  be  the  graph  of  any  partition  of  any  number  where  the  part  magnitude 
is  restricted  not  to  exceed  i,  and  the  number  of  parts  is  unrestricted.  Each 
appendage  may  involve  partitions  enumerated  by 


(1)  (2)  (i) 
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Hence  the  whole  of  the  partitions  which  involve  a  Durfee  square  of  i2 
nodes  when  graphically  considered  are  enumerated  by 


{(1)  (2)  (3)...(i)}2' 

and  therefore  the  whole  of  the  partitions  of  all  numbers  by 


(2)  (3)...<i)r 

which  is  the  theorem  in  question. 

265.  Similarly  it  is  easy  to  find  the  corresponding  theorem  when  the 
number  of  denominator  factors  is  limited.  Thus 


(1  -  ax)  (1  -  a?x)  (1  -  asx)  ...  (1  -  atx) 

1  -  a*  x  (1-  a1'1)  (1  -  a1)  x2 
=  1  +  a  -  .  z  +  a*  v-t-  ^4t  ST^  •  75  ^7T 


1-a'l-ax         (l-a)(l-a2)   '  (1  -  ax)  (1  -  a2x)  ' 

a  series  possessing  i  +  1  terms. 

Putting  herein  x  =  l,  a  —  x,  we  find 

  1   •  ; 

(l-x)(l-x2)(l-x3)...(l  -at) 

_       a?  (l  -  w*)    x4  (1  -  x*-1)  (1  -  x{)     x9  (1  -  x*-*)  (1  -  x1-1)  (1  -  xl) 

+  (1  -  xf  +    (1  -  x)2  (1  -  #2)2    +     (l-a;)2(l-«2)2(l-^)2     +  ""' 

and  the  reader  will  have  no  difficulty  in  observing  that  the  (s  +  l)th  term 
enumerates  partitions  whose  graphs  involve  a  Durfee  square  of  s2  nodes,  and 
whose  part  magnitude  is  limited  by  the  number  %, 

The  Transformation  of  certain  Series. 

266.  We  consider  a  square  lattice  of  nodes  where  there  is  no  limit  to  the 
number  of  nodes  in  the  side  of  the  square. 

At  these  nodes  suppose  numbers  to  be  placed  in  such  wise  that  they  are 
in  arithmetical  progression  alike  in  each  row  and  in  each  column.  Such  an 
arrangement  involves  in  general  four  parameters,  and  has  the  representation 

r  r  +  s  r  +  2s  r  +  Ss 

r+t  r+  8+  t+  u  r  +  2s+  t+2u  r  +  Ss+  t  +  Su 

r  +  2t  r  +  s  +  2t  +  2u  r  +  2s+2t  +  4u  r  +  3s  +  2t  +  6u 

r  +  M  r  +  s+3t  +  3u  r  +  2s  +  St  +  6w  r  +  3s  +  3t  +  9u 


the  common  differences  being 

s,    s  +  w,    s  +  2u,    s  +  Su, 
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in  the  successive  rows,  and 

t,    t  +  u,    <  +  2u,    <  +  3u,  ... 
in  the  successive  columns  respectively. 

Let  Xpq  be  a  (unction  of  x  and  fiM  a  numerical  coefficient;  we  then 
construct  the  tableau 

finXrn  ^Xg*  f*i3X#" 


The  transformation  which  we  consider  is  concerned  with  the  sum  of  this 
infinite  number  of  functions  and  depends  upon  the  circumstance  that  in 
certain  cases  the  summation  may  be  performed  in  a  variety  of  different  ways. 
This  arises  because  the  exponents  in  each  row  and  in  each  column  are  in 
arithmetical  progression,  and  in  consequence  the  functions  X£  in  each  row 
and  in  each  column  are  in  geometrical  progression. 

267.  There  are  four  methods  of  summation  which  are  principally 
effective : 

(i)    We  may  be  able  to  sum  the  functions  in  each  row  of  the  tableau. 
'  (ii)  We  may  be  able  to  sum  the  functions  in  each  column. 

(iii)  We  may  be  able  to  sum,  firstly,  the  functions  in  the  first  row ; 
secondly,  the  remainder  of  the  functions  in  the  first  column ;  thirdly,  the 
remainder  of  those  in  the  second  row ;  fourthly,  the  remainder  of  those  in 
the  second  column,  and  so  forth. 

(iv)  We  may  sum,  firstly,  the  functions  in  the  first  column ;  secondly, 
the  remainder  of  those  in  the  first  row ;  thirdly,  the  remainder  of  those  in 
the  second  column  ;  fourthly,  the  remainder  of  those  in  the  second  row, 
and  so  forth. 

Denote  these  modes  of  summation  by  R,  C,  RC  and  CR  respectively,  so 
that  geometrically 

R  C  RC  CR 


As  one  of  the  simplest  cases  put 

(r,  s,  t,  u)  =  (1,  1,  2, 


2), 
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X      X2      Xs  X* 
a?    x6     x9     x12  ... 

Xs     X10     Xls     X20  ... 

X7     Xu     X21  X28 

and  the  summations  R,  G,  EG,  CR  lead  to  the  identically  equal  series 
x  x3         x5  x1 

X  X2  Xs  X4 

1-x2 +  1  -  a*  +  T^x6  +  T^a*  +  ' 

X  X3  X6  #10 

1-x  +  1  -x2  +  1  -xs  +  T^ltf+  "•" 

XX2  X6  Xs 

i-x2+ i-x  +t^^+ •••  > 

or,  as  they  may  be  written, 

fl-  #2wl_1   1 1  -  op*  ~  f  l -a? 

xm  (am— l)  x  (m+i)  (im^-i) 

=  ?  1  -  «2m  +  ?  ~1  -a«»-i  ' 

268.  The  identity  between  the  first  and  third  of  these  series  is  in- 
teresting in  the  theory  of  partitions.  The  first  clearly  enumerates  the 
number  of  ways  of  partitioning  a  number  into  parts  which  are  repetitions 
of  a  single  uneven  number.    The  general  term  of  the  third  may  be  written 

^.i+2+...+nt      a;2+3+...+m+i  _j_  aft+4+...+m+2  _j_  ^ 

and  we  gather  that  the  series  enumerates  the  ways  of  partitioning  a  number 
into  parts  which  form  a  single  sequence.  We  have  thus  the  simplest  case 
of  the  theorem  which  states  that  a  number  may  be  partitioned  into  parts 
which  are  repetitions  of  i  distinct  uneven  numbers  in  as  many  ways  as  it 
may  be  partitioned  into  parts  which  form  %  distinct  sequences.  We  have 
proved  the  theorem  for  i=l. 

It  will  be  observed  that  the  first  series  also  enumerates  the  uneven 
divisors  of  numbers. 

269.  In  a  similar  manner  it  is  easy  to  establish  Jacobi's  formula 

x  x3  Xs  x7 


28 

the  tableau  is 
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For  this  purpose  we  put  as  before 

(r,s,  t,  w)  =  (l,  1,2,  2), 

xpq  =  x,  but  /w  =  (-)p+?; 

the  tableau  is  then 


X 

-a* 

Xs 

-X* 

-X3 

Xs 

-a* 

X1' 

Xs 

-X10 

x» 

-X7 

xu 

-x>1 

and  we  find  that  the  summation  R  gives 

x         x*  x9  x7 

\+x**  1  +  xt~r+x7  + '"' 

and  the  summation  RG  yields 

x         x*         x*  x10 
T+x~  l  +  x*+  l  +  x*~  1  +x*+'"' 

establishing  the  formula. 

Observe  that  the  summations  C  and  GR  give  respectively 

x         x2         x*  x* 
l^x*~T+xi  +  l+x*~l+x9+'''' 

X      _     3?  X*  X* 

l+x*~  1  +x  +  l+x*  l+x> 
270.    If  in  the  general  tableau  we  put 

we  find  that  the  modes  of  summation  give  respectively  the  series 
af  af+t  #g  x*+*  ^ 

xr         af+'  af+u  of*" 

l-xt+u+l-xt+M  +  l-xt+**+  "" 

xr  xr+t       ^r+i+t+u  gf+i+tt+tu 

1  -af+T^+  l-af+u+  l-x*+* 

2T+U+X+4U  ^jr+M+X+eu 

+  T^x*+*>  +  T^aF**  +  ' " ' 

xr  2*+*         xr+i+t+U  gf+H+t+t* 

 *  -D3.  +  - 


i-x1    l-af^ l-x*+* 
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so  that  they  are  equal  to  one  another.  If  we  take  fipg  =  (— )*+«  the  first  series 
becomes 

xr    _     a?+t  af+2t  af+3t 

1  +af~  +  1  +  a?+2M  ~  1  +  af+su  +  ""' 

and  the  other  three  are  similarly  altered  as  to  signs. 

271.    If  we  take  (r,  s,  t,  u)  =  (1,  1,  2,  1) 

Xpg  =  x  and  fipq^pq, 

we  find  the  tableau 

x  2a?  Sx3  4ar*  ... 
2a?  4a?  6a,-7  8a?  J. 
Sx5    6a,-8      9xA1    \2xu  ... 

4r7    Sx11  \2a?5  16a,J9... 

and  the  R  and  G  summations  give  us  the  relation 

x  2a?  3a?  4a? 

(1  -  x)*  +  (1  -  a?Y  +  (1  -  a?Y  +  (1  -  a?Y+  " 
2af  So?  4ar* 


(i-a?y    (l-a?y    (l-x*y    (I -off 
Similarly,  when  fipq  —  f^  <g  )  (^2  )  '  We  reac^  tne  ^entity 


Sx3  6a?  lOx7 


(l-a;)8    (1-a?)3    (l-a?Y  (1-a?*) 

a; 

and  in  general  when 


 x  Sx3  6a?  10x* 

(l-a?y  +  (\ -x*f  +  (l-x*Y  +  (l-a*Y+"" 


_  (p  +  m  —  1\  'q  +  m  —  1\ 
m      ){      m  )' 
we  obtain 

/ra  +  2\  a? 


(1 

-  a?)m+l 

X7 

(1 

a? 

(1 

-  a?)m+1 

X4 

(1 

-  X*)m+1 

(l-x)m+1     \    1    J(l-a?)m+1     \    2  J(l-a?)m+1 
x  (m  + 1\ 


(l-a?)m+1     \    1    /  (1  -  «*)m+1     V    2    /(l -#*)"• 

the  signs  in  all  the  denominators  are  changed  and  also  the  signs  of  alternate 
fractions  on  both  sides. 
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272.  Other  identities  given  by  Jacobi  in  the  Fundamenta  Nova  Theoriae 
Functiunum  Ellipticarum  are  as  follows: 

(r,  s,  t,  u)  =  (1,  2,  2,  4) 

Xpu  =  x,    /*w  =  (-)*»+* 

gives  by  the  summations  R  and  C 

x  x*  x*  a? 

l-x>    1  -  j*  +  1-ar10 ~  l-x1* +  ' ' " 

 x  a*         a5  a7 

~  1  +  a*     1  +  ^  +  l  +     +  + 

This  is  the  identity  of  Jacobi,  but  if  we  take  the  summations  RC  and  CR 
we  obtain  two  other  forms  of  the  series 

x         x*         a*  x*    _  x* 

1-x*    l+x*    1  -  x*  +  1  +  x9  +  ]  -  x">  ~  1        ~  ' "  *  ' 

X  X*  X9  X1*  X*  X* 

TVa*  +  l-x*~T+x*~  l-x*  +  1  +x»  +  1-x10 

273.  Again  if  (r,  s,  t,  u)  =  (1,  1,  1,  1) 

Xpq=x, 

and  /aw  numerically  equal  to  p  but  with  the  negative  sign,  if  both  p  and  q  are 
even,  we  find  by  the  R  and  C  summations 

x        2x*        Sx9  \x* 
l-x*  l+x*+  l-x*+  1  +x>+  " 


(see  loc.  cit.  §  40). 

274.    Again  if  (r,  s,  t,  u)  =  (1,  2,  2,  4) 

the  R  and  C  summations  give 

x        3x*       5s»       1*?  . 
l_a*  +  l-s«  +  l-^»+l-tf"  " 

xjl  +  o?)    x*(l+x*)    *»(!+*»)    *?(!  +  *") 
"  (l-**)8  +  (l-**)*       (1-ar10)1       (1 -*»«)» 

(see  ioc.  ci£.  §  40). 
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275.    Similarly  (r,  8,  t>  u)  *  (1,  1,  2,  2) 

x    _   9a?       25a?      49a;7  . 
glVGS  lT^  ~  l^3  +  TT^5  ~  1  +a;7+ 

a;  (1  -  6a-2  +  a?)    a?  (1  —  6a?  +  a?)    a?  (1  -  6a;6  +  a?2) 
(1+a?)3  (1+a?)3       +       (1  +  a?)3 

and  (r,  -(1.2,  1,  2) 

XM=x,  iipq=pA 
x         8a;2       27a?  64a? 

_x(l  +  4a; -fa?)    a?(l  +4a?  +  a?)    a?  (1  +  4a?  +  a?°) 
(I  -x)*      +      (1-a?)4      +  (1-a?)4 


CHAPTER  III 

RAMAN U JAN'S  IDENTITIES 

276.  Mr  Ramanujan  of  Trinity  College,  Cambridge,  has  suggested  a 
large  number  of  formulae  which  have  applications  to  the  partition  of  num- 
bers. Two  of  the  most  interesting  of  these  concern  partitions  whose  parts 
have  a  definite  relation  to  the  modulus  five.    Theorem  I  gives  the  relation 

1       a?  x* 

+  T^x  +  {l-x)(l-x>)  +  (T-a;)(l-**)  (1  - +  ' ' ' 

 x»  

+  (1  -x)(l  -aJ»)...(l  -x<)  +  " 

 1  

~  (1  -  x)  (1  -  x*)  (1         ...  (1  -  ... 

 1  

*(l-x*)(\  -*")...  (1  -x6^)...' 

where  on  the  right-hand  side  the  exponents  of  x  are  the  numbers  given  by 
the  congruences  =  1  mod  5,  =  4  mod  5. 

This  most  remarkable  theorem  has  been  verified  as  far  as  the  coefficient 
of  of  by  actual  expansion  so  that  there  is  practically  no  reason  to  doubt  its 
truth ;  but  it  has  not  yet  been  established. 

The  series  on  the  left-hand  side  can  be  interpreted  in  the  theory  of 
partitions.  In  fact  it  has  been  discussed  in  a  previous  article  (Art.  242). 
The  circumstance  that  i2  is  equal  to  the  sum  of  the  first  i  uneven  numbers 
shews  that  the  algebraic  fraction  which  has  x**  for  numerator  enumerates  the 
partitions  of  all  numbers  into  exactly  i  parts  between  which  there  are  neither 
repetitions  nor  sequences.  Hence  the  whole  series  enumerates  all  partitions 
of  any  given  number  which  involve  neither  repetitions  nor  sequences  of  parts. 
The  theorem  asserts  that  the  partitions,  whose  parts  are  limited  to  be  of  the 
forms  5m  +  1,  5m  +  4,  are  equi-numerous  with  those  which  involve  nritln  r 
repetitions  nor  sequences. 

M.  A.  II.  3 
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Thus  the  six-to-six  correspondence  for  the  partitions  of  ten  is 
Parts  of  the  forms  5m  ±1  No  repetitions  or  sequences 

91  10 
64  91 

614  82 
4212  73 
416  64 
l10  631 
By  a  previous  article  the  fraction  xi2/(l  —  x)  (1  -  x2)  ...  (1  —  x1)  also 
enumerates  the  partitions  into  exactly  i  parts,  no  part  being  less  than  i, 
so  that  the  series  enumerates  partitions  such  that  the  smallest  part  is  not 
less  than  the  number  of  parts.    These  six  partitions  of  the  number  ten  are 
10,    82,    73,    64,    55,  433. 

277.  The  right-hand  side  of  the  identity  can  be  put  into  the  form  of  the 
product  of  two  series  because,  starting  with  the  known  expansion 

 1  

(1  -  a)(l  -  ax)  (1  -  ax2)  ...  ad  inf. 


=  1  +  ^+7^  


1  -  x  T  (1  -  x)  (1  -  x2)  T  (1  -x)  (1  -  x2)  (1  -  xsy 
we  put  a  =  x  and  x  =  x5  simultaneously  and  find 

 1  

(1-x)  (l-af)  (1  -  x11)  (1  -  x16)  ... 

_         x  a?  x3 

~  +  n  —»*\ +  n  _  **\  n  — <#«\ +  i 


(1  -  of)  T  (1  -  a?)  (1  -  O  ^  (1  -  x6)  (1  -  x")  (1  -  X15) 
Similarly  if  we  put  a  =  x4,  x  =  x5  simultaneously  we  find 
1 


=  1+7 


(1  -  X*)  (1  -  Xs)  (1  -  xu)  (1  -  X19)  . 
a?  x12 


(1  -x5)    (1  -  a?)  {I  -  x10)    (1  -  Xs)  (1  -xw)(l-x™)  ' 
We  can  see  almost  intuitively  that  these  results  are  true  ;  take  for  instance 
the  fraction  a?/(l  —  ^(l  —  x10)  (1  —x15).    We  can  realise  the  partitions  which 
it  enumerates  by  taking  a  vertical  column  of  three  nodes 


and  placing  to  the  right  of  it  the  nodal  graph  of  any  partition  into  three  or 
fewer  parts  of  the  form  5m.  Hence  the  partitions  enumerated  have  exactly 
three  parts,  each  part  of  the  form  5m  +  1. 

Similarly  the  fraction  x12J(l  —  a^)(l  —  xw)(l—  x15)  enumerates  the  partitions 
having  exactly  three  parts,  each  part  of  the  form  5m  +  4. 
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Another  statement  of  Ramanujan's  First  Theorem  is  therefore 


(1  -<r)(l  -*V(1-*)(1 -*»)(! -a*)"1 


-    1  + 


278.    Theorem  II  gives  the  relation 
1  + 


x*   )(      jx*_  x*  \ 

)(i-*»)+-}r -*•)(! +**r 


1  (1-x) (1-^)^(1  -arXl-^Xl-a")"1"  '"' 

 ^  

.    +  (l-x)(l-xt)...(l-xi)  +  '" 

 1  

"(1  -a?)(l  -a?7)(l  -^...(l-*""4*)... 

  1  

X  (l-s»)(l-a;»)(l  -«"*+»)...' 

the  exponents  of  x  on  the  right-hand  side  being  of  the  form  5m  +  2  and 
5m  +  3. 

This  relation  has  also  been  verified  by  actual  expansion  to  a  high  power 
of  x,  but  it  has  not  been  established. 

To  interpret  the  series  on  the  left-hand  side  we  observe  that  the  number 
is  the  sum  of  the  first  t  even  numbers.  In  particular  when  i  =  3,  since 
12  =  64-4  +  2  we  form  the  graph  of  the  partition  642  of  the  number  twelve 


and  find  that  if  we  place  to  the  right  of  it  the  graph  of  any  partition  which 
has  three  parts  the  combined  graph  clearly  denotes  a  partition  which  has 
exactly  three  parts,  no  part  less  than  two,  and  which  involves  neither 
repetitions  nor  sequences  of  parts. 

Hence  we  at  once  infer  that  the  whole  series  enumerates  partitions  of  all 
numbers  which  are  such  that  no  part  is  less  than  two  and  which  involve 
neither  sequences  nor  repetitions  of  parts. 

Ramanujan's  Second  Theorem  thus  states  that  of  any  given  number  such 
partitions  are  equi-numerous  with  those  whose  parts  are  all  of  the  forms 
5m  +  2,  5m  +  3.    Thus  for  the  number  ten  the  four-to-four  correspondence  is 

No  repetitions  or  sequences 
Parts  of  the  forms  5m  ±  2  and  no  part  <  2 

82  10 

73  82 

3s*  73 

28  64 
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279.  The  series  on  the  left-hand  side  has  another  interpretation  due  to 
the  circumstance  that  i2  +  i  is  the  product  of  the  numbers  i  +  1,  i. 

Thus  when  i  =  3,  since  12=4  +  4  +  4  we  take  the  graph  of  the  partition 
444  of  the  number  twelve, 


and  place  to  the  right  of  it  the  graph  of  any  partition  which  has  three  parts  ; 
the  combined  graph  denotes  a  partition  into  exactly  three  parts  and  no 
part  less  than  four.  In  general  the  combined  graph  denotes  a  partition  into 
exactly  i  parts  and  no  part  less  than 

Thus  the  whole  series  enumerates  partitions  such  that  no  part  is  less  than 
the  number  which  exceeds  the  number  of  parts  by  unity. 

For  the  number  ten  these  partitions  are 

10,    73,    64,  55. 

280.  We  may  also  obviously  write  Ramanujan's  Second  Theorem  in 
the  form 

a?  Xs   aP  

+  (1  -  x)  +  (1  -  x)  (1  -  a?)  +  (1  -  x)  (1  -  x*)  (1  -  Xs) +  ' ' ' 

~  |   +  (1  -  Xs)  +  (l-O(l-tf10~)  +  (1  -  a?)  (1  -  xw)  (1  -  x15)  +"' 

(  Xs  X6   jg  

x  (  +(i-o  +  (i  -«5)(i -xw)  +  (i -x*)(i  -0(i-o  +  "' 

Ramanujan  himself  deduces  other  results,  of  great  interest  and  beauty, 
from  these,  but  they  are  not  given  here  as  they  are  not  directly  connected 
with  the  combinatory  analysis. 

The  circumstance  that  the  two  theorems  given  still  await  demonstration 
adds  greatly  to  their  interest  for  the  student  and  stamps  them  as  being  very 
remarkable. 

281.  There  is  a  correspondence  between  the  whole  of  the  partitions  of  a 
number  and  those  particular  partitions  which  involve  neither  repetitions  nor 
sequences  of  parts. 

If  we  consider  the  graph  of  any  partition  of  any  number,  say  the  graph 

A 

B  

•  E»     •     • D 

•  •  H»  •(? 

•  F* 

0» 
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of  the  partition  04*21  of  the  number  seventeen,  and  read  the  graph  by 
enumerating  the  nodes  in  the  angles 

ABC,  DEF,  OH, 

we  obtain  the  partition  10,  5,  2  of  the  same  number  which  necessarily  has 
neither  sequences  nor  repetitions.  But  this  is  not  a  one-to-one  correspondence 
because  several  other  partitions  are  made  up  of  angles  which,  looking  only  to 
the  numbers  of  nodes  which  they  contain,  are  precisely  the  same  and  lead  to 
the  same  partition  10,  5,  2. 

Ex.  gr.  the  partition  3*21*  having  the  graph 


leads  by  angle-reading  to  the  same  partition  10,  5,  2. 

There  is  thus  a  group  of  partitions  each  member  of  which  leads  to  the 
same  partition  which  possesses  neither  repetitions  nor  sequences.  Further, 
corresponding  to  every  partition  which  possesses  neither  repetitions  nor 
sequences,  there  will  be  a  group  of  partitions  and  there  is  a  one-to-one 
correspondence  between  the  groups  and  the  special  partitions. 

The  problem  of  enumerating  the  special  partitions  is  the  same  as  that  of 
enumerating  the  groups,  of  the  nature  considered,  into  which  the  whole  of 
the  partitions  may  be  separated. 

For  the  number  six  there  are  three  groups,  the  correspondence  being 

groups  (0,  51,  4P,  31s,  21«,  l6),    (42,  321,  2U»),    (3»,  2»), 

special  partitions  0  ,  51         ,       42  . 

It  is,  in  fact,  evident  that  of  the  number  m  the  group  which  belongs  to 
the  special  partition  (m)  comprises  the  m  members 

al**-', 

where  s  has  values  0,  2,  3, ...  m. 

It  is  not  difficult  also  to  establish  that  corresponding  to  the  special 
partition  (rn,^)  the  group  has 

(rrii  -  w,  —  l)m, 

members. 
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282.  It  will  now  be  proved  that  corresponding  to  the  special  partition 
(m^a ...  mg)  the  group  has 

(mi  —  m2  —  1)  (ra2  —  m3  —  1)  . . .  (ms_j  —  ms  -  1)  mg 

members. 

This  will  be  accomplished  by  comparing  the  series 
*        4      x         x*  x9 

1  +  + 


(1)     (1)(2)  (1)(2)(3) 

the  first  series  of  Ramanujan  which  enumerates  the  partitions  without  both 
repetitions  and  sequences,  hereafter  termed  special  partitions,  with  the  series 
x  x4,  x9 

which  is  one  form  of  the  function  which  enumerates  the  whole  of  the 
partitions. 

The  whole  of  the  partitions,  Avhose  graphs  involve  precisely  s  angles,  are 
enumerated  by 

Xs2 

(1)y(2)2      (s)2  =  2  (ft  +  1)  (ft  +  1)  . . .  (qs  +  1) 

where  under  the  sign  of  summation  the  numerical  magnitudes 

may,  each  of  them,  have  all  values  from  zero  to  infinity. 
If  we  write  herein 

ms  =  qs+l, 
nig-i  =  qg-i  +  qg  +  3, 
ra„_2  =  #8_2  +  5-g_x  +  qg  +  5, 


w»i  —  ?» -f  ?« + .«      +  2*  t  1, 
then  mx  +  m2  +  . ..  +  ms  =  qx  +  2q»  +  Sqs  +  . . .  +  sqg  +  s\ 

and  (w^wvng  ...  rag) 

is  a  special  partition  involving  precisely  s  parts. 
Also  q8  +  l=ms, 

q»-i  +  1  =       —  ms  —  1, 
g«-2  +  1  =  mg_2  —  ms_j  —  1, 


+  1  =m2  — m3  —  1, 
^2  +  1  =     —  m2  —  1. 

Hence 
a?" 

(TFW  (sp  =  ^  (mi  ~  w2  -  1)  <>2  -  m3  -  1) . . .  (m,_,  -  ws  -  1)  ms  ^t*H+»:+«#, 
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the  summation  being  for  every  special  partition  which  involves  exactly  * 
parts. 

But  from  the  first  series  of  Ramanujan 
of* 

(l)(2)...(s)  Z^ 

Hence  to  every  special  partition 

(m,ms ...  to,) 

corresponds  a  group  of 

(to,  -  m.,  -  1 )  (to,  -  to8  -  1 )  . . .  (m,_,  -  to,  -  1 )  to, 
partitions  drawn  from  the  whole  of  the  partitions. 

283.  It  is  thus  seen  that  the  number  of  partitions  of  n  is 

X  (w,  —  TOa  -  1)  (TO2  —  TO,  -  1)  . . .  (TO,_,  —  TO,  -  1)  TO,, 

the  summation  being  for  every  special  partition 

(/ft.,  THq  '  •  ■  to,) 

of  the  number  n. 

284.  If  we  realise  the  number  to,  physically  by  a  chain  of  to,  beads 
connected  at  equal  intervals  by  threads,  and  so  also  the  other  numbers 
to,,  tos,  ...  to«,  the  s  chains  can  be  placed  in  angles  in 

(TO,  —  TO2  —  1)  (TOa  -to3  —  1) ...  (to,_,  —  to,  —  1)  TO, 

different  ways  to  form  different  regular  graphs  of  the  number  n. 

285.  The  special  partitions  enumerated  by  the  second  theorem  of 
Ramanujan  are  included  in  those  enumerated  by  the  first  theorem.  The 
same  group  of  partitions  is  in  correspondence  with  the  same  special  partition 
in  each  case.  In  the  case  of  the  second  theorem,  however,  the  whole  of  the 
unrestricted  partitions  are  not  involved  because  those  partitions  which  give 
rise  by  angle  reading  to  a  part  1  are  necessarily  omitted.  If  a  graph  involves 
a  square  of  6~  nodes  an  angle  will  consist  of  a  single  node  if  the  lateral  graph 
has  at  most  s  —  1  rows  and  the  subjacent  graph  at  most  *  -  1  columns. 

The  graphs  to  be  omitted  are  therefore  enumerated  by 

a* 

<l)M2)'...(s-lf 

Hence  giving  s  all  values  not  less  than  unity  the  whole  of  the  omitted 
graphs  are  enumerated  by 
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and  subtracting  this  function  from  that  which  enumerates  the  unrestricted 
graphs,  viz. 

1  +  (Tp  +  (TFW2  +  (1)WW  +  •  • ' 

we  reach  the  function 

as  that  which  enumerates  the  partitions  which  compose  the  groups  associated 
with  the  special  partitions  of  the  second  theorem. 

286.  The  left-hand  side  of  the  identity  which  constitutes  Ramanujan's 
First  Theorem  has  been  shewn  to  be  the  function  which  enumerates  the 
partitions  which  are  without  repetitions  and  sequences  of  parts. 

If  we  wish  to  restrict  the  part  magnitude  we  may  proceed  in  the  following 
manner : — Consider  the  partition  into  three  parts 


When  the  part  magnitude  is  unrestricted  we  construct  the  graph  of  the 
partition  531  of  the  number  9  and  join  to  it  any  partition  into  three  parts. 
If  however  the  part  magnitude  is  restricted  not  to  exceed  m,  the  partitions  so 
added  must  be  such  that  the  part  magnitude  does  not  exceed  m  —  5.  These 
are  enumerated  by  the  function 

(m  -  4)  (m  -  3)  (m  -  2) 
(1)(2)(3) 

and  give  rise  to  the  term 

(m-4)  (m-3)  (m  -  2) 
(1)  (2)  (3) 

in  the  sought  function. 

When  the  partitions  have  i  parts,  the  part  magnitude  of  the  added 
partitions  must  have  a  part  magnitude  not  exceeding  2i  —  1  and  we  are 
similarly  led  to  the  term 

.,  (m  -  2i  +  2)  (m  -  2i  +  3)  ...  (m  -  i  +  1) 
(1)  <2)...<i) 
Hence  the  function  required  is 

(m)        (m-2)  (m-1)       (m-4)  (m-  3)  (m-2) 
1+*<1)+  (1)(2)       +X  (1)(2)(3) 

+  . . .  to  fi  terms. 

The  series  evidently  does  not  extend  to  infinity  because  when  the  part 
magnitude  is  restricted  there  is  a  limit  to  the  content  of  the  partitions,  and 
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also  to  the  number  of  parts.  When  m  is  even  the  partition,  of  the  nature 
considered,  which  involves  the  greatest  number  of  parts  is  m,  m  —  2, 
m  —  4,  ...2,  and  this  has  \m  parts.  When  m  is  uneven  the  partition  in 
question  is  m,  m  -  2,  m  -  4,  ...  1  and  this  has  £  (m  +  1)  parts.  Hence  i  has 
the  limit  ±m,  or  £(m  +  1)  according  as  m  is  even  or  uneven,  and  therefore  fi 
the  number  of  terms  to  be  taken  of  the  series  has  the  value 

i(m  +  2),  or  $(m  +  :\) 

according  as  m  is  even  or  uneven. 

287.  We  may  expand  the  general  term  of  the  series 

P  (m-2i+2)(m-2i  +  3)...(m-i  +  l) 
<l)(2)...(i) 

by  means  of  the  theorem 

(1  -xp)(1  -xp+1)...(1  -tfP+S-') 

=  i  xv  Q  -  *)  i  ^  Q  -  £!>  Q  -  **)  m  Q  -  £3  a  -    a  -  a 

(1-*) 

4-  . . .  to  £  +  1  terms, 
and  we  are  led  to  the  identity 

(m)     i(m-2)(m-l)  ,  9  (m  -  4)  (m  -  3)  (m  -  2) 

=    1  +  (T)  +  (i^  +  0mi3j+  •t0^fcerms 

a;m+1  (       a;         x*  x9  ) 

-  w  i1 + (ij + <W) + mm +  • to "  - 1 

a?"1"1"1  (        x         x*  x9  ) 

+ tm  I1 + <i> + vm + m  (2)  w + - 40 "  - 2  *"""} 
+ <-*  Gm^u  Y + m + mm + <u  w> + -  to  *  - » 

+  , 

a  series  which  involves  fi  rows  of  terms. 

288.  The  same  function  is  also  that  part  of  the  expansion  of  the  product 

(l+x)(l  +  x*)(l+x>)...(l+xm) 
which  presents  itself  when  from  the  product  of  consecutive  factors 
(1+**)(1 +*•+«) 

the  term  x!u+1  is  deleted. 
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This  deletion  insures  that  the  partitions,  which  necessarily  involve  no 
repetitions,  do  not  contain  any  sequence  of  parts. 

We  denote  such  a  product  by 

M (1  +  x)  (1  +  x2)  (1  +  x*)  . . .  (t  +  xm). 

289.  In  Ramanujan's  Second  Theorem  regarded  in  connexion  with  the 
enumeration  of  partitions,  which  possess  no  repetitions,  no  sequences  and  no 
part  less  than  two,  we  similarly  restrict  the  part  magnitude.  For  partitions 
into  three  parts  we  take  the  graph  of  the  partition  (642)  of  the  number 
twelve,  viz. 


and  add  to  it  the  graph  of  a  partition  which  has  three  parts  and  no  part 
greater  than  m  —  6.  We  thus  obtain  the  graph  of  a  partition  of  the  desired 
character  and  a  term 

(m-5)  (m-4)  (m  -  3) 
(1)  (2)  (3) 

of  the  enumerating  function. 

In  general  when  there  are  i  parts  the  term  of  the  function  is 
(m-2i+l)(m-2i  +  2)...(m-i) 
(1)  (2)  ..  (i) 

leading  to  the  enumerating  function 

+        (1)     +  (1)  (2)        +X  (1)  (2)  (3) 

+  ...  to  v  terms, 

where  v  has  the  value  ^  (m  +  2)  Or  £  (m  + 1)  according  as  m  is  even  or 
uneven. 

This  series  can  be  put  into  the  form 

X2  X6  X12 

Xm+1  (,        X3    '•       X6  X12  14.  ) 

«2m+1    f,        X2  X6  X12  O  4.  I 

A  J 1  -I  1  1   +  . . .  to  v  —  2  termsV 

+  (l)(2)|i  +  (l)  +  (l)(2)+(l)(2)(3)+  J 


+  (-)»-  —  h  +  —  +  +  n  :  +  ...  to  v-8  terms 

+  (  >  (1)  (2)  ...  (b)  I1  +  (1)  +  (1)  (2)  +  (1)  (2)  (3)  +  ) 

+  .......  .  ,:  r  »■    t)  ■ 

a  series  which  involves  v  rows  of  terms. 
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The  same  function  is  also  that  part  of  the  expansion  of  the  product 

(l+tfa)(l  +  tfs)...(l+*m) 

which  presents  itself  when,  from  the  product  of  consecutive  factors, 
(1  +  ^)(1 +*•+»), 

the  term  a***1  is  deleted. 

290.  Let  Vl<m  denote  the  function  which  enumerates  partitions  without 
repetitions  and  sequences  and  having  no  part  less  than  *  nor  greater  than  m. 
Then 

V  -1  ■  r  (m)  ■  r<  (m-2)(m-l)       (m-4)  (m-3)(m-2) 
lm      +     VS  (1)(2)  U)(2)(3) 

,  (m-1)      ,  (m-3)  (m-2)        (m-5)  (m-4)  (m  -  3) 
K„t-1*#    (1)    +  «        (1)(2)       +  *  (1)(2)(3) 

V  -1  .^<m-2>  ■  ^(^-4)  (m-3)        (m-6)  (m-5)  (m-4) 
y3,m-l+x>     (1)    +  *>        (1)(2)  (1)(2)(3) 

etc, 

and  considering  the  expressions 

M  (1  +  x  )  (1  +  a?)  . . .  (1  + 
^(l+^^+^.^l  +*?"»), 
if  (1 +#4)--(1  +  *"•), 


we  see  that 

M  (1  +  + 

=  3f  (1  +  a?)  (1  +  **) . . .  (1  +  xm)  +  xM(l  +  x*)  (1  +  x3)  .. .  (1  +  *m), 
and  moreover  #ilf  (1  +  x*)(l  +  Xs)  ...  (1  +  x™)  is  effectively  equivalent  to 

xMil+x3)  ...(I  +xm), 
that  is  F1,m=F2im  +  a;F3)ni 

and  in  general  V,tm  =  Vt+lttn  +  x*V,^m, 

relations  readily  verified  from  the  series  expressions. 

291.  From  this  result  it  is  manifest  that  we  can  express  F,>m  as  a  linear 
function  of  F)>m,  V2im.    We  obtain  the  series  of  results 

xV^m=Vhm-V^m, 

*>Vitm  =  -Vltm  +  (l+x)Vi,m, 

a*  V6,m  =  (1  +  a?)  Vhm  -  (1  +  x  +  x*)  V,t  „, , 

etc, 

and  observing  that  the  last  written  equation  may  be  written 
x*Vt,m=V^Vlim-Vlt2V2,m, 
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it  is  natural  to  assume  that,  as  far  as  the  integer  s, 

ffl  Vs,m  =  (  V%  S-SVhm  -  Vh  s_3V2,m), 

with  the  object  of  proving  that  the  formula  holds  when  s  +  1  is  written  for  s. 
We  require  the  theorem 

Vs,  m  =  Vs,  m—i  Vgj  m—2  • 

Writing  Vs  m  in  the  form  of  the  conditioned  product 

M  (1  +  O  (1  +  xs+1)  . . . (1  +         (1  +  xm) 
=  M(1+  of)  (1  +  xs+1) . . .  (1  +  x™-1)  +  xmM(l  +  xs)(l+  af+1)  . . . (1  +  xm-x) 
=  M{1  +  #s)  (1  +  xs+1)  . . .  (1  +  ^m"1)  +  xmM  (1  +  <e»)  (1  +  af+1) . , .  (1  +  a™-2), 
we  see  that  Vs,m=  Vs,m-i  +  ®mVSt 

NOW  -  ^s-i.m  -  F<>m, 

and  substituting  for  Vs-hm,  F8)Wl  the  assumed  expressions  linear  in  V1>m,  V2>m 
we  find  on  reduction 

(-Ya$Vt+^  =  {V%„  +  a?^V^  FliW-(FM_3  +  ^-2F1)8_4)  F2,m, 

or         xQ  Vg+hm  =  (-)•+»  ( V2>s_2Vhm  -  V1>s_2V2>m). 

Hence  if  the  theorem  be  true  for  the  integer  s  and  lower  integers  it 
is  equally  true  for  the  integer  s  +  1.    It  is  thus  established  by  induction. 

292.    The  theorem  is  better  written  in  the  form 

V,+3,m  =  (-)*(F2)SF1)Hl-  VhSV2tm\ 
and  in  particular,  when  m  =  oo  , 

/*V8+3)  „=(-Y(y%.v^-  vl<sv2>x). 

In  utilizing  the  formula?  the  particular  cases 

Vm,m  =  l  +  xm,    Fm+1,m  =  l, 
must  be  noted  and  it  further  appears  that  in  the  formula  we  must  suppose 
that 

Fw+2,m  =  (-r,    Vm+3,m  =  0. 

The  particular  case 

Vm,  m  =  H«+*  ( V2>  m_3F1>m  -  Vit  m_3F2>  m) 

is  interesting  since  the  left-hand  side  has  a  very  simple  expression.  It  may 
be  verified  in  the  simplest  cases. 

It  will  be  noticed  that  the  two  Ramanujan  series  when  modified  so  as 
to  shew  a  maximum  part  magnitude  are  the  only  fundamental  series  in  this 
branch  of  the  theory  of  partitions. 
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293.  The  Generating  Function  F,i00  which  enumerates  partitions  with- 
out repetitions  or  sequences  which  have  no  part  less  than  three  has,  by 
Ramanujan's  results,  the  simple  expression 

*{<1)(4)  (6)  <9)(Tlf(T4). .".  "  (2)  (3)  (7)  (8)  (12f(13) ...}  ' 

which,  by  previous  theorems,  can  be  thrown  into  the  form 

(1)  (2)  -  a?  (2)  (4)  +  x"  (3)  (6)  -  r»  (4)  (8)  4-  a"  (5)  (10)  -  ... 
(1)(2)(3)  ...ad  inf. 

where  the  general  numerator  term  is 

(_)•+*  xH°-W  +  \){2s). 

294.  The  two  theorems 

V»,m  =  V»+i,in  +  wi> 

K»~  Km****?****, 
are  complementary  and  arise  from  reasoning  in  regard  to  the  beginning  and 
end  of  the  conditioned  product  respectively. 

From  them  we  derive  the  two  series 
Vhm  =  Y%m  +  »F^„  +  x*V6im  +  ofV^  +  ...  +  x"V(ag+t),m  +  ... , 

+  ..., 

and  we  can  interpret  each  term  in  both  series. 

The  partitions  enumerated  by  the  sth  term  in  the  first  series  are  those 
which,  while  involving  no  repetitions  or  sequences,  have 

(i)  no  part  equal  to  2s  -  1  ; 

(ii)  the  parts  1,  3,  5, ...  2s  -  3 ; 

(iii)  other  parts  equal  to  or  greater  than  2s  and  not  greater  than  m. 
Those  enumerated  by  the  sth  term  in  the  second  series  are  those  which, 

while  involving  neither  repetitions  nor  sequences,  have 

(i)  no  part  equal  to  m  —  2s  +  2  ; 

(ii)  the  parts  m  —  2s +  4,  m  —  2s +  6, ...  m; 

(iii)  other  parts  equal  to  or  less  than  m  —  2s  +  1. 
Complementary  to  the  formula 

we  establish  in  the  same  manner  the  formula 
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We  can  also  obtain  formulas  by  reasoning  in  regard  to  a  factor  of  the  con- 
ditioned product  which  is  not  the  first  or  last  factor. 

Thus  since 

Vs,m  =  M{l  +  a?)...  (l+xt-i)(l+xt+1)...  (1  +  xm) 
+  if  (1  +  a?)  1.1(1  +  x*-*)  a*(l  +  ^+2) . . .  (1  +  xm), 
we  have  Vs>m  =  V,f  e_,  Ft+1,  „  +  a?  Vs>  e_2  Vt+2<  m , 

an  inclusive  formula  ;  for  if 

(i)  t  =  s,  V,tin  =  Vs+hm  +  of  Vs+2>m> 

(ii)  t  =  m,  Vg<  m  =  V9i  m_j  +  xm  Vs<  w_2 . 

295.  It  is  a  remarkable  circumstance  that  the  present  theory  is  connected 
with  the  theory  of  continuants  in  the  subject  of  determinants. 

Sylvester  shewed  in  1879,  "  Note  on  Continuants,"  Messenger  of  Mathe- 
matics, Vol.  viil,  that  the  number  of  terms  in  a  continuant  (axa2  ...  an)  is 


1  + 


fn-l\  ,  (n-2\  /n-3\ 
2   )  +  \  3  ) 


and  that  this  series  has  the  value 

Now  recalling  the  result 

l+w{n  +  a?        (1)(2)        +af  (l)(2)(3)  "       +  ' 

we  find,  by  putting  x  equal  to  unity,  that  the  whole  number  of  partitions  of 
all  numbers  which  have  no  repetitions,  no  sequences  and  no  part  greater 
than  m,  is 

,     (m\     /m  —  l\  fm-2\ 

1  +  (l)  +  (   2   )  +  (   3   )  +  •- 

which  is  equal  to  the  number  of  terms  in  a  continuant  of  the  order  m  + 1, 
and  has  therefore  the  value 


Similarly,  from  the  expression  for  Vs>m,  we  find  that  the  whole  number 
of  partitions  of  all  numbers  which  have  no  repetitions,  no  sequences,  and  no 
part  less  than  s  or  greater  than  m,  is 


1  + 


(m  —  s  +  l\  fm  —  s\  fm—s  —  l\ 
[      1      )  +  {   2  )  +  {      3  )- 
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which  is  equal  to  the  number  of  terms  in  a  continuant  of  the  order  m  —8  +  2, 
and  has  therefore  the  value 

In  this  enumeration  the  absolute  term  unity  which  commences  the  series 
is  always  included,  so  that  the  true  enumeration  is  obtained  by  subtracting 
unity  from  the  above  expression. 

When  s  =  m,  the  only  partition  satisfying  the  conditions  is  m,  and  we 
find  that  the  expression  has  the  value  2  on  development.  So  also  when  m  =  2, 
6  =  1,  the  expression  has  the  value  3  corresponding  to  the  two  partitions  1,  2. 

However,  when  s  =  1  it  is,  exceptionally,  correct  to  regard  the  absolute 
partition  of  zero  content  as  included,  and  then  the  expression  given  above  is 
exact. 

296.  There  is  another  correspondence  with  the  enumeration  of  the 
compositions  (partitions  in  which  account  is  taken  of  the  order  of  the  parts) 
of  numbers  into  parts  from  which  unity  is  excluded.  The  function  which 
enumerates  such  compositions  which  have  exactly  s  parts  is 

x2* 

(a?  +  a?  +  a!l+  ...)*   or  grj, 
and  the  coefficient  of  xw  in 

,  ,  (w  -  3\  '  /«/-4\  ,  (w  -  5\ 

1  +  (  1  )  +  (  2  }+.[  3  )*— 

which  is  identical  with  the  series 

fm\     (m  -  1\  .  fm-2\  ' 
1  +       +  (   2   )  +  (   3   )  +  "» 

when  w  =  m  +  S. 

Hence  we  may  say  that  the  partitions  of  all  numbers  which  have  no 
part  greater  than  m,  and  no  repetitions  and  no  sequences,  are  equi-numerous 
with  the  non-unitary  compositions  of  the  number  m  +  3. 

For  wt  =  3,  the  five-to-five  correspondence  is 

0     1     2     3     31  partitions, 
6    42    24    33    222  compositions. 

There  is,  in  fact,  a  more  intimate  correspondence  still,  because  the  number 
of  the  partitions  above  defined  which  have  t  parts  is 
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while  the  number  of  the  compositions  above  defined  which  have  s  parts  and 
a  content  m  +  3  is 

(m;:n 

Hence  the  partitions  without  repetitions  or  sequences,  a  highest  part  not 
greater  than  m  and  exactly  s  parts,  are  equi-numerous  with  the  non-unitary 
compositions  of  the  number  m  +  3  which  have  exactly  s+1  parts. 

Thus  for  m  =  7,  s  =  2  the  correspondence  is 

31     41     42     51      52     53     61     62     63  partitions, 
532    523    352    325    253    235    622    262    226  compositions, 
64     71      72     73     74     75  partitions. 
442    424    244    433    343    334  compositions. 
(Compare  Cayley,  Messenger  of  Mathematics,  Vol.  v.  (1876),  pp.  166,  167.) 
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PARTITIONS  WITHOUT  SEQUENCES 

297.    Just  as  we  represented  the  enumerating  functions  of  partitions 
without  repetitions  or  sequences  by  the  conditioned  product 
Vgjm  m  Jf(l  +  of)  (1  +  *•+>) ...  (1  +  **), 

s,  m  being  the  lower  and  upper  limits  of  the  part  magnitude,  so  in  the  case 
'  where  repetitions  are  allowed  but  not  sequences  we  can  represent  the 
enumerating  function  by 

Tt'm=M  (T  -  a?)  (1^>»)  ...  ' 

the  condition  of  the  product  being  that  in  the  multiplication  of  any  two 
consecutive  factors 

1  1 

1  -  a*  '  1  -  » 

V1Z*  1  -at     I  -       +  (1  -at) (I  - ' 

the  last  term  -  -—  — — 

(1  —  at)  (1  —  at +I) 

is  to  be  deleted. 

It  is  best  to  write 

and  it  will  be  observed  that  the  conditioned  multiplication  permits  re- 
petitions but  forbids  sequences. 

We  find         r,„  =  M  (iVj^Jj  •••(•+rS=) 
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Similarly  T,;m  =  Ts,m_x  +  ~  Ts>m_2, 

the  two  complementary  formulse. 

In  particular  T1>m  =  T%m  +  ^  T3>m, 

1  and  m  being  now  the  lower  and  upper  limits  of  the  part  magnitude. 
An  inclusive  formula  is  obtained  by  writing 

when  we  find 

Ts,m  =  Tgtt  Tt+2,m  +  j  _  ^+1  T8>t-i  Tt+3>m. 
We  can  express  Ts>m  as  a  linear  function  of  T1>m  and  T^m. 
Thus  ~Ts>m  =  Tltm-T2>m, 


(l)(2)(3)X5'n-(2)  (1)(2) 

and  noticing  that  the  last  result  may  be  written 

rp    rp      rp  rp  rp 

(i)WW)  ,m  ,2 

it  is  natural  to  assume  the  formula 

w,«?..l»-»  T<- = <•*-  r-  ^ 

with  the  object  of  establishing  it  by  induction. 
We  assume  it  to  be  true  for  the  first  s  integers. 

rpu  rp  (rp  _T  \ 

lhen    (1M2) ...  (s-  1)  ^+^-(1)  (2) ...  (s  -  2)  ls'm)' 

and  substituting  for  Ts_1>m  and  TSt.m  from  the  assumed  formula  we  readily 
find  that 

completing  the  proof. 
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Similarly  we  can  obtain  the  complementary  result;  that  is,  we  can 
express  T1>m-,  as  a  linear  function  of  Tl  m  and  T,^^. 

Thus  in  succession 


(m) 


From  the  formula       TM>m  =  Tt+lttn  + 


(m-l)N  1MTHJ 

r  1      r    _   (2m -1)  . 

(m  -  2)  (m  -  1)  (m)    1'm'4    (m  -  1)    l  m    (m  -  1)  (m)  1 

and  noticing  that  the  last  formula  may  be  written 

 ******   rp    rp  rp    rn  rp 

(m-  2)  (m-  1)  (m)  ,,m~4  *t++m*\***. 
it  is  natural  to  assume  a  formula 

a.i(.-l)(2m-»  +  2) 
(m-s  +  2)  (m-s  +  3)  ...(m)  Tl'm-' 

=  {~Y      m—g+3,  m— l  2^1, m  ~  4t m—g+3, m ^l,  ?n— 1)> 

with  the  object  of  proving  it  by  induction. 

There  is  no  difficulty  in  thus  establishing  it. 

j£  i 

»J 

there  is  no  difficulty  in  establishing  the  result 

=  2Wl.«  +  Jfi  +  (s)(8  +  2)  +  (s)  (s  +  2)  (8  +  4)  r'+7  m  +     ' ' 

and  from  the  formula 

2*  m  =  Tt,  m— l  "I"  <  i  T,  m_g 

(m) 

the  result 

(m)  (m  -  2)  (m) 

+  (m-  4j(m  -3)  (m)  T,  m-7  +  MM 

In  the  first  series  the  jjth  term  enumerates  partitions  which  contain  the 
parts  s,s  +  2,  ...  s  +  2p  —  4,  but  not  the  part  s  +  2p  —  2. 

In  the  second  series  the  pth  term  enumerates  partitions  which  contain 
the  parts  m,  7/1  —  2,  ...  n  —  2^  +  4,  but  not  the  part  m  —  2p  +  2. 

4—2 
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298.  If  we  put  the  number  of  parts  in  the  partition  in  evidence  we 
introduce  the  symbol  g  and  consider  the  coefficient  of  gp  in  the  function 


M 


Such  coefficients  enumerate  the  partitions  which  have  exactly  p  parts. 

Putting  s  =  1  and  in  =  x ,  it  is  easy  to  calculate  the  coefficients  of  the 
earlier  powers  of  g.    These  are  found  to  be 

x  '  -• 

«* 

X*       1  +  x* 


(1)  (2)  (3)'l+a?  1+^' 

X*  1+x3   1+x6  1+x9 

{!)  (2)  (3)  (4)  *  1  +  x  '  f+^2   1+x* ' 
suggesting  that  the  coefficient  of  gp  is  in  all  probability 
xP  1  +  x3  1+x6     1+  x*+ 


(1)(2)  ...  (p)  '  1  +  x  '  1+x1'"  1  +xp->  ' 

an  expression  which  may  be  put  into  the  form 

X*  (6)  (12)  (18)  ...  (6p-6)  

(p)  (2)  (4)  (6)  . . .  (2p  -  2) .  (3)  (6)  (9) . . .  (3p  -  3) ' 

This  shews  that  the  function  which  enumerates  partitions  without 
sequences  may  probably  be  represented  by  the  series 

ij*  a*       (6)        x?        (6)  (12) 
A  +  (l)  +  (2)   (2)  .(3)  +  (3)   (2)  (4).  (3)  (6) 

x  x-         (6)  (12)  (18) 


In  general 


(4)   (2)  (4)  (6).  (3)  (6)  (9) 


&_       ^      (6)         3  a»»       (6)  (12) 
~    +  9  (1 )  +  9~  (2 j  (2) .  (3)  +  9  (3)  (2)  (4) .  (3)  (6)  +  • ' ' ' 

299.  Partitions  without  sequences  may  be  looked  at  from  another  point 
of  view.  Suppose 

(A^A2A3 ...  Ap-iAp) 
be  a  partition  in  which  the  parts  are  arranged  in  ascending  order  of  magnitude. 
Denote  the  differences  between  successive  parts  by  a0>  *!>•••» 
a^A^A^A^...  Ap^ap-^Ap. 
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If  there  are  to  be  no  sequences,  cr0  which  is  equal  to  Ax  may  be  any  integer 
but  au  a8,...ap_,  may  each  of  them  be  zero  or  any  integer  except  unity. 
We  have 

Ax  =a0, 
At  =a0  +  o,, 
A,  =  a,,  +  or,  +  cr2, 


Ap  =  a0+  a,  +  ...  +  ofp_,, 
and  24=jpa0  +  (p-l)a1  +  ...  +  2ap_2+ap_,. 

The  enumerating  function  is 

2^*0  +  (P  ~ *)  °t  +  •  •  •  +  2*4.-1 + a/>-i 

the  summation  being  in  regard  to  the  values  of  cr0,  er,,  a2, ...  ap_,  above 
specified.  Now 

1  +  (2)      (2)  (3)' 

71  +  (2)"    (4)   "(4)  (6)' 

-to-Wi.    a^>-»  _!+*»-'  (6p-6) 

-A  +  (p-l)     (2p-2)  (2p-2)(3p-3)' 

(p)  (p) 

so  that  the  function  is 

(6)      (12)  (6p-6)  J_ 

(2)  (3)  (4)  (6)  *      (2p  -  2)  (3p  -  3) '  (pj  ' 

In  this  summation  the  smallest  part  may  be  zero.  If  zero  be  excluded  as 
one  of  its  values  we  have  exactly  p  parts  and 

(P) 

Hence  the  function  which  enumerates  partitions  without  sequences  and 
exactly  p  parts  is 

xP  J6)       (12)  (6p-6) 

(P) '  (2)  (3)  (4)  (6)       (2p  -  2)  (3p  -  3)  ' 

confirming  the  result  of  the  previous  article. 

300.    If  the  smallest  part  is  not  to  be  less  than  two,  if  it  be  not  zero, 

~     -A+(p)  (2p)(3p)' 
so  that  the  summation  gives 

(6)       (12)  (6p) 

(2)  (3)  (4)  (6)  (2p)  (3p) 
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which  enumerates  partitions  of  the  nature  under  consideration  which  have  p 
or  fewer  parts. 

Putting  p  equal  to  oo  we  find  now  the  noteworthy  result  that  the  par- 
titions, without  restriction  as  to  the  number  of  parts,  are  enumerated  by  the 
function 

(1)  (7)  (13). ..x  (5)  (11)  (17)... 
(1)(2)(3)... 

Also  those  which  involve  precisely  p  parts  are  enumerated  by 

(#p     (6)       (12)  (6p  -  6) 

(p) '  (2)  (3) '  (4)  (6)  — '  (2p  -  2)  (3p  -  3) ' 

for  this  is  equal  to  the  expression 

(6)      (12)  (6p)  (6^     (12)^  <6p  -  6) 

(2)  (3)  (4)  (6) '  * "  (2p)  (3p)     (2)  (3) '  (4)  (6)   " '  (2p  -  2)  (3p  -  3) ' 

and  we  reach  the  algebraic  identity 

+  (1)  +  (2)  (2)  (3)  +  (3)  (2)  (3)  (4)  (6)  +  (4)  (2)  (3)  (4)  (6)  (6)  (9)  + 

_(1)  (7)  (13)...  x  (5)  (11)  (17)... 
(1)  (2)  (3)  ... 

=  1  

"  (2)  (3)  (4)  (6)  (8)  (9)  (10)  (12) .  (14)  (15)  (16)  (18) .  ... ' 


The  Partitions  of  Multipartite  Numbers. 

301.  In  regard  to  the  function  which  enumerates  the  partitions  of 
multipartite  numbers  in  general  there  is  not  very  much  to  be  said.  For  the 
bipartite  number  if  we  wish  to  find  the  number  of  partitions  which 
possess  i  or  fewer  parts  we  seek  the  coefficient  of  aix^x^  in  the  expansion  of 

 1  

(1  —  a)  (1  —  ax^)  (1  —  ax2)  (1  —  ax\)  (1  —  axYx^)  (1  —  axf) . . . ' 

wherein  1—  ax^xf'  is  a  factor  of  the  denominator,^,^  being  given  all 
integer  (including  zero)  values. 

More  general^  for  the  multipartite  number  nxn2  ...nm  the  enumerating 
function  is 

 |     )    '  ■  1  

(1  —  a) (1  —  ax,)  ...  (1  —  axm) (1  —  axf)  (1  —  axxx2)  ...  (1  —  ax^)  1 

wherein  1  —  axf'xf* ...  is  a  factor  of  the  denominator,  pu  p2,  ...pm  being 
given  all  integer  (including  zero)  values. 
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In  order  to  expand  it  in  ascending  powers  of  a  we  write  it 
F(a;  x^y  x,,  ...  xm), 
and  also  1  +  a<f>mtl  +  a?<f>m>i  +  a'^,,,,,  +  ... ,  • 

where  <f>mti,  <f>m,z,  etc.  do  not  involve  a. 

If  we  write  axm  for  a  we  find  at  once  the  relation 

F(axm;xlt  x2,  ...xm)F(a;  xu  x2,  ...  a:m_,)  =  F(a;  xu  x2,  ...  xm), 
leading  to 

(1  +  axm<f>mil  +  aVm<£„1>2  +  a34,</>OTi,  +  . ..) 
x  (1  +a(f>m^ltl  +  al<f}m_lft  +  at<t>1^-1,,+  ...) 
=  1+  a<f>mil  +  a'^mi2  +  a3<t>m,3  +  .... 
Comparison  of  coefficients  of  like  powers  of  a  then  yields  the  relations 

^m<f>m,i  +  <£m-i,i  =  <f>m,i, 

a4<£ni,2  +  X,n<f>m-i,i<f>m,i  +  <f>m-i,2  =  <f>m,2, 

<&6m  +  ^m<f>m-l,i<f>m,2  +  Zm<f>m-i,2<l>,n,i  +  <f>m-\,3  =  ^m,]> 

etc., 

and  we  deduce  the  relations 

(l-Xm)(f)m<l  =  (f)^l<u 
(1  -  Xm)  (1  -  O  <f>m%2  =  a?m#,_i.i  +       ~  Xm)  tf>m-i.«. 
(1  -         (1  -         (1  -         <j>mt3  =  +  (*m  +  ft£  "  %W 

+  (1 -*„)(! 

etc., 

and  thence 


«  (l-^xi-^.-a-^)' 

,  1  +  Xx^X,  +  %X1X2XSX4  +  ^X^X^XtXt  +  ... 

*M  -  (1  -  55  (1  -  x\).  (1  -<r,)(l  -af). ...  (1  -  xm)(l -xl) ' 

where  in  the  last  fraction  the  elementary  symmetric  functions  of  even  order 
of  the  magnitudes  xlt  x3,  ...  xm  appear. 

The  functions  <f>mi3,  etc.  are  very  complex  and  lead  to  no  interesting 
results. 

The  result  in  the  case  of  <f>m>1  is  of  a  trivial  character. 

302.    The  case  of  <f>m>2  is  however  worth  a  moment's  consideration. 

It  enumerates  the  partitions  of  all  multipartite  numbers  into  two  or  fewer 
parts.  Its  form  is  such  that  the  enumeration  is  made  to  depend  upon  the 
enumeration  of  the  partitions  of  unipartite  numbers  into  two  or  fewer  parts. 
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Let  -Bn,  %...«»» 

denote  the  number  of  partitions,  into  two  or  fewer  parts,  of  the  multipartite 
number  n^...  nm.    Then  the  form  of  <£m>2  shews  that 

-Bnin2..  nm  =  Bni  Bn2  . . .  Bmn 

+  22?nx-i  #w2- A3  . . .  BUm 

+  25ni_!  -B^-i  5n8-i  #n4-i  Bns  . . .  BUm 

+  ., 

the  symmetric  function  in  the  ,sth  line  involving  f^**  2)  terms- 

We  shall  verify  this  result  for  the  case 

fii  =  n2  =  ...  =  nrn  =  n. 

This  particular  case  is  convenient  because  we  can  predict  the  result  with 
ease.    If  a  partition  into  two  parts  be 

{i\v2 ...  vm)  (v\Vt  ...  v'm), 

the  constituent  vg  may  be  any  one  of  the  numbers 

0,  1,  2,  ...  n 

and  v*  +  vs'  =  n. 

The  case  in  which  vx  =  v2  —  . . .  =  vm  =  0  is  included,  because  then  in  fact 
we  have  a  partition  into  one  part  included  in  the  enumeration.  Hence  v, 
may  have  n+1  different  values  and  the  value  of  vg  determines  the  value  of 
Vg.    It  follows  that 

(VxPM...  Vm) 

may  have  (n  +  l)m  different  values  and  this  fact  leads  to 
Hn  +  l)m, 

or  l)m  +  i 

partitions  into  two  parts  according  as  n  is  uneven  or  even. 

The  reader  will  notice  that  when  n  is  uneven  every  partition  occurs  twice 
in  the  above  process,  but  that  when  n  is  even  one  of  the  partitions  occurs 
only  once.    This  happens  when 

vs  =  Vg'  =  \n 

for  all  values  of  s. 

We  now  observe  that 

Bg=$(s  +  l)  or  |0  +  2), 
according  as  s  is  uneven  or  even. 
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The  formula  therefore  gives 
Case  I.    n  uneven : 

ft  (»  +  1)}"*  +  (2 )  ft  (w  +  i)}""3  ft  («  +  1)}'  +  (4)  {*(»  + 1)}"1"4  ft  <»  +  1  )i4  +  •  •• 

-  $  (w  +  1)"*, 

which  is  correct. 

Case  II.    n  even :  the  number  is 

ft  (n  +  2))-+  (g)  ft<«  +  2)}—  (f*J«  +  («)     (*  +  2)}—         +  .... 
Herein  we  write 

(£)ft(»  +  2){Mft«}4' 
=  (2n,)lHn  +  2r-j{Kn  +  2)-lj«, 
and  it  is  now  an  easy  task  to  shew  that  the  expression  is  equal  to 

i  {<«  +  *r  -  (7)  (* + 2)'*-1 + (2)  <n + ****  — ■  (-)m  1  + 1 }  • 

or  to  |{(n  +  2-l)'»+l},  or  to  £(n  +  l)m  +  £. 

For  consider  the  identity 

{p  +  ^(p-l)}'»=^+^)p--^(p-l)+^)^-'x'(p-l)*  +  ...; 
put  successively  x  equal  to  + 1  and  to  -  1  and  add,  obtaining 

(2P  -  \y  +  1  =  2  |jp  +  (™)        -  iy  +  (™)        - 1)4  +  -J . 

and  now  putting  p  =  $  (n  +  2)  we  have  proved  as  required. 

303.  The  connexion  between  the  partitions  and  divisors  of  numbers  was 
established  by  Euler*. 

He  proceeds  from  his  formula 

-a?)  (I  -**)...  =  1  -  + a* +  +  .... 

Differentiating  logarithmically  and  multiplying  throughout  by  —  x  we 
find 

x  x*_  x  +  2x*  —  ox*  —  7a?  +  12x"+15x»-  ... 

*  "Observatio  de  suinmis  divisorum,"  Opera  Minora  ColUcta,  Vol.  1.  pp.  HI — 154. 
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On  the  left-hand  side  the  coefficient  of  xn  is  equal  to  the  sum  of  the 
divisors  of  to.  Denoting  it  by  <x  (to)  and  the  number  of  partitions  of  to  by 
P  (to)  we  have 

a  (1)  x  +  <t  (2)  f  +  a  (3)  x3  +  . . . 

-"(*  +  2#2  ~  5^  -      + 12#12  +  15a;16  +  •  •  •) 
x  (1  +  P  (1)  x  +  P  (2)  a*  +  P  (3)  a?  +  . . .), 
and  by  equating  coefficients  of  like  powers  of  x 

a  (»)  =  P  (n  -  1)  +  2P  (to  -  2)  -  5P  (n  -  5)  -  7P  (to  -  7) 
+  12P(to-12)+15P(to-15)+ 
the  two  general  terms  on  the  right-hand  side  being 
(_)r+l  £r  (3r  _     p  (n  _  £r  (3r  _ 
(_)r+i  £r  (3r  +  x)  p  (n  _  £r  (3r  +  jjj' 

Writing  the  intermediate  formula  in  the  form 
{<r(l)x  +  <r(2)x*  +  o-(S)x*  +  ...}  (1  -  x  -  x2  +  a?  +  x7  -  x12  -  x15  +  . ..) 
=  x  +  2x2-5x5-  1xn  +  12x12  +  lox15  +  ... 
we  obtain  another  of  Euler's  results 

<r  (to)  -  <r  (to  -  1)  -  or  (to  -  2)  +  o-  (to  -  5)  +  a  (to  -  7)  -  . . .  =  0   or  (-)r+1  n, 
according  as  n  is  not  or  is  a  pentagonal  number 
ir(Sr±l). 


CHAPTER  V 


PARTICULAR  STUDY  OF  THE  FUNCTION 

(1  -*>  +  ')(!  ...  (1  -xi+*) 

304.  The  study  upon  which  we  now  enter  has  for  its  object  the  trans- 
formation of  the  enumerating  generating  function  of  partitions  limited  both 
as  to  number  of  parts  and  as  to  part  magnitude,  so  that  it  may  be  conveniently 
expanded. 

We  first  have  to  note  the  method  of  Cayley,  whose  purpose  was  to 
transform  it  so  that  it  might  be  dealt  with  by  breaking  it  up  into  partial 
fractions. 

Cayley  s  Transformation*. 

We  take  the  equation 

(l  +  ax)(l  +  ax*)...(l  +  ax{) 

=  !  +  M<1 -«n„V(^-')(I-_f  +  ... , 
\—  x  (1  —  ar)(l  —  a?) 

where  the  general  term  is 

(1-*)(1  -*»)...  \ 

The  series  is  finite,  having  i  +  1  terms,  the  last  term  being 
a,'a:*t'<,'  +  1>. 

We  now  write  —  x>  for  a  and  obtain  the  identity 

(1  -        (1  -  ;r>+3) ...  (1  -  x**) 

(l-x)  (l-x)(l-x*) 

-,to()^  (l-*)(l-*)...(l-<f) 
•  Phil.  Trans.  R.  S.  London,  Vol.  cxlv.  1855. 
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Dividing  both  sides  by  (1  —  x) (1  —  x2)  ...  (1  —x{)  we  find 
(1  -  xj+1)  (1  -  ^+2)  ...  (1  -  xi+i) 
(l-x)(l-x2)...(l-xi) 

=  *2  (-)Vtf  +  £s(s  +  1)- 


(l-x)(l-x2)...  (l-x*).(l-x)(l-x2)...(l-xi-*)' 
The  function  under  examination  is  thus  presented  in  the  form  of  a  sum 
of  i  + 1  fractions  each  of  which  can  be  dealt  with  by  the  method  of  partial 
fractions. 

305.  For  full  particulars  of  the  way  in  which  Cayley  employs  partial 
fractions  the  reader  may  consult  the  paper  quoted.  It  is  convenient  here  to 
explain  the  notation  in  which  he  exhibits  his  results. 

The  function 

is  in  the  ordinary  manner  thrown  into  the  form 

2(1-  x)2    4>l-x  4>l+x' 

and  supposing  that  the  coefficient  of  xw  in  the  function  is  required,  he 
denotes  this  coefficient  by 

P(l,2)w. 

He  then  expands  each  of  the  three  fractions  and  finds  that  the  coefficients 
of  xw  in  the  first  and  second  fractions  are 

|  (w  4- 1 )  and  \  respectively. 
To  expand  the  third  fraction  he  writes  it 
1  1-x 

and  denotes  the  coefficient  of  xw  by  the  notation 
Hl,-l)pcr2W) 

wherein  the  portion  (1,  —  1)  has  reference  to  the  numerator  coefficient, 
per  means  "prime  circulator,"  and  the  combined  expression 
(1,  -  1)  per  2W 

indicates  the  way  in  which  the  coefficient  of  xw  is  actually  obtained  by 
expansion. 

He  thus  gives  the  formula 


P(\,  2)W  =  -r<  _  Jf. 

v      J       4  (+  (1,  -  1)  per  2W) 


and  in  a  precisely  similar  manner  he  obtains  the  formula  derived  from 

 1  

"(1  -a)  (1  -x^il-x3)' 
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This  is 

|    6102  +  :i6w  +  47 

B(l,  2,  S)w=  i   +9(1,  -  l)pcr  2„ 

1  +  8(2,  -1,-1)  per  3W 

wherein  (2,  -  1,  -  1)  per  3W 

,„  2+a?  2-x-a* 

is  denved  from  l+#fM* "  " 

306.  The  notation  is  convenient,  but  a  very  slight  consideration  will 
convince  the  reader  that  the  method  does  not  always  exhibit  results  in  the 
simplest  form. 

For  example,  Cayley  applies  the  method  to  the  simple  fraction 
1 

l-o»' 

and  finds  P(2)  w  (viz.  the  number  of  ways  of  partitioning  w  into  parts  when 
2  is  the  only  part  allowed)  to  have  the  expression 


M  1 

2 1+ (i,-i)  1 


)pcr2trj  * 

Now  we  know  that  with  the  notation  explained 

P(2)«/  =  (l,  0)pcr2tc, 

so  that  clearly  the  ordinary  method  of  partial  fractions  cannot  be  relied  upon 
to  give  the  result  invariably  in  the  simplest  (and  therefore  the  best)  form. 


Transformation  by  Symmetric  Functions. 

307.    We  commence  by  observing  the  two  identities 

1  1      1         1  1 

(l-a-Hl-a?)    2(l-*)»  +  2(l  -**)' 

1  -1      1  ,4 


(l-*)(l-tf»)(l-tf»)    6(l-ar)»"2(l-ar)(l-^)    3  l-x>' 
which  we  will  also  write  in  the  illuminating  notation  so  often  employed: 

1    i  1  1  j_ 

(1)(2)     2(1)* +  2(2)' 

1      i  1  1 1   1  ,ii 

(1)(2)(3)    6(l)s  +  2(2)(l)  3(3) 

The  observation  leads  to  the  conjecture  that  we  are  in  the  presence  of 
partial  fractions  of  a  new  and  special  kind.  We  note  that  in  the  first  identity 
we  have  a  fraction  corresponding  to  each  of  the  partitions  (l)»,  (2)  of  the 
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number  2  and  in  the  second  fractions  corresponding  to  and  derived  from  each 
of  the  partitions  (l)3,  (21),  (3)  of  the  number  3.  The  coefficients  of  the 
fractions  also  remind  us  of  numbers  which  arise  in  symmetric  function 
formulae,  and  we  are  led  easily  to  the  symmetric  function  view  of  the  matter 
which  is  now  given. 

Consider  symmetric  functions  of  the  powers  of  x,  infinite  in  number,  viz. 

1,  x,  x2,  Xs,  

Let  Si  denote  the  sum  of  the  iih  powers  of  these  quantities.  .Then 
clearly 

Now  if  hi  be  the  homogeneous  product  sum  of  weight  i  of  the  quantities 
a,  /3,  y,  . . . ,  we  have 

-r.  r^i —  i  ;   n — =  1  +  h1z+h2z2  +  ...  +  hizi  +  .... 

•  (l-az)(l-j3z)(l-ryz)... 

Putting  herein  1,  x,  x2,  ...  instead  of  a,  /S,  y,  ...  we  have 
1 


=  1  +  rrv+77wm +  •••  +  ; 


(1  -z)(l -xz)  (1  -  a?z)  ...  (1)     U)  (2)  x  -    (1)  (2)  ...  (i) 

Hence  if  hi  denote  the  homogeneous  product  sum  of  order  i  of  the  quantities 
1,  x,  a?,  x3,  ... 
1 


we  get  hi  = 


(I)  (2)  ...(I)" 


Having  obtained  expressions  for  S;  and  hi  we  recall  that  we  can  express  hi 
in  terms  of  s1}  s2,  s3,  ...  (see  Vol.  I,  Section  I,  Chapter  I,  Art.  6).  The 
formula  is 

W  *    *  1ft .  2* .  3* . ; .. |h  ijpi !  pt  I ... ' 

where  (l*»2ft3ft  ...)  is  a  partition  of  i  and  the  summation  is  in  regard  to  all 
partitions  of  i. 

Substituting  herein 


(l)(2)...(i)'  (1)'  (2)'  (3)'" 

for  hi,  8u      s2,     6'3,  .. 

respectively  we  find 
1 


(1)  (2)  ...  (i)    S  lP>.2*.3**.,.pt\pt\p9\ ...  (1)**  (2)^  (3)^ 

where  (lPi2p*3p*  ...)  is  a  partition  of  i  and  the  summation  is  in  regard  to  all 
partitions  of  i. 
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308.  This  remarkable  result  shews  the  decomposition  of  the  generating 
function  into  as  many  fractions  as  the  number  i  possesses  partitions.  The 
denominator  of  each  fraction  is  directly  derived  from  one  of  the  partitions 
and  is  of  degree  %  in  x.  The  numerator  does  not  involve  x  and  the  coefficient 
is  the  easily  calculable  number 

 1  

1*.  2*.  3*. ../>,!;>,  !jp,!...' 

The  general  formula,  on  proceeding  to  the  coefficient  of  xw,  takes  the  form 
in  Cay  ley's  Notation 

P(l,  2,  3, ...  i)w  =  Z     — ,  ; — — - —  . 

We  have  used  the  two  symmetric  functions  8if  hi. 
For  i=2  we  get 

1     _  1  J_  11 
(1)  (2)"2(l)'  +  2(2) 

and  we  are  led,  in  Cayley's  notation,  to  the  result 


Also  for  i  =  3  we  have 


1  1111  11 

i  +  5  „v  +. 


(1)(2)(3)    6(1)'^  2  (2)  (1)^3  (3)' 

or  making  use  of  the  decomposition  of  fjTHi  > 


leading  to 


(1)(2)(3)    6(1)^4(1)^4(2)^3  1 


P(l,  2,  3)W  =  ^ 


(w-f-l)(w  +  5)  1 
+  3(1,0)  per  2W  L 
+  4  (1,  0,  0)  per  3„  J 

expressions  which  are  simpler  than  those  given  by  Cayley. 

Of  the  order  4  similarly 

1  1111         1111  11 


(1)  (2)  (3)  (4)     24  (1)*  +  4  (2)  (iy  +  8  (2)'  +  3  (3)  (1)  +  4  (4) 

As  is  well  known  the  sum  of  the  coefficients  on  the  right-hand  side  is 
unity.    This  serves  as  a  verification. 

Of  these  fractions  j^t-,  J^rz,       are  immediately  dealt  with. 
(1)'  (2)-  (4) 
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Moreover,  ^  -  ^ '  g  -L  + 1  -L 

11      1   1  l_l 
2  (l)3  +  4  (l)2  +  4  (2) ' 

1  1  +  X  +  X*  . 

WW)"   <8)>   g(1' *' 1)pcr3?w' 

and  the  expression  of  P(l,  2,  3,  4)w  is  readily  written  down. 

It  thus  appears  that  the  Transformation  by  Symmetric  Functions  is  a 
valuable  first  step  towards  the  expansion  of  the  function.  Particular  fractions 
that  thence  arise  may  require  breaking  up  by  the  same  or  some  other  process 
as  a  second  step. 

309.    The  fraction 


(I  -  x)(l  -  x*)  ...  (I  -  x*) .  {I  -  x)(l  -  a?)  ...  (I -x^Y 
which  presents  itself  in  Cayley's  Transformation,  is  seen  to  be 
hshi-s, 

and  is  therefore  expressible  in  terms  of 

JL  JL  ! 

(1)'   (2)'  (3)" 

by  the  above  formula.  Each  fraction  thus  obtained  will  have  a  denominator 
of  weight  i. 

310.  The  function  aiy  that  is  to  say,  the  sum  of  the  quantities  i  and  t 
together  of  the  quantities 

1,    x,  x2,..., 

is  obtained  from  the  formula 

(1+0(1  +x)(l+x*)(l+tf)...  =  l  +  -\-+  - 


(i)^(i)  (2)^(1)  (2)  <sr  ' 

yielding  ai={1)  (2)  (.)} 

and  now  the  three  functions  give  rise  to  six  formulae,  of  which  one  has  already 
been  given.    The  five  others  are : 

(ii)  r^'frSiS^^-p 

which,  if  we  denote 

(l)(2)\..(i)f°rbrevityby[I]' 
leadsto  ppM-)      Pl\p2lp3l...  [lp.[2]ft[3]ft-* 
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where  (1*  2*  3*> ...)  is  a  partition  of  i,  and  the  summation  is  for  all  partitions 
of  i: 


(iii)  a<  =  S(-)' 


leading  to 

jw-i)  ^  (-y»»   1 

(1)(2)  :    (i)    -  1/    l>        . . .  y :  / h  •  y^TTT  jijp,  (2)ft  (3)p.  . . . ; 

leading  to 


(iv)  ^-^^IS^^^--' 


(i)    *l  '      ptl^Ijftl...  IplJ   1[2]|   {[3]J  - 
(v)  ft,  =  1  (-)**  of-ofta* ... , 


leading  to 


1  =  V  /_V+2p  (Sp)!  f  J_l*  (WW  (  x>  )" 
W    *!         Pilftlftl...  ][2]f  i[3]f 


(vi)  af  =  2  (-)<+^   •  (Sf)!,  ... , 


leading  to 


M  '  i>l!p2!i>,!...[l?'[2]f«[3p....' 

These  all  involve  noteworthy  theorems  in  partitions. 
The  formula  in  (iii)  above  may  be  expressed  in  the  form 

P  ft  2,  3, . . .  i)  [w  -  \i  (i  -  1)}  =  2 ^lPl2P,3P'"> 

lp'.  2*.  3p.. ../>,!/>,!;>,!. ..' 

311.  We  have  next  to  extend  these  results  by  considering  the  sym- 
metric functions  of  the  finite  number  of  powers  of  x, 

1,    x,  x*,...xi. 

We  find  l-**+'_«  +  »>. 

1  —  x%  (i) 


The  formula 


1 


(\-z)(\-xz)(\-x*z)...(\-a>is) 

-1+*-<ir+'  (i)(2) 

shews  that  1  -  ii±jj  0  +  2>-  0+*) 
shews  that  ft,  _  (1)  (2)     (i)   , 

M.  A.  IL 
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and  the  formula 


(1  +  z)(l  +  xz)  (1  +  a*z)  . . .  (1  +  xh) 

■  (ir+^    (1)  (2)    +^      <1)<2)<3)  + 

,ii  p  - 1)  (j-i  +  2)  <j  -  i  +  3)  ...  <j  +  1) 


that  (l)(2)..(i) 

We  are  accordingly  led  to  the  formulae 

o12     (i)  +     (j  +  2)...(j+i) 

312     W  (l)(2)...(i) 


1 

j(2j  +  2))^  fl 

.  2^.3^...pi!^2!jo3! 

...t    (1)  1 

i     (2)    ]  X 

Here  the  left-hand  side  enumerates  partitions  which  are  limited  to 
involve  not  more  than  j  parts,  and  no  part  greater  than  i. 
The  product 

fti  +  ljl"  j(2j+2)j^  f(?J  +  3))ft 
I   (1)  i    1    (2)   j    1    (3)  J 

which  is  typical  of  those  on  the  right-hand  side,  enumerates  partitions  whose 
parts  may  be 

ones     of  px  different  kinds 
twos     „  p.2  „ 
threes  „  p3  „ 


but  in  which  no  part  of  a  particular  kind  occurs  more  than  j  times.. 
The  simplest  cases  of  the  formula  are 

(j  +  1)  (j  +2)     1  (j  +  I)2    l(2j  +  2) 
(1)(2)  2    (If    +  2     (2)  ' 

(3  +  1)  (j  +  2)  (j+ 3)  _  1  (j  +  l)3     1  (2j+2)  (j  +  1)     1  (3j  +  3) 
(1)(2)(3)  6    (1)*    +2       (2)(1)       +3     (3)  ' 

and  if,  extending  Cayley's  notation,  we  denote  the  coefficient  of  xw  in 
(j  +  1)  (j+2)...(j+i) 
~  (l)(2)...(i) 
by  P(l,2,S,...i;j)w, 
and  the  coefficient  of  xw  in 

(j  +  1)/'  ((2j+2)|^  ;(3j  +  3))^ 
(1)   I    t    (2)    j    1    (3)    {  - 
by  Pj(l^,2P*,SP',...)w, 
we  have  the  relation  • 

j»(iA8,.,.ni)^T^fg^,-;^.„, 

in  itself  a  noteworthy  theorem  in  partitions. 
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If  in  the  formula  we  put  x  =  1,  we  obtain  the  arithmetical  relation 
(j  +  *\  ~m  -  +  1)p.+p.+p.+ 

'   1  '  1^.2^.3^...^!^!^,!...' 
a  theorem  which  expresses  the  binomial  coefficient 

m 

as  a  linear  function  of  powers  of  the  integer  j  +  1. 
The  simplest  cases  are 

f  22)=*0'+i)2  +  i0'+i), 

313.    (ii)    Writing  for  brevity 

(J  +  i)(j  +  2)...(j  +  j)  _  rj+n 
(i)  (2)...(i)  LxJ' 

we  obtain  L  J 

9 = 2       ffp-i)!*  n  +  i>  rj + 2>  rj + a>. 

The  product 

is  j(j+l))  f(j+2))"+*+-  f(j+3)).*+- 

If  we  put  x  equal  to  unity  we  have  the  arithmetical  relation 

WPkW  --  \  t  )  \  2  M  3  ) 
which  expresses  the  integer  j+l  as  a  linear  function  of  certain  definite 
products  of  binomial  coefficients. 
The  simplest  cases  are 


314.    (iii)  Ti«(i-i)<j-i  +  2)  (j-i  +  3)...(j  +  l) 

(1)  (2)  (i) 
fit1)}*  |(2j  +  2))P.((3j  +3))f» 
-V,       ^      gj    '    1    ^)    )    I    O)  f 

5—2 
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The  factor 

(j-i  +  2)  (j-i  +  3)...(j  +  l) 
(1)  (2)...<i) 

may  also  be  written  in  the  form 

(l)(2)...(j  +  l> 
(1)  (2)...<i).(l)  (2).  .(j-i+1) 

It  is  obvious  that,  since  ctf  refers  to  the  quantities 
1 ,  x,  x2,  . . .  xi, 
i  must  be  equal  to  or  less  than  j  +  1. 

The  factor  enumerates  partitions  into  parts  limited  in  number  to  j  —  i  +  1 
and  in  magnitude  to  %  or  partitions  limited  in  number  to  i  and  in  magnitude 
to  j  —  i  +  1. 

We  may  therefore  write 

P(l,  2,  3,..,i;  \w-\J{i-l)} 
L  v  (-\i+*P  i>j(l*,2ft,3ft,...)tg 

involving  a  noteworthy  theorem. 
The  simplest  cases  are 

r  a)      m  1 1±±  ir  _  i  (2j+2) 

(1)(2)       2    (1)*       2     (2)  ' 

\  (j-l)(3)  _  1  <J  +  IT  _  1  (21+2)  (j+J.)    1  (3j+3) 

<1)(2)(3)      -6    <1)>      2     (2)        (1)    +3  (3) 

Putting  a?  equal  to  unity  we  have  the  arithmetical  relation 

(h1)-****  °'+1)SP  , 


of  which  the  simplest  cases  are 


iO"  +  i)*-iO'+i). 


3 

315.    (iv)    We  have 


iO'  +  i)3-iO'  +  i)2  +  Hi  +  i> 


J(J  +  f(jM**W*~ 

lirl      i(2)j     i  (3)  j 
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Putting  x  equal  to  unity  we  have  the  arithmetical  theorem 

with  the  simplest  cases 

m  (v,  p^]  =  2(-)i+%^[^[^-[l|ir... 

x  a.r>2+3p3+..  +4»(t-i)p<+... 
Putting  x  equal  to  unity  we  have  the  arithmetical  result 

with  the  simplest  cases 

317.  (vi)    We  have 

Putting  a:  equal  to  unity  we  have  the  arithmetical  result 
with  the  simplest  cases 

318.  It  is  to  be  observed  that  these  several  transformations  are  not  only 
intermediate  steps  but  are  in  themselves  noteworthy  theorems  in  partitions. 
Each  of  the  partial  fractions  that  is  obtained  is  in  itself  an  enumerating 
generating  function  in  the  theory.    This  is  not  the  case  in  the  ordinary 
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method  of  partial  fractions  that  has  been  developed  in  this  connexion  by 
Cayley  and  Sylvester. 

The  breaking  up  into  partial  fractions  of  the  fraction 

(j  +  1)  (j  +  2)...(j  +  i) 
(1)  (2)...(i) 

has  one  important  property  that  must  not  be  overlooked. 

The  function  as  it  stands  is  not  visibly  a  finite  integral  function  and  in 
order  to  express  it  as  a  product  of  finite  integral  functions  it  is  necessary  to 
know  the  actual  values  of  %  and  j  so  as  to  find  the  irreducible  factor  of  the 
various  numerator  and  denominator  factors.  In  the  transformations  before 
us  in  this  chapter  the  partial  fractions  which  present  themselves  are  such  that 
each  is  visibly  a  product  of  finite  integral  functions  and  consequently  itself  a 
finite  integral  function. 

319.  Speaking  in  general  we  may  in  any  relation  which  connects  the 
quantities  s,;,  a*,  hi  substitute  either 

(1)  Si=w 


1  (l)(2).-(i) 

h  -  1 
1  (l)(2)...(i)' 

Sl~    (i)  ' 

„  rii(i-p(j-i+2Hj-i+3):..(j  +  i> 

(l)(2)...(i) 

+  (j+2)...(j+i). 
(l)(2)...(i) 

and  since  each  of  these  expressions  is  an  enumerating  generating  function  in 
partition  theory  it  follows  that  every  such  relation  involves  a  theorem  in 
partitions. 

320.  In  particular  the  relations  between  the  quantities  at,  hi  are 
interesting  because  in  any  such  relation,  as  we  have  seen  in  an  earlier 
section  of  this  work,  we  may  interchange  the  symbols  a,  h. 

Moreover  there  is  an  infinite  number  of  functions  of  the  quantities  a  such 
that  each  function  remains  unaltered  when  h  is  written  for  a.  In  fact  s^+i 
when  expressed  in  terms  of  a1}  a.,,  a3,  ...  has  this  property  and  merely 
changes  sign. 
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In  order  therefore  to  form  such  functions  we  may  take  any  product 

such  that  p*  +  pt+p6  +  ... 

is  even. 

Every  linear  function  of  such  products  has  the  desired  property. 
As  one  of  the  simplest  examples  we  have 

£(«?-*»)  =  chOa-'l» 

leading  us  to  the  relation 

ciifl*  —  <H  —       —  h3, 

and  thence  to 


(1)(2)     (1)(2)(3)     (1>2.<2)  (1)(2)(3) 

which  we  may  write  in  Cayley's  Notation 

P  (1,  1,  2)  (to  -  1)  -  P  (1,  2,  3)  (w  -  3) 
=  P(1,  1,  2)w-P(l,  2,  3)w, 

or  in  another  form 

P(l,  2,  3)w-P(l,  2,  3)  (w-3) 
=  P(1,  1,  2)w-P(l,  1,  2)  (w-1), 
a  relation  which,  in  this  simple  case,  is  obviously  true  because  each  side  is 
equal  to 

P(l,  2)w. 

321.  Again  taking  the  second  set  of  expressions  for     aif  h{  we  have 

,0)0  +  1)'    .Q-l)  <j)  0  +  i) 

*    (1)M2)  U)(2)(3) 

_  0  +i)Ml+2)  _  (J  +  1)  (J  +  2)  0  +  3) 
"      (1)'(2)  (1)(2)(3) 

a  relation  which  is  not  immediately  obvious. 

It  leads  us  to 

%P(Ufi  (w-s)P(l,  2;  j-l)(s-l)-P(l,  2,3;  j-l)(w-S) 
=  2P(1;  j)(w-s)P(l,  2;  j)«-P(l,«,8;  j)w. 

9 

322.  The  method  of  partial  fractions  and  other  methods  have  been 
applied  to  the  actual  evaluation  of  the  coefficients  in  the  expansions  of 
enumerating  functions  in  the  theory  of  partitions.  The  reader  is  referred 
to  the  original  researches  of  Cayley*  and  Sylvesterf,  and  to  a  very  good 
short  summary  in  Netto's  Combinatorik\. 

•  CoU.  Math.  Papers,  Vol.  B.,  pp.  235,  506. 
t  Math.  Paper*,  Vol.  n.,  p.  90. 

X  Lehrbtich  der  Combinatorik,  Leipzig.  1901,  p.  146  et  $eq. 
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323.    The  function 

(j  +  l)(j  +  2)...(j+i) 
(1)  <2)...<i) 

is  intimately  connected  with  the  limited  double  product 
(1  +  ax)  (1  4-  ax3)  ...  (1+  ax*-1) 

-    ■      MO +!)•••  (><')• 

Mathematicians  have  almost  invariably  considered  the  case  of  the  double 
product  in  which  j  =  i  and  have  thus  not  directly  connected  it  with  the 
function  which  we  are  studying. 

Sylvester  only  considers  the  special  case,  but  his  quasi-geometrical  method 
of  demonstration  is  equally  available  for  the  general  case  and  is  the  one  to 
which  attention  will  now  be  drawn. 

The  coefficient  amxw  in  the  first  part  of  the  product  denotes  the  number 
of  ways  of  composing  w  with  m  unrepeated  uneven  numbers  none  of  which  is 
greater  than  2i  —  1.  Similarly  in  the  second  part  the  coefficient  of  a~mxw 
gives  the  number  of  ways  of  composing  w  with  m  unrepeated  uneven  num- 
bers none  of  which  is  greater  than  2j  —  1.   The  product  is  not  symmetrical  in 

a  and  ^  unless  j  is  equal  to  t,  but  observe  that  it  is  unchanged  by  the  simul- 
taneous substitution  of  -  for  a  and  interchange  of  i  and  j.    It  results  from 

this  remark  that  the  coefficients  of  a,m  and  a~m  in  the  double  product  are 
derivable  the  one  from  the  other  by  merely  interchanging  i  and  j.  The 
coefficient  of  am  in  the  double  product  is  obtained  by  multiplying  the  co- 
efficient of  am+e  in  the  first  part  of  the  product  by  the  coefficient  of  a'6  in  the 
second  part,  giving  6  all  values  from  zero  to  j  (so  long  as  m  +  6  does  not 
exceed  i)  and  adding  the  results.  The  coefficient  of  am+$  in  the  first  part  is 
a  function  of  x  which  enumerates  the  partitions  of  numbers  into  m  +  6 
unrepeated  uneven  parts  none  of  which  is  greater  than  2i  —  1.  In  this 
function  of  x  the  power  of  x,  viz.  xWi,  occurs  with  a  coefficient  CWl  indicating 
that  there  are  CWl  such  partitions  of  the  number  wx.  Let  one  of  these 
partitions  be 

(7],  l2,  ...  lm>  ^m+i)  •••  l"m+d)> 

the  parts  being,  as  usual,  written  in  descending  order  of  magnitude.  Also, 
in  the  second  part  the  coefficient  of  a~9xw*  gives  the  number  of  ways  of 
partitioning  the  number  w2  into  6  unrepeated  uneven  parts  none  of  which  is 
greater  than  2j  —  1.    Let  one  of  these  partitions  be 

(Xu  X2>  •  •  •  ^e)> 

the  parts  being  written  in  descending  order  of  magnitude. 
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We  now  form  a  graph  from  the  two  sets  of  numbers 

X,,  X,,     ...  \e, 

in  the  following  manner. 

Calling  j  the  major  half  of  the  uneven  number  2i  —  1,  we  form  an  angle  of 
nodes 


C, 

where  the  number  of  nodes  in  the  line  AXBX  is  the  major  half  of  lm+i  and  the 
number  of  nodes  in  the  line  .4,(7,  is  the  major  half  of  A,.  The  number  of 
nodes  in  the  angle  is  thus 

Similarly  we  form  angles  of  nodes  B2A2C2,  BSA3GS,  ...  BtA$Ce  involving 
numbers  of  nodes  equal  to 

h  (lm+e  +       *  (lm+3  f\\  •  • .  h  (We  +  *#) 
respectively,  and  then  fit  the  angles  together  in  the  manner 


A2  B2 


c,    c2  cs 
so  as  to  form  a  regular  graph  of  content 

i  (l,n+i  +  lm+i  +  ...  +  lM+»  +  X,  +  X,  +  ...  +  X,). 

The  number  of  nodes  in  the  first  row  of  the  graph  is 

KU  +  D. 

and  the  number  in  the  first  column  is 

Since  {,  ^  2i  -  1,  ^  ^  2i  -  3,  . . .  /,„+,  *■  2i  -  2m  -  1, 

X^2j-1, 

it  is  clear  that  the  first  row  and  the  first  column  are  limited  to  contain  not 
more  than  i—  m  and  j  nodes  respectively. 
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Now  form  a  second  graph  of  m  rows  containing 
\  a-2m  +  l), 
2m +  3), 

*(i»-i'-3), 

nodes  respectively. 

The  content  of  this  graph  is 

h  (li  +  lt  +  ...  +  lm-*tn*), 
and  the  rows  are  limited  to  contain  not  more  than  t  —  m  nodes. 

If  we  now  superpose  this  graph  to  the  former  (as  we  may,  because 
—  \  +      we  obtain  a  graph  of  content 

\(k  +  l2+  ...  +lm+g  +  \1  +K+  •••  +\0-m?), 

which  is  £  (m/j  +  w2  —  ra2) 

or  i     —  wi2)  where  w  =  wl  +  w2. 

The  number  of  nodes  in  the  first  row  is 

2m  +  l), 

and  in  the  first  column 

numbers  which  are  limited  not  to  exceed 

%  —  m,j  +  m  respectively. 

The  graph  that  has  been  constructed  is  specified  by  the  content  £  (w  —  ra2) 
and  by  the  two  limiting  numbers  %  —  m,j+  m. 

The  number  0  does  not  enter  into  the  specification. 

By  varying  0  and  the  two  sets  of  numbers 

l^y  ^2)   •  •  •  ^Wl  -\-Q  s    ^1  j  ^-2>   •  *  •  "^Q 

we  arrive  at  all  graphs  which  have  the  defined  specification. 
This  is  so  because  from  any  graph  so  specified  the  numbers 

0  j      »  lit  •  •  •  lm+0  j  X-i ,  \s ,  . . .  X-fl 

can  be  recovered  for  a  given  value  of  the  integer  ra. 

It  follows  that  the  coefficient  of  amxw  in  the  double  product  is  equal  to 
the  coefficient  of  the  function  which  enumerates  partitions  limited 

by  the  two  numbers 

i  —  m,   j  +  w. 
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This  function  is 

(1)  (2)...<i+j) 


(1)(2)    .(i-m).(l)  <2)...(j  +  m) 

The  coefficient  herein  of  x*  (w~mi)  [a  equal  to  the  coefficient  of  xw  in 

(2)  (4)  ..(2i  +  2j) 
(2)  (4) . . .  (2i  -  2m) .  (2)  (4)  . .  (2j  +  2m) 

Hence  the  coefficients  of  am  and  a-"1  in  the  double  product  are 

 (2)(4)...(2i  +  2j)  

(2)  (4) . . .  (2i  -  2m) .  (2)  (4) . . .  (2j  +  2m)  ' 

 (2)  (4)...(2i  +  2j) 


(2)  (4)  . . .  (2i  +  2m) .  (2)  (4) . . .  <2j  -  2m)  ' 

respectively. 

We  have  thus  the  identity 

( 1+  ax)  (1  +  ax*)  . . .  (1  +  cue*'-1) 

.  (2)(4)...(2i  +  2j) 

(2)  (4)  ...<2i).(2)(4)...(2j) 

(2)(4)...(2i  +  2j) 
2      (2)  (4)  . . .  (2i  -  2m) .  (2)  (4) . . .  (2 j  +  2m) 

+  la-  (2)(4)...(2i  +  2j) 

+ 1       (2)  (4) . . .  (2i  +  2m) .  (2)  (4)  . . .  <2j  -  2m) 

324.    We  now  make  an  important  transformation. 

Observing  that  if  we  write  ax  for  a,  each  side  of  the  identity  becomes  a 
function  of  a?,  we  so  write  and  subsequently  write  x  for  x*. 

We  thus  obtain  the  identity 

(1  +  ax)  (1  +  ax3)  (1  +  ax3)  . ..  (1  +  ax') 

*H)K)K)-K-?) 

(1)  (2)  (i+j) 
(l)(2)...(i).(l)(2)  (j) 

.  _  (l)J2)^.  (i+j)  

+  (l)(2)..(i~m).(l)(2)...(j+m) 

'      +-       (l)(2)...(i  +  m).(l)(2)...(j-m) 
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(l)(2)...(i+j) 
(l)(2)...(i).(l)  (2)  ..(j) 

1      0  +  1)        (i+l)  a 

,  (i-l)(i)  jj,  (3-1)  (j)  g 
+  (j  +  l)  0  +  2)*"  +<i+l)(i  +  2)a* 

(i-2)(i-l)(i)  (j-2)(j-l)(j)  g» 

(j  +  1)  (J  +  2)  (}  +  3)a"a  +  (i+l)(i  +  2)(i  +  3)a* 


+ 


325.    The  limited  double  product  may  be  dealt  with  in  another  manner 
which  will  lead  to  an  important  identity. 
For 

(1  +  ax)(l  +  w*)  ...  (1+         x  (l  + 1)  (l  +f) ...  (l  +  ^) 

- 1  +  ^  ®  +  a V  <2i^)J2i)  +  tt3 *  (2i"4)(2i-2)(2i) 
-l+a*<2)+a*      (2)(4)  (2)(4)(6)  + 

into  1  x*  Wl  4-^  (2j-2)(2j)  ,  *9  (2j-4)  (2j-2)  (2j) 

A+a(2)~+«2     (2)  (4)     +  of        (2)  (4)  (6) 

and  by  simple  multiplication 

<2i)  (2j)  (2i-2)(2i).(2j-2)(2j) 
(2)2    +  (2)2(4)a  +" 

+        r        (2)  (4)  ..(2m)      +*  (2)  (4)...  (2m +  2)  (2) 

■  ^^2(2i-2m-2)...(2i)  (2j-2H2j) 
(2)  (4)...  (2m +  4)  •     (2)  (4) 

.  r(M2+3*<2i-2m-4)^i2i)'  (2J-4)  (2j-2)  (2j) 
(2)  (4)  ...(2m +  6)  (2)  (4)  (6) 


,  ^^L^taj-am  +  ^^i)  +je<m+1)»+1,  <2j-2m)...(2j)  <2i) 
+  ia     1*        (2)  (4)  ...(2m)     +*  (2)  (4)  ...(2m +  2)  (2) 

+ Sb:  2m"2>- •  <2j>  <2i-2)  <2i> 

(2)  (4)  .  .  .  (2m +  4)  *     (2)  (4) 


*  See  Sylvester,  Collected  Mathematical  Papers,  Vol.  iv.,  "A  Constructive  Theory  of 
Partitions,"  where  the  particular  case  j=  i  is  considered. 
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Now  put  ax  for  x,  and  subset juently  write  x  for  x*,  obtaining 
(1  +ax)(l  +  ax*)...(l  +aa*)  x  (l  +  j)  (l  +  ^  ...  (l 
_u    (i)  0)  .  (i)  0-1)  (J)  , 

A  (m3  +  3#ii  + 

2)(i-m)(i-m+l)...(i)  (j) 
+  *a  (l)(2)...(m)   +fl  (l)(2)...(m+l)  (1) 

i(H1.'+5»H  +  8)  (i-m-  1)  (i-m)  ...  (i)   (j  -  1)  (j) 
+  (l)(2)...(m  +  2)      '  (1)(2) 

,   M+tm+1Q  (i  -  m  -  2)  (i  -  m  -  1)  ...  (i)  (J  -  2)  (J  -  1)  (j) 
<lR2)...(m  +  3)        4  (1)(2)(3) 


+  Ztt    r  .(m)  +"  (1)(2)    .(m+1)  (lj 

.  A(vM>n  +  S)  (j-m-1)  (j-m)-.(j) 

+  (l)(2)...(m  +  2)      '  (1)(2) 

.    4 K+5OT  +  i8)  <j  -  m  -  2)(J  -  m  -  1) ...  (j)  <i  -  2)  (i  -  1)  (i) 
+  X  (1)(2)     (m  +  3)  (1)(2)(3) 


+ . 


326.  Now  looking  to  the  prior  result  and  equating  coefficients  of  like 
powers  of  a  we  find,  after  striking  out  common  factors,  the  identities 

a\  1 4- * « (j) a  x* *L_2! fi + e__?J   (i)  (j-2>  <j) 

W    i+a?:^)«  ■»«  (1)*(2)»  (1)M2)M3)2 

(1)  (2)     U  +  j) 
"(1)  (2)...(i).(l)  (2).  .(j)' 

which  is  hereafter  reached  from  a  consideration  of  Permutation  Functions ; 

,tt    i.^'y— i-  (3)  ,^(i-m-l)(i-m)  (j-l)<j) 
1  +  *     (S+T)  (1)  (m  +  1)  (m  +  2)  *    (1)  (2) 

,         (i-m-2)(i-m-l)(i-m)  (j  -  2)  (j  -  1)  (j) 
+  *  (m+l)(m  +  2)(m  +  3)  (1)  (2)  (3) 

+   -  «i7 

(j  +  m+1)  (j  +  m  +  2)...(j  +  i) 
(m+l)(m  +  2)...(i) 

derived  by  comparison  of  the  coefficients  of  am. 
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Comparison  of  the  coefficients  of  arm  gives  the  same  formula  with  the 
mere  interchange  of  i  and  j. 

327.  In  the  concluding  articles  of  this  chapter  it  is  proposed  to  give 
some  of  the  methods  and  processes  of  Gauss  in  the  study  of  partition  series. 
They  are  highly  ingenious  and  no  student  would  find  his  equipment  complete 
without  them.  The  notation  is  to  a  large  extent  altered  to  be  in  accordance 
with  that  used  in  this  work. 

Consider  the  product  of  two  infinite  products 

(1  +  ax)  (1  +  ax*)  (1  +  ax5) . . . 

-•)(>+!) 

and  suppose  multiplication  to  produce 

...+-2  +  Q  +  P  +  Qa  +  Ra2+.... 

a2  a 

Writing  ax2  for  a  has  the  effect  of  multiplying  the  product  by 
ax  1 


1  +  ax     ax ' 

hence  •   -  - 

jR  0 

=  •••  +  -r-A  +  —.. \  +  P.  +  Qaa?  +  £aV  + 
a2x*  ax2 

=  ...  +  z+A+JL  +  Q  +  R*  +  _ 

a?x    a?x     ax     x  x 
the  last  line  but  one  being  derived  by  writing  ax2  for  a,  and  the  last  line  by 
multiplication  by  ^ . 

Comparison  gives  ...  =  R  =  Qx3  =  Px4  =  . . ., 

and  thence  the  right-hand  side 

...+-  +  Q+P  +  Qa  +  Ra2+  ... 

.  ,  a?    a  ->  ,i 

of  the  above  assumed  identity  may  be  written 


P  1  + 


x(a  +  l)+x*(a2+^+x»(a»  +  ^  +  ...}, 


and  it  only  remains  to  calculate  P  which  is  the  term  independent  of  a  in  the 
given  product. 
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328.  Ho  shews  by  precisely  the  same  method  that  if  the  square  of  the 
last  considered  product  be  written 


,  +  V  +  P  +  Qa  +  ..., 


the 


(1  +a*Y(l  +  0*»)»(i  +  a*»)« ...  (l  (l  +  +  jf ... 

=  p{l+.(.^)  +  .(aH^^(a.^)+..,} 

+Q{(a+cO+^(aS+^+^(tt8+^+^(a7+^)  +  --i 

the  exponents  of  x  in  the  P  series  being  the  doubles  of  the  square  numbers 
and  in  the  Q  series  the  quadruples  of  the  figurate  numbers  of  the  third 
order. 


329.  Write 

+  l+>'l+tfn+1     l+a*'l  +  a^+1  'l+<r*+* 

x311      1  -  1  -  f)*M  1 

+  1+0*  '  l+a*+>  *  1  +<cn+» '  1  +  " " 

V  ~  1  +  x»  +  1  +  a"  *  1  +  *»+»  +  1 1  +        "  1  +        +  '  " 

We  first  of  all  calculate  R  by  subtracting  the  terms  of  Q  from  those  of  P 
in  order.    We  find 

1  *»(!-*»)  (!-*»")  =  .  A  < 

But  if  we  find  R  by  adding  the  first  term  of  P,  the  difference  between  the 
second  term  of  P  and  the  first  of  Q,  between  the  third  term  of  P  and  the 
second  of  Q  and  so  forth,  we  find 

R  a3"*1  x3"*' (I  -  xn+1)  (!-*»+') 

(l+a*+1)(l  +  (1 +  +«^)  '" 

=  1  n  +  1), 

or  <f>(x,  n)  =  1  -a*,+I<^(x,  n  +  1), 

true  when  u  is  an  integer  greater  than  unity ;  and  with  this  restriction  we 
are  led  to  the  identity 

<f>  (x,  n)=l-  a^,+1  +  x*n+4  -  x*»+*  +  "0** 
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When  11  =  0,  the  last  term  of  Q  must  be  taken  into  account.  Calling  it 
Q  the  second  series  for  R  is  greater  than  the  first  series  for  R  by  Q7.  Thus 

1  -xcf>(x,  1)  =  </><>>  0)  +  Q', 

leading  to 

<f>(x,  0)  =  1  -x<\>(x,  1)  -  Q'  =  1  -  x  +  x*  -  x9  +  x16  -  ...  -  Q '. 

Now  <j>  (x,  0)  =  I  by  putting  n  =  0  in  the  first  series  for  R,  and  from  the 
series  for  Q 

l(l-x)(l-X*)(l-X»)... 

V     2  (1+ a?)  (l+a^Xl +  «•)...' 

Hence 

- 1 - «• + - ™ + -  •  • 

(l+^)(l+«2)(l+ar5)... 
an  important  result  first  obtained  from  elliptic  function  theory. 
The  left-hand  side  of  the  identity  may  be  written 
(1)M2)  (3)^4)  (5)  (6)..., 
so  that  writing  1  -  2x  +  2x*  -  2x9  +  . . .  =  F  (x), 

we  find  F(x)F{-  x)  =  [F(x*)}i 

330.    In  a  similar  manner  by  considering  the  two  series 

1  _  xM    xn  (1  -  a^+4)  (1  -  xn+2)    x211  (1  -  a^*6)  (1  -  xn+2)  (1  -  xn+i) 
1 +  ~(1  _  xn+1)  (1  -  xn+3)    +    (1  -  xn+1)  (l~xn+i)  (1  -  xn+5) 

Xn(l-  Xn+2)     X™  ( 1  -  xn+*)  (I  -  xn+i)     a?"  (1  -  xn+2)  ( 1  -  xn+i)(l  -  xn+6) 
1  _  ^+7"   +     (1  _  ajn+i)  (1  _  xn+^    +    (1  _  ^n+i)  (!  _  (X  _  fl^H) 

it  i/ shewn  that 

S--^g:Sg:3.:-l+^^+"+-- 

and  thence  by  changing  the  sign  of  x 

(l-x2)(l-xA)(l-x«)  ...     ,  „  ,    .  ,  10 

V;  ~  fTTi  Ev   =  l-  «-  ^3+«6+a;10-.... 

(l+a;)(l+^)(l+a;6)--- 
Putting  1  —  a?  -  a;3  +  x6  +  a;10  —  . . .  =  cf>  (as), 

and  as  before  1  -  2x  +  2x*  -  2x*  +  ...  =  F (x), 

it  is  easy  to  shew  that 

x)  =  <f>(x>)F(x*). 
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331.  In  the  result  of  Art.  327  if  we  put  a=l,  comparison  with  the 
expression  that  has  been  obtained  for 

1  -2x  +  2x*-2x9  +  ... 

shews  that 

(1  +  ax)  (1  +  <*>)  (1  4-  aa*)  . ..  ( 1  +     (l  +  £)  (l  +  ^  ... 

=  l  +  (a  +  o-1)^  +  (a'4-a-*)ar44-(a,+g-^)a*-|-  ... 
(1-**)(1-^)(1  -x*){l-a*)... 

If  herein  we*  write  x3  for  #  and  —  x  for  a  we  find 

(4)  (10)  (16). .  (2)  (8)  (14)... 

_  1  -x*-x4  +  x"  +  xu-xM-x»+ ... 

(6)  (12)  (18M24)~  ' 

or  multiplying  up  and  writing  x  for  x*  we  get 

(1)(2)  (3)  (4)  ...  =  l-x-xi  +  x*  +  x'-xu-x»+ 

an  interesting  way  of  arriving  at  this  celebrated  identity. 

If  on  the  other  hand  we  write  Xs  for  x  and  4-  x  for  a  we  find 

1*. +  0)  (6)  (9)  (X2)  (15)  (18) ... 

l+x  +  x  +  x>  +  x  +  x~  +  x  +  --(1)(5)(7)(11)<13)(17)(19,  • 

332.  Following  Gauss  we  denote  the  function 

^^(^P^M^.-.Oo.O,,,, 

Since       (t  4-j,  ft  4  1)  =  (ft  4-  j  -  1,  ft  4- 1)  4-  x'-1  (»  +j  -  1,  *), 
(i  +  j  -  1,  i  +  1)  =  (»  4- j  -  2, 1 4- 1)  + ^  (»  +>-  2,  t). 


(«  4-  2,  i  + 1)  =  1  +  x  (i  +  1,  t), 
it  is  easy  to  shew  that 

(i  +  j,  i  4- 1 )  =  1  4-  x  (i  4-  1,  t)  4-  x*  (i  4  2,  i)  4-  . . .  4-       (ft  + j  - 1 ,  l> 
Now  consider  the  series 

fT^  +  (l-a?)(l-rf)        (l-*)(l-*»)(l-*»)    +  "" 

j  being  of  course  a  positive  integer.  The  series  hasj  4-  2  terms,  the  last  term 
being  4  1  according  as  j  is  uneven  or  even. 
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Writing 

f(x,j)  =  1  -  (j  +  1,1)  +  (j  +  1,  2)  -  (j+  I,  3)  +  ... 
we  have  1  =  1; 

-(j+l,l)  =  -(j,l)-^, 
+  2)  =  +  (j,  2)+x^  (j,l), 

-(j  +  1,  3)  =  -(j,3)-^-2(j,  2), 
etc., 

leading  to 

/(*,  j)  =  (1  -  at)  -  (1  -  ^)  (j,  1)  +  (1  -  ^-2)  (j,  2)  -  ... , 

but  (i  -  iN)  (i» •)  =  (i  -  *')  (j  -  *»  *)» 

so  that  f(x,  j)  =  (1  -  j  -  2). 

Now  0)  =  0,  /(*,  l)=l-x,  f(x,  2)  =  0, 

and  we  find  f(x,  1 )  =  1  —  x, 

f(x,3)  =  (l-x)(l-x>), 
f(x,o)  =  (l-x)(l-x*)(l-x>), 
etc., 

and  when  j  is  uneven 

f(x,  j)  =  (1  -  x)  (1  -  a?)  (1  -  x5) ...  (1  -  a>>). 
Clearly,  when  J  is  even,         f(x,  j)  =  0, 
and  it  is  manifest  that  the  terms  destroy  one  another  in  pairs. 

333.    Next  consider  the  series 

(i-«)(i-«a)(i-^) 

or  l)  +  «0'+lj  2)+x*  (j  +  l,3)+  .... 

Reversing  the  series,  it  may  be  written 
F(x,  j)  =  a£  W  + 1)  +      ( j  +  if  i)  +  x\  U  - 1)  ( j  +  i,  2)  +  x±  (j  "  2)  (j  +  1,  3)  +  . . .. 

Multiply  this  series  by  x*  ^  +  2)  and  add  it,  term  to  term,  to  the  first  series, 
obtaining 

=  l+xi(j+l,  l)  +  x(j  +  l,  2)  +  x*(j+l,  8)  +  *(j  +  l,  4)+  ... 
+     .  x>+1  +  x.x*  (j  +  1,  1)  +  a?* .  xi~l  (j  +  1,2)  +  x2 .  xi~2  (j  +  l,S)  +  .... 
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Now  by  the  last  article 

+     I)  +  x'+l  =  (j  +  2,  1), 
0  +1,  2)  +  ^0+1,1)  =  (j  +  2,  2), 
(j+1,  3)  +  *H  0  +  1,2)  =  ( j  +  2,  3), 
etc., 

so  that  {1  +#*  k'  +  2>j  F(a;,  J)  m  F(x,j  +  1). 

Moreover  F(x,-1)  =  0, 

so  that  ^(a;,  0)  =  l+a4, 

F(x,  l)=(l+^)(l+a;), 

F(x,  2)  =  (l+x*)(l+x)(l+xh 

and  in  general 

i)  =  (1  +         +  «)  (1  +  x') . . .  (1  +      +  *). 
Writing  ar1  for  a;  we  have 

=  (1  +  a?)  (1  +         +  a?) ...  (1  +#>+>). 


CHAPTER  VI 


1:1  ,  <■'<  i"  r 

CONNEXION  OF  THE  THEORY  OF  PARTITIONS  WITH  OTHER 
COMBINATORY  THEORIES 

'?     .   ;  i  .«  .* 

334.  It  has  been  shewn  that  the  partitions  of  unipartite  numbers  into 
parts  limited  as  to  magnitude  by  p  and  as  to  number  by  q  can  be  graphically 
represented  by  nodes  or  units  placed  in  the  cells  of  a  rectangular  lattice 
•  formed  by  cutting  p  +  1  vertical  lines  by  q  +  1  horizontal  lines. 
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As  a  particular  and  representative  case  take  p  =  7,  q  =  6  and  construct 
the  lattice.  On  it  depict  by  crosses  the  unipartite  partition  32211  of  the 
number  9.  If  the  unoccupied  cells  be  filled  by  noughts  we  obtain  a  com- 
plementary partition  766554  of  the  number  33,  where 

9  +  33  =  42  =  7  xQ=pq. 

Now  separate  these  two  partitions  by  the  path  marked  in  black. 

The  whole  lattice  denotes,  by  Sect.  IV,  Ch.  II,  the  graph  of  the  bipartite 
number  pq  and  the  blackened  path  is  a  line  of  route  through  it.    This  line  of 
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route  denotes  a  principal  composition  of  the  bipartite  pq  and  also  by  Sect.  IV, 
Ch.  I,  it  is  the  zig-zag  graph  of  a  composition  of  the  unipartite  number 
^+9  +  1.  _ 

The  line  of  route  also  denotes  a  permutation  of  the  letters 

335.  It  follows  that  partitions  of  unipartite  numbers  are  closely  con- 
nected with 

(i)  the  compositions  of  bipartite  numbers; 

(ii)  the  compositions  of  unipartite  numbers ; 

(iii)  permutations  involving  two  different  letters. 

In  the  above  diagram  we  have  , 

(i)  the  composition  (Ol  12  12  U  40)  of  the  bipartite  76, 

(ii)  the  composition  23321111  of  the  unipartite  14, 

(iii)  the  permutation  /3z00a/3/5al3aa*a  of  a7^. 

The  compositions  of  the  bipartite  number  pq  which  are  under  examination 
are  those  in  which  consecutive^  figures  of  successive  bipar'ts  are  both  greater 
than  zero.  There  is  one  such  defined  by  each  line  of  route  and  they  are 
called  principal  compositions.  Their  enumeration  therefore  coincides  with 
that  of  the  lines  of  route. 

To  each  unipartite  partition  which  has  no  part  greater  than  p  and  not 
more  than  q  parts  corresponds  a  line  of  route.  It  has  been  shewn  in  Sect.  IV» 
Ch.  II,  that  the  number  of  lines  of  route  through  the  lattice  is 


rPqy 


p 

Hence  the  correspondence  gives  the  theorem : 

"  The  number  of  partitions,  of  all  numbers,  into  parts  limited  in  magnitude 
to  p  and  in  number  to  q  is 

This  number  is  also  by  Euler's  intuitive  theory  given  by  the  coefficient 
of  aW*  or  of  {aa?)(*  in  the  expansion  of 

 1  

(1  _  a)  (i  _  X)  (l  _  ax)  (1  -  ax*) ...  (1  -  ax*) ' 

Hence  that  portion  of  this  expansion  which  involves  powers  of  ax*  is 
!  +  (P  +  !)  axt  +  (P  +  2)  M,  +  ...  +  (P  +  +  ... , 

or  (1- <«»)-»-. 
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The  number  of  different  parts  in  the  unipartite  partition  (denoted  by 
crosses)  is  equal  to  the  number  of  left-bends  _|  in  the  line  of  route,  and  the 
number  of  lines  of  route  which  possess  s  left-bends  (or  s  right-bends  ~~|)  has 
been  shewn  in  Sect.  IV,  Ch.  II,  Art.  145,  to  be 

m 

Hence  the  theorem  is : 

"  The  number  of  partitions  of  all  numbers  into  s  different  parts  limited  in 
magnitude  to  p  and  in  number  to  q  is 

m- 

This  number  is  the  coefficient  of  ixfaPfii  in  the  product 
(ft  +  p£)*<«+/3)«, 

and  therefore  also  by  the  Master  Theorem  of  Sec.  Ill,  Ch.  II  in  the  ex- 
pansion of 

1  -  a  -  £  +  (1  -  /m)  a/3 ' 

which  may  be  written 

^(1-a)^1  (l-^+i^' 

Hence  the  function 

*& 

(1  -  a)*+1  (1  -  0Y+1 

enumerates  the  lines  of  route,  which  possess  s  left-bends  or  s  right-bends, 
in  all  bipartite  reticulations.  When  the  lattice  is  of  the  bipartite  pq  we 
merely  seek  the  coefficient  of  aPfii. 

It  also  enumerates  all  unipartite  partitions  into  s  different  parts  limited 
in  any  desired  manner  in  number  and  magnitude. 

336.    If  we  form  the  product 

bx  \  /,       bx2  \     /,       bxv  \ 

we  find  that  the  general  term  in  the  development  is 
bxffKbx2aK...bxva*>, 

o-j ,  er2 ,  ...  <tp  having  any  integer  values  from  0  to  oo .  If  s  of  these  magni- 
tudes be  greater  than  zero  this  is  equal  to 

and  consequently  the  coefficient  of  bsxn  in  the  product  denotes  tlje  number  of 
ways  of  partitioning  n  into  parts  limited  in  magnitude  to  p  and  of  exactly  s 
different  magnitudes,  the  number  of  parts  being  otherwise  unrestricted. 
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If  we  modify  the  product  in  the  manner 

/_       abx  \  /,       aba?  \      /        abx*>  \ 

and  take  the  coefficient  of  a^b*xn,  the  partitions  possess  the  further  property 
that  the  total  number  of  parts  is  exactly  q.    If  we  add  the  additional  factor 

j— ^  the  partitions  enumerated  by  the  coefficient  of  a'&V  possess  the 

property  that  the  total  number  of  parts  is  q  or  fewer. 

Again  if  we  also  multiply  the  product  by  the  factor  ^  *  ^,  the  coefficient 

of  aqb*xn  enumerates  the  partitions  of  all  numbers  equal  to  or  less  than  n, 
where  the  part  magnitude  is  restricted  so  as  not  to  exceed  p,  exactly  *  of 
the  parts  are  different  and  the  total  number  of  parts  is  q  or  less.  Hence  the 
partitions  of  all  unipartite  numbers  into  exactly  8  different  parts,  limited  in 
magnitude  to  p  and  in  number  to  q,  are  enumerated  by  the  coefficient  of 

in  the  development  of  the  product 

1  -X-  1  -  a  V      I -ax)  \      I -.ax' J     \  l-ax?) 

This  may  be  regarded  as  the  intuitive  solution  of  the  problem  after 
Euler. 

This  coefficient  is  equal  to  that  of  (axvy  in 

>  +  **+•••  +  *. 

2 


(1  -  x)  (1  -  a)    (1  -  axkl)  (1  -  axh)  ...  (1  -  axk>)  ' 
where  klt  kt,  ...  k,  are  any  s  different  numbers  drawn  from  the  series 
1,  2,  3,  ...p, 

and  the  summation  is  in  respect  of  all  such  selections. 

Inasmuch  as  we  know  from  the  reticulation  theory  that  the  coefficient  is 
equal  to 

m 

we  find  that  the  effective  portion  of  the  above  generating  function  is 
and  this  is  {s)(l-ax>>y+i' 
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THEOREMS  DERIVED  FROM 


[SECT.  VII 


Here  we  have  regarded  p  and  s  as  constant  and  q  as  variable  ;  but  if  we 
take  p  and  g  to  be  constant  and  s  variable  we  know  that  the  coefficient  of 
(axvy  in  the  product 

1      d  +  <*ZJ)  h  +  J*0L)  ,J1+ 


(l-x)(l-a)\  1- 

A  line  of  route  with  s  left-bends  has  either  s  —  1,  sors  +  1  right-bends. 
If  it  commences  by  tracing  an  a-segment  and  ends  by  tracing  a  yS-segment 
the  number  is  s—  1.  If  it  commences  by  tracing  an  a-segment  and  ends  by 
tracing  an  a-segment  or  if  it  commences  and  ends  by  tracing  /3-segments  the 
number  is  s.  If  a  ,/3-segment  begins  and  an  a-segment  ends  the  line  of  route 
the  number  is  s  +  1. 

To  obtain  the  correspondence  with  partitions  we  remark  that  if  an 
a-segment  begins  the  line,  the  partition  (marked  with  crosses)  has  exactly 
q  parts ;  if  an  a-segment  ends,  the  highest  part  is  less  than  p  ;  if  a  /3-segment 
begins,  the  number  of  parts  is  less  than  q  ;  if  a  /3-segment  ends,  the  highest 
part  is  equal  to  p.  It  can  moreover  be  readily  shewn  by  the  method  pursued 
in  Sect.  IV,  Ch.  II,  Art.  144,  that  the  enumeration  of  the  lines  of  route  possess- 
ing s  left-bends  and  s  —  1,  s,  s  +  1  right-bends  respectively  is  given  by  the 
numbers 


■1 


IV* -IN 


(V)e;1). 

the  sum  of  these  numbers  being  of  course  (^j  0^  . 
337.    Hence  the  following  theorems  : 

"  The  number  of  partitions  of  all  numbers  which  have  exactly  q  parts, 
a  highest  part  equal  to  p  and  s  different  parts,  is 


6:8 


'q-l\ 


"  The  number  of  partitions  of  all  numbers  which  have  exactly  q  parts, 
a  highest  part  less  than  p  and  s  different  parts,  or  which  have  less  than  q  parts, 
a  highest  part  equal  to  p  and  s  different  parts,  is 
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"  The  number  of  partitions  of  all  numbers  which  have  less  than  q  parts, 
a  highest  part  less  than  p,  and  s  different  parts,  is 

Ex.  gr.  If  p  =  q  =  3,  *  =  2,  the  partitions  enumerated  by  these  three 
theorems  are 

(311),   (331),    (322),  (332); 
(31),   (211),     (32),  (221); 

(21); 

respectively. 

It  is  clear  that  identical  relations  between  binomial  coefficients  yield 
results  in  the  theory  of  partitions. 

Thus  the  relations  , 

"  (VXVM';2^;^:^:1)- 

admit  of  immediate  interpretation. 

By  Euler's  intuitive  theory  the  enumerations  in  the  three  cases  are 
given  by 

(i)  the  coefficient  of  a*~,6^"1«w~»  in 

1     (        abx  \  f        aba*  )      f        abx*-1  )  f,        axf  ) 

(ii)  the  coefficient  of  in 
plus  the  coefficient  of  a^b^x^^  in 

(l^j(r-a)  I1  +  f-  a^}  I1  +  1-"S}  -  j1  +  1-axP^}  {*  +  f^c>}  ; 

(iii)  the  coefficient  of  a*-1b,x'P-"  in 

(l-*)(l-a)  t  +  l-as\  r  +  l-aa*r"  t1  +  l-a*M" 

338.  When  the  line  of  route  is  regarded  as  the  zig-zag  graph  of  a 
composition  of  the  unipartite  number  p  +  q  +  1,  it  is  convenient  to  rotate 
the  figure  clockwise  through  a  right  angle.  The  reading  of  the  graph  then 
shews  p  +  1  parts,  no  part  being  greater  than  q  +  1. 
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The  number  of  the  compositions  so  denned  we  know  by  the  correspond- 
ence to  be 

C7) 

This  is  verified  because  the  number  is  given  by  the 

Coefficient  of  in  (x  +  a?  +  . . .  +  ««"H)*+1, 

or  of  aft       in  (1  -  x)-p~x, 

and  this  is  (fp9)' 

In  order  from  a  composition  of  the  unipartite  to  proceed  to  the  uni- 
partite  partition,  we  write  down  the  composition,  say, 

2  3  3  2  1111    as  in  the  diagram, 
2  2  1 
1  2  3 

and  form  a  second  row  by  subtracting  unity  from  every  part  except  the  first, 
and  then  a  third  row  of  the  natural  numbers  in  order  underneath  the 
numbers  in  the  second  row ;  then  the  partition  is  formed  by  taking  a 
number  in  the  third  row,  repeated  a  number  of  times  shewn  by  the  number 
in  the  second  row  immediately  above  it;  thus  in  the  above  case  the  par- 
tition is 

31  2*  l2. 

Generally  if  the  composition  be  wj  7r2 . . .  ttp+1  we  form  the  scheme 

7T  i         7T2  7T3  7T4       ...       TTp—i  Tp  ^p+l 

7T2  —  1    7T3  —  1    7T4  —  1  . . .  TTp-i  —  1   7Tp  —  1   TTp+i  —  1 

12        3     ...   p-2    p-1  p 

and  the  corresponding  partition  is 

p^p+i-1  p  _  I**-1  p- 27fp-i-1  ...  S"*"1  2""3-1  l71"2-1. 

Omitting  the  first  part  of  the  composition,  if  of  the  remainder  there  be 
s  parts  greater  than  unity,  the  partition  will  have  s  different  parts.  The 
total  number  of  parts  is  Xir  —  *r,  —  p  or  q  4- 1  -  #j.  * 
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A  NEW  BASIS  OF  THE  THEORY  OF  PARTITIONS. 
PARTITION  ANALYSIS  IN  SEVEN  CHAPTERS 

CHAPTER  I 

THE  METHOD  OF  DIOPHANTINE  INEQUALITIES 

339.  In  this  Section  we  no  longer  rest  upon  the  intuitive  observation  of 
Euler,  but  penetrate  deeper  into  the  Theory  of  Partitions. 

A  partition  of  a  number  may  be  regarded  as  any  collection  of  positive 
integers  whose  sum  is  equal  to  the  number.  There  is  no  specification  of 
order  amongst  the  numbers  which  are  the  parts  of  the  partition,  and  that 
being  so,  we  may  import  into  the  definition  any  particular  order  or  arrange- 
ment that  is  convenient.  There  are  only  two  arrangements  that  are 
universally  applicable.  We  may  in  all  cases  arrange  the  parts  either  in 
descending  or  in  ascending  order  of  numerical  magnitude.  We  choose  the 
former  of  these  and  make  a  new  definition  of  a  partition  of  a  number,  viz.: 

"  A  partition  of  a  number  is  any  collection  of  positive  integers  arranged 
IN  descending  order  of  magnitude  whose  sum  is  equal  to  the  number." 

The  problem  now  is  to  find  successions  of  numbers  in  descending  order 
of  magnitude  where  the  numbers  enjoy  some  other  property  which  may  be 
that  their  sum  is  to  be  equal  to  a  given  number.  This  is,  in  fact,  the 
question  immediately  before  us,  but  it  is  clearly  not  the  only  one  that  may 
present  itself. 

Consider  i  numbers  in  descending  order  of  magnitude 

<*1>  «2i  «J»  •••  *!• 

The  order  is  defined  by  the  Diophantine  relations 
«  >  >  «s, 
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and  subject  to  them  we  consider  the  sum 

2a,ai  +  «2  +  a3+...  +  ai 

Now  observe  that  the  algebraic  fraction 


when  expanded  in  ascending  powers  of  x,  has  the  general  term 

Or  X"1  ~  a2  X£ 2  -  <*3  .    #  X,*i-l_ai^i /pal  +  a2  +  a3+  ■••  +  ai 

and  that  if  the  Diophantine  relations  are  to  be  satisfied  this  must  be  free 
from  negative  powers  of  X„  A2,  X3, ... . 

It  is  thus  evident  that  we  have  only  to  expand  the  fraction 
 1  

reject  all  the  terms  involving  negative  powers  of  X*,  X2,  \s>  •••  >  and  subse- 
quently put  I .  \       ,       .  i 

X1  =  X2  =  X3=...=Xi  =  l 
obtain  the  desired  sum  .  u.  i-u    ■■  ■  ,     u   .    ,  . 

Sa;ai  +  a2  +  a3+"'  +  a< 

The  performance  of  these  operations  upon  the  fraction  we  shall  denote  by 
prefixing  the  symbol  O,  so  that 


2#ai+a2+a3+"'+cti  =  n 


» a-*,.)  -£«)...  (1- 


It  will  be  noted  that  X;  is  retained  although  it  may  be  immediately  put 
equal  to  unity. 

In  regard  to  the  operation  of  CL  we  have  the  easily  established  result 
> 

a. 


leading  to  H  r^-r  —  j- — r 

1 

"  (1  -  A&pOQ.  -  A,A2x^)  (1  -  AxA,A3xV^v>) ' 
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and  to  the  similar  general  result  involving  any  number  of  denominator 
factors. 

In  reaching  this  it  will  be  observed  that  the  auxiliaries  X  are  successively 
eliminated. 

We  thus  find  that 

Va.o1  +  o2+o3+...+a<  _ 


the  generating  function  which  with  Euler  was  intuitive.  The  investigation 
above  shews  how  the  Theory  of  Partitions  may  be  enlarged  because  we  may 
vary  the  Diophantine  relations,  and  also  the  linear  function  of  the  parts 
which  above  was  taken  to  be  the  simple  sum. 

340.  It  has  been  shewn  that  we  can  step  back  from  the  generating 
function  of  Euler 

1 

(1)(2)  (3)...(i) 

to  the  crude  generating  function 

1 


n- 


and  it  will  become  evident  that  we  can  step  back  further  still  to  a  more 
crude  generating  function.    This  arises  from  the  circumstance  that 

ft.  1  1 


because 


[1  -  X)  (1  -  frX)  ' 

1 


and  so  on  by  successive  elimination  of  filt  /it,,  ...  . 

With  two  sets  of  auxiliaries  we  have  therefore  for  the  sum 

>  >  o -  w)(i - ^) (i  - ) (,  -  ^)  ...(!-££)■ 

Eliminating      y^, ...  fii  bv  the  operation  of  ft  this  becomes 

> 

n  !  . 

>o-*,*>(i-H(i-H...(i-£*) 

the  function  already  considered. 
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To  interpret  the  ultra-crude  generating  function  above  we  form  the 
general  term 

ix^J  iTi^rJ  bsrJ  "Axyjr^j  • 

which  is 

-  2a2  +  a3       ~  2a3  +  a4  ^a3  -  %ai  +  as      X*l~2  ~  ^a*_1    a*  X"<_1  -      X"*  /uai  _  ft2  yU."2  ~  a3 
...  fif±i1~a'i[iiia;ai , 

and  since  the  exponents  must  be  non -negative  we  have  the  Diophantine 
relations 

«!  +  os  >  2or2  \ 

a*  +  a4>  2a3  f 

I 

:  I  ' 

Oi_8  +  a<  >  2a*_,  I 

at_!  ^  2«f  j 

oti  ^    s>  as  ^  •  •  •  >  <*i , 

in  connexion  with  the  sum  %xaK 

If  then  a1}  or2,  •••  «i  he  any  i  integers,  which  satisfy  the  above  set  of 
relations,  2#a>,  the  sum  being  in  respect  of  each  set  of  integers,  is  equal  to 

1 

(i)(aM3)..v(i) 

This  shews  that  the  number  of  ways  of  choosing  the  integers,  the  number 
ax  being  fixed,  is  equal  to  the  number  of  partitions  of  ax  into  i  or  fewer  parts. 

Ex.  gr.  take  or,  =  4,  i  =  4,  the  sets  of  integers  are 
or,  or,  or,  a4 
4  0  0  0 
4  10  0 
4  2  0  0 
4  2  10 
4    3    2  1 

in  each  of  which  the  Diophantine  relations  are  satisfied.  They  are  five  in 
number,  because  the  number  four  has  five  partitions  into  four  or  fewer  parts. 
In  fact,  to  make  the  one-to-one  correspondence  between  the  sets  and  the 
partitions  of  four  we  have  merely  to  take  the  numbers 
<*!  —  cr2,  a2  —  a3,  a3  -  a4>  «4- 
In  general  we  may  bake  a  set  of  integers  enumerated  by  the  ultra-crude 
form  to  be 

&+&+... +A,  &  +  &+...+&,  &  +  ■•.+&,... +  ft. 
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which  plainly  satisfies  the  Diophantine  relations,  and  then  the  corresponding 
partition  of  a,  is 

Si.  &» 

341.    As  another  example  the  generating  function 
1 


(1  -  x)  (1  -  x3)  (1  -  a*)  . ..  (1  -  a*"1) 

of  the  partitions  composed  of  uneven  parts  not  exceeding  2i  -  1  in  magnitude, 
may  be  exhibited  in  the  crude  form 

a  i  , 

>(1-x1„(1^:^)(i-^.,)...(i-^/) 

which  is  equal  to  the  sum 

^a,  +  2o2  +  2o3+...+2a< 

subject  to  the  Diophantine  conditions 

<*!  ^  a2  ^  er3  ^  . . .  ^  a^,  ^  <Zi. 
Ex.  gr.  for  i  =  3,  Oj  +  2^  +  2o3  =  6,  it  enumerates  the  partitions 
22,  211,  41,  6, 
equi-numerous  with  the  partitions  of  6  into  uneven  parts. 
We  further  proceed  to  the  ultra-crude  form 


n  f2  - 


>  >  a  -  w>  (i  -     (i  -     (i  -  ^)  .  (i  -  ^  j ' 

since  the  elimination  of  the  auxiliaries  /a  leads  to  the  crude  form. 

This  is  the  sum  &za,  +  a2, 

for  sets  of  integers  a,,  a,,  a3, ...  a,, 

which  are  subject  to  the  Diophantine  relations 

or,  +  cr3  ^  2a2 

a2  +  a4  ^  2a, 

o.-j  +    ^  2ai_1 
flfi-i  ^  2o< 
^  a2  ^  a3  ^  •  •  •  ^  a<-i  ^  ai  • 

The  number  of  such  sets  of  integers  for  which  a,  +  a,  has  a  given  value 
is  equal  to  the  number  of  partitions  of  erj  +  a2  into  uneven  parts,  no  part 
exceeding  2i—  1  in  magnitude. 
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Similarly  the  function 


1 


(1  _  x)  (l  _  as)  (1  _  «ai)  _  (i  _  a*i-4) 

has  the  crude  form 


which  denotes  the  sum 

+  5a2  +  5a3  +  . . .  +  5af 

subject  to  the  conditions 

«i  >  o2  ^  a3  ^  •  •  •  ^  ai > 

ano*  the  ultra-crude  form 


on  - 


>>(1-w)(i-^)(i-^)(i-^)...(i-^): 

which  denotes  the  sum  2«a'+4a2 
for  sets  of  integers  an  a2,  a3,  ...  aif 

which  obey  the  conditions 

tti  +  «3  >  2a2, 
«2  +  a4  ^2a3, 

The  number  of  such  sets  of  integers  for  which  ax  4-  4a2  has  a  given  value 
is  equal  to  the  number  of  partitions  of  ax  +  4a2  into  parts  of  the  form  om  +  1, 
no  part  exceeding  5i  —  4  in  magnitude. 

In  general  we  find  the  crude  form  of  the  sum 

where  01,d2,...Oi  are  positive  or  negative  integers,  subject  to  the  Diophantine 
relation 

a-jCti  +  <r2a2  +  ...  +  0^  ^  0, 
where  o-j,  <r2,  ...  er;  are  positive  or  negative  integers,  to  be 


!  (1  -\f i^i)  (1-Xf«a*)'  ...  (1  -  Xf<a^)  ' 
If  we  have  an  additional  Diophantine  condition 
T,a1+Ta«a+  ...  +  >0, 
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we  intercalate  another  auxiliary  X^,  making  the  function 

5  (l  -  XfAj-a*)  (l  -  va*?4*) .  .  (1  -  Xf<A*<**) ' 

and  so  forth,  a  new  auxiliary  appearing  for  each  additional  Diophantine 
relation. 

342.  The  generating  functions  which  have  been  considered  above 
enumerate  the  partitions  specified.  They  are  enumerating  generating 
functions.  We  can  form  real  generating  functions  which  put  in  evidence 
the  partitions  enumerated  in  the  following  manner. 

The  general  term  in  the  expansion  of  the  fraction 

 1  

(1_W{l-|i,)(l-^X,)...(l-^x4(l-jl-X4) 

or  if.  -•■*?-«•...  XjSl1 "        X?X?  . . .  Xfr'X?'. 

If  the  numbers  or,,  a2,  ...  o»  are  subject  to  the  Diophantine  relations 
eti  >  a2  >  as  >  •  •  •  >  «<-i  >  a»> 
it  is  clear  that  the  product 

indicates  a  partition  (a^^  . . .  a»  )  of  the  number  cti  +  o,  +  a,  +  ...  +  a»,  and 

2X*lX*2X?  ...X? 
can  be  represented  in  the  crude  form 


which  by  a  previous  Article  has  the  expression 

-  1  

(l  -  X,)  (l  -       (i  -  ^i*.*.) ...  (i  -  X,XtXt  XiY 

We  observe  herein  that 
X?  ~  "» (X, Xj1*  ~  a»  (X, X8X,)a3 "    . . .  (X, X, . . .  X^,)*-1  ~  *  (X,Xt . . .  Xi)? 
^X^X^X?  ...X?, 
and  that  the  denominator  factors  establish  that  the  partitions  under  con- 
sideration  are  uniquely  composable  by  means  of  the  partitions 

1,  11,  111,  ...  lll.ili  units. 

M.  A.  O,  7 
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Ex.  gr.    To  obtain  the  partition 

oti a2a3  ...  «<, 

we  take  1,  ctj  —  a2  times ;  11,  a2  —  «s  times,  and  so  on. 

We  have  thus  the  algebraic  indication  of  the  Ferrers'  graphical  repre- 
sentation of  a  partition  in  which  the  nodes  are  replaced  by  units,  and  we 
further  learn  that  the  partitions  1, 11,  111,  ...  are  the  fundamental  or  ground 
partitions  from  which  all  others  of  the  nature  considered  may  be  derived  by 
addition. 

These  remarks  may  appear,  in  the  present  instance,  to  be  of  a  trivial 
character,  but  they  involve  an  idea  which  will  be  found  to  be  of  great 
importance  as  the  theory  advances. 

We  can  also  proceed  to  an  ultra-crude  form 
\  n  i 

the  first  of  an  infinite  series  of  ultra-crude  forms.    The  next  one  is 

(i-x^xj^i  -  ^  j2j  ^i  ~xr)  - 

and  succeeding  ones  are  written  down  without  difficulty. 

Each  one  is  interpretable  in  terms  of  Diophantine  inequalities  by  con- 
structing the  general  term. 

343.  We  pass  on  to  the  consideration  of  the  partition  of  numbers  into 
parts  limited  not  to  exceed  j  in  magnitude. 

It  is  merely  necessary  to  restrict  the  highest  part  and  we  are  led  to  the 
crude  enumerating  function 

n  

»(1-x„)(i_^)...(i-£)' 

the  partitions  possessing  at  most  i  parts. 

Instead  of  at  once  evaluating  this  expression  we  notice  the  identity 

1  JsV 

(1-50(1-5^)    j=oJ  1 
and  observe  that  the  crude  function  is  equal  to  the  coefficient  of  gi  in 

n  I  , 

>(i-,)(i-,M(1^)(i^)...(i^J 

 1  

{l-g)(l-gw){\-ga*)...{l-gxi)> 

the  well-known  intuitive  result  of  Euler. 
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We  apply  the  same  method  to  reach  results  which  are  generalizations  of 
the  foregoing. 

Let  us  restrict  the  magnitudes  of  the  successive  parts,  written  in 
descending  order,  by  the  numbers 

We  are  led  to  the  crude  enumerating  function 

which  we  notice  is  the  coefficient  of 
in  the  function 

a  !  , 

*  a-*)fl-*>"-a-*i)a  ...  (1  -9iX^_) 

and  this  function  is 

 1  

(1 " 9i) (1  - 9*)  •  •  •  (1  - 9i) (1  - g,x) (1  - gxgta?) (1  - gigtgsa?) ...  (I- gl9i ...  g^) ' 

We  have  therefore  to  expand  this  function  and  take  the  coefficient  of 
9i  l9i2  ■  •  •  0T«    There  are  two  remarks  to  be  made  here. 

344.  Firstly  the  function  lends  itself  to  intuitive  interpretation  after 
Euler.  For  clearly  the  factor  gl*  of  gllg{* ...  gf*  points  out  that  parts  not 
less  than  s  in  magnitude  occur  in  the  partitions  j,  or  fewer  times.  This  is 
seen  at  once  by  merely  looking  at  the  denominator  factors  which  involve  gt. 
Hence  by  the  intuitive  interpretation  the  partitions  enumerated  are  those 
in  which  the  part  magnitude  in  the  whole  partition  is  restricted  not  to 
exceed  i  and  parts  not  less  than  s  in  magnitude  occur  jt  or  fewer  times,  where 
*  has  any  of  the  values  1,  2,  3,  ...  i. 

The  same  function  also  enumerates,  by  this  investigation,  partitions  into 
i  or  fewer  parts,  any  part  *  occurring  at  mostj,  times,  where  *  has  any  of  the 
values  1 ,  2,  3,  ...  i. 

We  have  thus  a  theorem  of  reciprocity  the  generalization  of  that  in 
regard  to  partitions  restricted  as  to  part  magnitude  and  as  to  number  of 
parts. 

The  raider  will  "notice  that  this  generalized  reciprocity  is  made  evident 
by  the  graph  of  a  partition.  It  simply  depends  upon  the  circumstance  that 
the  graph  may  be  read  either  by  rows  or  by  columns. 

7—2 
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Secondly  the  function,  in  the  form  to  which  it  has  been  brought,  is  still 
crude  because  the  numbers  jlyjt,  ...ji  are  necessarily  in  descending  order  and 
we  require  therefore  only  those  products  of  powers  of  glt  g2,  ...  gi  which  arise 
in  the  expansion  for  which  this  descending  order  is  in  evidence. 

Taking  a  new  set  of  auxiliaries  plf  v2,  ...  Vi-i  the  true  generating  function 
may  be  written 

n  —  . 

>  (l-vigi)  (l  -  j^.)  ...  [l-^yi-v1g1x){l-v,glg2x>)...{l-g1g2...gixt) 
Eliminating     we  find 

Q   l  -  v^glgnx  

>  (l-^Xl-Miflr,)  (l-^V«)...(l-^)(l-&«)(l^ 

and  we  can  continue  to  eliminate  v2,  v3,  ...  in  succession.  By  doing  this, 
however,  we  rapidly  arrive  at  very  complicated  expressions.  We  can,  how- 
ever, eliminate  vz  now  without  difficulty.    The  function  becomes 

(1  -  v2g\g2x)  ( 1  -  -  g^glgtcA 

r»  5        8 '  


x  (1  -  gxx)  (1  -  v2gxg2x)  (1  -  v^xg9a?)  (l  -  g1g2g3^) 
(1  -  v*9i9*9*9*(*)  (1  -  ng^g^x*) 
and  vs,  Uj,  ...  can  be  eliminated  without  trouble. 

The  even  suffixed  auxiliaries  however  introduce  complexity. 

345.  The  case  in  which  the  two  highest  parts  are  the  only  ones  restricted 
,  is  worth  a  moment's  attention. 

The  true  generating  function  is  then 

 i  -g\g&  

(1  -g1)(l-g1x)(l-g1g2)(l-glg2x)(l-g1g2x2)...  {l-g.g^)' 
The  coefficient  of  g{ig&  in  the  part 

 1  

(1  - 9i9*)  (!  -  gig**)  ...  (3  -  9i9*^) ' 
(i  +  1)  (i  +  2)...(i+j2) 
(1)(2)  .(M 

and  thence  the  coefficient  of  the  product  g(xgi%  in  the  whole  fraction  is 

(i+i) (i  +  2)...(i+jj(j1-j,+i) _  (i+i) (i  +  2)...(i+j2-i) q-jj 

(i)M2)..<«  x  <l)M2)...(j,-l) 
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a  function  which  reduces  whenj2  =  ;,  =j  to  the  well-known  enumerator 
(i+l)(i  +  2)...(i  +  j) 
(1)  (2)  V..  (j) 

346.  The  function  which  enumerates  the  number  of  ways  of  partitioning 
a  number  into  j  or  fewer  uneven  parts,  no  part  being  greater  than  2*  —  1,  is 
by  intuition 


(1  -  g)  (1  - gx)  (1  -  p) ...  (1  -  <7*»->)  ' 
in  which  we  have  to  seek  the  coefficient  of  gK 
This  function  is 

1 


ft- 


>(i-,)(1-^)(i-^)(i-^)...(1-£.3' 

and  herein  the  coefficient  of  gj  is 

n  i-(x,*y+i  

>(i-x,,)(1-^)(1-^)...(1-£)- 

This  denotes  the  sum 

+  2a2  +  2a3  + . . .  +  2a, 

subject  to  the  Diophantine  relations 

j  >  a,  >  a-2  >  •  •  •  ^  a»- 
This  summation,  in  consequence,  depends  upon  partitions  into  uneven 
parts  limited  both  in  number  and  magnitude. 

The  ft  operations. 

347.  The  operations  that  are  of  chief  use  in  connexion  with  the  Dio- 
phantine equalities  and  inequalities  which  present  themselves  in  many  of  the 

ensuing  chapters  of  this  book  are  H,  O,  Q ;  but  to  these  we  may  add  as 

>   =  > 

occasion  arises  fl,  H,  H. 

<   <  < 

The  operation  ft  has  been  already  defined  as  cancelling  all  terms  of 
> 

expansions  which  involve  negative  powers  of  certain  auxiliary  quantities  and 
in  the  remaining  terms,  which  involve  positive  or  zero  powers  of  such 
quantities,  putting  each  of  the  quantities  equal  to  unity. 

The  operation  ft  retains  only  terms  which  involve  zero  powers  of  such 
quantities. 

The  operation  ft  retains  only  positive  powers  and  then  puts  each  quantity 
> 

equal  to  unity  and  so  forth. 

A  short  study  of  these  operations  is  essential. 
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The  operation  £1. 

> 

In  connexion  with  the  inequality 

«i  >  «2, 

we  have  already  found  that  the  sum 

1 


depends  upon  il 


»(i_x«)(i-»)  a-^a-^)' 


348.    We  may  add  conveniently  the  easily  verifiable  results 
1  1 


>(1-x,)(a-D(i_ 


z\     (1  —  x)  (1  —  xy)  (1  -  xz) ' 
1  —  xyz 


•(i-^)(i-xy)(i-f)  (i-«)0-y)a-« )(!-»•)■ 


►■<i_*.)(i_jr)  a -«>u 
q     i  .__±tg 

1  _        1  +  xyz  —  x?yz  —  xy2z 

>  (i  -  x.)  a  ~)  (i  -  £) =  - 


(i-«)(i-*"j*f 
i 

1  + 


1  +  xy  +  xz  +  xyz 


'(l-x)(l  -  xy2)  (1  -  xz*)  ' 


1  +     —       —  xyz2 


>(l-Wx)(l-\y)(l-^ 


-(l-x)(l-y)(l-yz)(l-xz2)' 
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>(1-X*)(l-Xy)(l-X*)(l-") 

1  —  xyw  —  xzw  —  yzw  +  xyzw  +  xyzw* 


(1  -x)(l  -  y)(l  -  z)(l  -  xw)(l  -  yw){l  -  zw)' 

"(i-x-)d-x,)(i-£)(i-f) 

1  —  xyz  —  xyw  —  xyzw  +  xy'zw  +  x*yzw 
~  (1  -  x)  (1  -  y)  (1  -  a*)  (1  -xw)(l-  yz)  (l-yw)' 

349.  A  very  useful  principle  is  that  of  adding  an  inequality  which  is 
&  fortiori  true.    Thus  considering  the  inequality 

>  2a,, 
1 


which  leads  to  H 


we  may  add  the  inequality  ai^a2, 

which  is  a  fortiori  true  if  the  former  be  true,  and  thence  we  are  led  to 

1 


>a-v-)(i-x)' 


Eliminating  fi  this  is 
and  now  eliminating  \  this  is 

1 

(l-^(l-^y)' 
obtained  by  two  applications  of  the  simplest  theorem  of  the  subject. 

Similarly  any  number  of  inequalities  which  are  &  fortiori  true  may  be 
added  with  the  object  of  reducing  the  problem  to  one  of  greater  simplicity. 
Other  useful  principles  present  themselves  as  the  subject  advances. 

350.  Every  Diophantine  inequality  is  expressible  as  a  Diophantine 
equality.    For  it  is  clear  that 

Aoii  +  Ba^  Cas 
is  equivalent  to  Aax  +  Ba2  =  Ca3  +  a4, 

it  being  postulated  that  a,,  a,,  a,,  ar,  are  positive  integers  or  zero. 

Moreover  every  Diophantine  equality  is  expressible  in  the  form  of  two 
simultaneous  Diophantine  inequalities.  For 

Aat  +  Ba.,  =  Ca3  +  DaA 
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is  clearly  equivalent  to  the  pair  of  inequalities 

Ad!  +  BcLl>  Ga3  +  Da4> 
Ga3  +  Da4  ^  Aax  +  Bou,. 
Thus  X^xpx^3  for  the  inequality 

Adi  +  Ba2^  Ga3 

is  n  1  L, 

and  ^^x^*^^  for  the  equality 

Aolx  +  Bct2  =  Ga3  +  a4 
1 


n- 


=  (l-X^)(l-XB^)(l-^)(l-|4) 
which  is  the  same  as  the  former  with  the  additional  factor  in  each  term 

gvAa.-^ S0L2 — Col3 

Also  n  ;  --—  

-  (1  -  X^)  (1  -  X%) (l  -  0.)  (l  - 

351.    In  general,  if  the  operand  be  F(\),  it  is  easily  seen  that 

jP(i)  =  ft  ^(x)  +  a      -  n  JF(x), 

and  thence  Q,  F(\)  =  £1  F(\)+  Q,  F  Q^j  -  F(l), 

a  result  of  much  service. 

Also  ClF(X)  =  aF(~^, 

nF(\)  =  nF(\)-nF(\)  =  F(i)-nF(l), 

>  >  >  VA./ 
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Making  use  of  these  theorems  we  obtain  the  formulae 

-<i-x.)(i-*)  »7S 
a-  1  1 


(1  -  Xar)  (l  -  J[)  (l  -  £)  d-^Xl-^)' 


■(i-x,)(i-i) 

1   1  +  xyz 


-  xyzw 


•fl-Ma^i-|)(i-g   (i  -*»><!  -*»)a  -*»)<!  - y™) • 


352.    Also  in  connexion  with  o,  +  cr2  >  a, 

1 


*  (l-X*)(l-Xy)(l-£) 


353.  11 


>(l-^)(l-Xy)(l-0 

(l-#>(l-y)(l-«)(l-y»)- 
1  v 


>(1_x,)(i-^)(i-y  a—  3f)(i-«>' 


«0-y) 


•(i_v«)(i-2)  d-)(i-»(i-«f)' 

a?(l  +  y  +  z  +  xyz) 
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354.    To  these  results  may  be  added 


1 

\*  of 


corresponding  to  ^  ^  a2  +  s, 

cti  +  s  >  a2> 

respectively. 


CHAPTER  II 


A  SYZYGETIC  THEORY 

355.  The  simple  theory  of  unipartite  partitions  has  been  made  to  depend 
upon  s  Diophantine  inequalities 

a,^a2^ars^...  0, 
s  being  an  arbitrary  integer. 

We  enlarge  the  theory  by  making  the  integers  or,,  etj,  a,, ...  depend  upon 
a  number  of  inequalities 

A[l)a,  +  A^a2  +  ...  +  A^at^0, 
A^a,+  Afa,^  ...+A™a,>0, 


A?*  +  Afa  +  ...  +  A[r)as  >  0, 
which  involve  at  most  rs  numerical  magnitudes  A,  each  of  which  may  be 
positive,  zero,  or  negative;  but  in  each  inequality  it  is  clear  that  one  at 
least  must  be  positive. 

For  all  sets  of  numbers  ax,  otj, ...  a,  which  satisfy  the  inequalities  we  seek 
the  sum 

By  a  theorem  of  Hilbert  it  appears  that  there  is  in  every  case  a  finite 
number  of  ground  or  fundamental  solutions  of  the  inequalities,  viz.: 
a?'    a'1'    a*"  ...a<1), 
a<2>    a<2)    a<2>  ...a<2>, 

ai">  a«w)  if*  ..,4*, 
such  that  every  solution  a,,  Oj,  o3, ...  a, 

is  of  the  form 

a1  =  c1a«1,  +  c,Q<12)+  ...  +cm<*?\ 
a,  =  c^"  +  c,a(«  +  ...  +  cmo4",), 

a.  =  c1a4,>  +  cia«»+...+cmai"), 
Ci,  Ciy  Cs»  •••  Cm  being  positive  integers. 


108  EXPLANATION  OF  "  A  SYZYGETIC  THEORY "  [SECT.  VIII 

This  arises  from  the  circumstance  that  every  term 
XaiXa2Xas  Xa" 
of  the  summation  is  found  to  be  expressible  as  a  product 

{xfxfxf...xf}c> 

x{xfxfxf...xf}c* 

x   

x  {Xf'  Xf'  Xf' . . .  Xf'}  c™ . 
Denoting  this  product  by 

PC1*PC2*PC33...PC™, 
the  sum  (or  generating  function  of  solutions)  takes  the  form 

l  -  {OS1'  +  Q{?  +  Ql3)  +  .■■)  +  [Qf  +  Q?  +  Qf>+ ...}  -  {Qi)  +  Qi)  +  Qi)+...}  + ... 
(i-P1)(\-P2)(i~Ps)...(i-Pm) 

and  we  have  what  is  termed  a  syzygetic  theory. 

When  a  number  of  algebraic  expressions  which  involve  the  same  numerical 
magnitudes  are  not  linearly  independent,  but  are  connected  by  a  linear 
relation,  they  are  said  (borrowing  a  word  from  Astronomy)  to  be  in  syzygy. 
In  the  above  sum  the  expressions 

Pit  P%i  Pz>  •••  Pm 

are  all  different,  but  it  might  happen  that 

P1P3-P2P4  =  0. 

This  would  be  termed  a  syzygy,  and  clearly  the  sum  we  are  seeking 
cannot  have  the  form 

 1  

(1-P0(1-P2)  (1  -  Pa)  -  (1  "  PS' 

for  this  would  sum  the  term  (or  expression)  PjPg  twice  over.  The  syzygy 
before  us  shews  that  1  —  PXP3  must  be  a  portion  of  the  numerator  of  the 
sum,  so  that  the  term  PXP3  may  be  only  accounted  for  once  in  the  sum.  The 
syzygy  is  called  further  a  first  syzygy.  There  may  be  more  than  one,  and 
they  account  for  the  numerator  terms 

Moreover,  these  first  syzygies  may  themselves  not  be  independent. 
Writing  a  first  (or  simple)  syzygy 

P1P3-P2P4  =  0 
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and  other  simple  syzygies 

£,  =  0,    S3  =  0,..., 
it  may  happen  that  Pi'Si  ■  Pa'S*, 

where  P/,  P,  are  any  products  of  the  members  of  the  set  Plt  Pt, ...  Pm. 
This  is  termed  a  second  syzygij,  and  necessitates  a  term 
4-  Pi'PiPt 

in  the  numerator  of  the  generating  function  ;  if  we  did  not  get  this  the  term 
P/PjPj  would  be  omitted  from  the  summation. 

In  the  same  manner  we  may  have  third,  fourth,  etc.,  syzygies.  It  follows 
that  when  the  sum  is  presented  in  the  form 

(l-p1)(l-p,)(l-p,)...(l-p,l») 

P,,  P2, ...  Pw  denote  the  m  ground  or  fundamental  solutions, 
Qli\Qi],---  »         first  syzygies, 

QSi1  \  Qi\  »         second  syzygies, 

QPt  »         third  syzygies, 

and  we  have  what  is  termed  a  complete  syzygetic  theory  of  the  solution  of 
the  proposed  Diophantine  inequalities. 

356.    Some  examples  will  now  be  given  of  simple  syzygetic  theories. 
Consider  the  system  of  inequalities 

a,  >  a3. 

We  find 

XX?  X?X?  =  n   1   — 

-o  1  _ 

>(l-nX1)(l-rX1Xt)(l-±X,} 

Chich  for  the  inequality  at  +  a,  ^  a,  denotes  the  sum\ 
zxv+^xrxt3  I 

_  l-X*XtXt  

"  (i  -  X,) (1  -  X.X) T(l  -  X,Xt)  (1  -  X,XtXt) ' 
a  result  which  shews  that  there  are  four  fundamental  solutions,  viz. 

a,  =  1,    M,  =  0,    a,  =  0, 

a,  =  1,    Oa=l,    a,  =  0, 

a,  =  1,    ota  =  0,    a,  =  1, 

a,  =  l,    a,=  l,    a,  =  1. 
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The  numerator  term  —  X\X2X3  indicates  the  single  first  syzygy 
X, .  X,X2X3  -X,X2.  X,  X3  «  0. 

In  fact  the  solution      at,  =  2,    a2  =  1,    a3  =  1, 
can  be  formed  either  by  adding  the  first  and  fourth  or  the  second  and  third 
fundamental  solutions. 

The  general  solution  may  be  written 

O,  =  d  +  C2  +  C3  +  Ci, 

a2  =       c2  +c4) 

<*3  =  C3+C4, 

<h,  c2,  c3,  c4  being  arbitrary  positive  integers. 

The  enumerating  generating  function  is,  by  putting  Xx  =  X2  =  X3  =  x, 
l+x*  (4) 
(l-^)(l-^)(l-^)-(l)(2)^  (3)- 

357.    Next  consider  the  system 

a2^a3^a4. 
Using  three  auxiliaries  \,  jjl,  v  we  find 

tx?x?x?x?  =  n  ■  1  = — . 

>(i-ix1)(i-x,za)(i^x1)(i-iz<) 

We  may  eliminate  X.,  /x,  v  in  any  order  we  please,  and  consideration  will 
in  most  cases  indicate  the  best  order  to  select.  In  the  present  instance  the 
order  makes  little  difference.    Eliminating  A.  we  find 

n  1  —  , 

>  (1  -  nX,X2)  (1  -  pS$  [\  -  v-  X^{\  -  i  X4) 
which  for  the  inequalities  ax  +  a2  ^  a3,  <x3  ^  a4  denotes  the  sum\ 

txpxp+a*£p£?  I ' 

Now,  eliminating  v,  we  find 

n  I — -  .  , 

>  (1  -  ^X,X2)  (1  -  pX2)  ( 1  - 1  x3)  (\  -  -  x3x)j 

/which  for  the  inequality  a2  +  or2  ^  a3  +  a4  denotes  the  sum\ 

\  tx?xti+a*x?+aix?  /' 

Finally  eliminating  fi  by  a  formula  given  ante  Art.  348  we  find 

1  -  XXX\X3  -  X,XjX3X4  -  x.xixix,  +  X,X\X\X4  +  x\x\x\xt 
(1  -  X,X2)  (1  -  X2) (1  -  X,X2X3)  (1  -  X2X3)  (1  -  X2X3X4)  ( I  -  XlXiXiX4) ' 

the  real  generating  function  of  the  solution  of  the  inequalities. 
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We  have  thus  six  fundamental  solutions,  viz. 


«, 

=  1, 

or2  =  1, 

a3  =  0, 

=  0, 

«i 

=  0, 

a,  =  1, 

a,  m  0, 

a4 

=  0, 

«i 

=  ], 

02  =  1, 

a,  =  1, 

Qf4 

=  0, 

a, 

=  0, 

02=1, 

a3=l, 

V, 

=  0, 

a; 

=  0, 

a,=  1, 

«3=1, 

Ri 

«i 

=  1, 

a2  =  I, 

a,  =  l, 

er4 

=  1, 

shewn  by  the  denominator  factors ;  also  three  first  syzygies  given  by 
X2  •  XY  x2x$  —  X 1  X2 .  X%X $  —  S\  —  0, 

X2  .  XiX2X3Xt  ~  XiX%  .  \2X3X 4  =  S2  —  0, 

X,X3 .  ZiZ2Z3Z4  -  X^Z, .  Z2Z3Z4 -&-0, 
and  two  second  syzygies  given  by 

Z2Z3Z4 .  Z1Z2Z3  —  X2X3 .  ZiZ|Z3Z4  —  0, 
XXX2X3 .  XXX\X3X,  -  Z,Z, .  XlX*X23Xi  =  0. 
The  general  solution  of  the  inequalities  is 

Bt»C,         4  C3  4  C8, 

ct2  =  <a  4-  Cs  4  c,  +  c4  +  c8  4  c6, 
a3  =  C3  4-  c4  4-  c5  4-  c6> 

a4  =  c5  4-  c6. 

358.  The  reader  who  is  interested  in  the  subject  of  linear  homogeneous 
Diophantine  analysis  should,  as  regards  equalities,  study  a  valuable  paper  by 
E.  B.  Elliott*.  It  has  been  shewn  in  Art.  350  that  every  Diophantine 
Inequality  is  a  particular  case  of  a  Diophantine  Equality,  so  that  there  is 
necessarily  much  that  is  common  to  the  two  theories.  They  are  not  how- 
ever quite  parallel  because  the  Inequality,  being  a  particular  case,  lends  itself 
to  particular  treatment  which  is  not  available  for  the  Equality  in  general. 
Thus  although  Elliott  gives  a  discussion  of  the  Equality 

aa  =  b&  +  cy, 

he  does  not  make  the  solution  depend  upon  the  ordinary  theory  of  continued 
fractions  because  this  dependence  only  arises,  for  the  particular  case  c  =  1 , 
when  the  Equality  merges  into  the  Inequality 
aa  >  bp, 

which  is  fully  discussed  in  a  subsequent  chapter  of  this  work. 

•  "On  Linear  Homogeneous  Diophantine  Equations,"  Quarterly  Journal  0/  Pure  and  Applied 
Mathematici,  No.  136,  1903. 
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Some  examples  of  his  method  are  now  given  in  the  notation  employed  in 
this  book. 

Taking  the  Equality  to  be 

A1a1  +  Aaaa  +  ...  +Ai<Xi 

=  B1/31  +  B2(32  +  ...  +  Bj/3j> 

where  the  numerical  magnitudes  A,  B  are  integers  which  have  no  common 
divisor  and  the  magnitudes  a,  /3  are  integers  to  be  determined.  He  shews 
that 

is  expressible  in  the  form 

a  1  

=  (1  -  X^x,)  (1  -  \A*a$  ...  (1  -  \A<xi) .  (1  -  X~B^xi+1)  ...  (1  -  \-Bia:i+j) ' 
with  an  auxiliary  quantity  X. 

To  reduce  this  expression  he  makes  use  of  the  equation 

1         '     1  Ur-ll. 


(l-xs\A°)(l  -xt\-Bt)     l-xsxtXA*-Bt\l-xg\A»  l-xt\~ 

choosing  As  and  Bt  to  be  the  greatest  of  the  quantities  A,  B  respectively. 
The  generating  function  is  thus  expressed  as  the  sum  of  three  fractions,  each 
with  either  +  1  for  numerator.  Each  of  the  three  fractions  is  on  the  whole 
simpler  than  the  original.  The  process  is  continued  with  each  fraction  but 
it  cannot  be  indefinitely  applied.  Eventually  the  original  fraction  will  be 
replaced  by  a  sum  of  fractions  each  with  either  ±  1  for  numerator,  in  none  of 
which  is  there  in  the  denominator  both  positive  and  negative  powers  of  X. 
The  factors  of  a  denominator  will  either  involve  both  factors  without  X  and 
with  positive  powers  of  X  or  both  factors  without  X  and  with  negative  powers 
of  X.  No  single  denominator  will  involve  both  positive  and  negative  powers 
of  X.  Putting  all  factors,  which  involve  positive  or  negative  powers  of  X, 
equal  to  unity  in  these  fractions  gives  the  completion  of  the  operation  O  and 
the  remaining  denominator  factors  indicate  the  fundamental  solution  of  the 
equality. 

As  an  example  consider  the  Equality 

3a,  =  ft  +  5/32. 
The  crude  generating  function 


o7 


=  (1  -  X3x,)  (1  -  X"1^)  (1  -  X-5#3) 
is  reduced  by  the  method  to  the  expression 

i  ■      ,        1  l— 

(1  -  *,«$)  (1  -  «?o>«i)    (1  -        (1  -  1  -  <%*i*i 
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indicating  the  fundamental  solutions 

(*t,A>A)-a  3,  0),  (5,  0,  3),  (2,  1,1). 
The  Equality  considered  is  in  fact  equivalent  to  the  Inequality 

and  is  fully  considered  in  the  subsequent  chapter  to  which  reference  has  been 
made  above. 

359     In  particular  consider  the  Equality 

Aa=  Blj3l  +  Bt&  +  ...  +  Bj0j, 

for  which  the  crude  function  is 

-  ( i  -  \A  x,)  (i  -  \  - Bi  x,)  ( i  -  x  -    .  .7a-*-Bv7) ' 

First  when  A  =  \,  suppose  that 

G(z)  =  b0  +  b1z  +  b2zi  +  .... 

a  power  series  free  from  negative  powers  of  z.  We  take  G  (z)  to  be  the  series 
itself  or  the  function  of  which  it  is  the  formal  expansion. 

Write  the  function  under  the  operation  ft 

which  is  (1  +  Xr,  + X2#j[ +  ...)(£„ +  6,  X"1  +  &2\-»  +  ...), 

shewing  that  ft  j  *~  G  (X"1)  =  G  (*,), 

and  that  the  generating  function  is  t 

Id  -   1  

(1  -^%)<I  -  -  (1  ' 

Secondly  when  ^1  >  1,  the  terms  free  from  X  in 

are  1  +  ar,6A  +        +  .... 

which  has  the  expression 

where  pA  =  1  and  the  summation  is  for  each  root  p  of  this  equation. 

This  however  is  not  a  convenient  solution.  It  is  better  to  multiply 
numerator  and  denominator  of  G  by  such  factors  that  the  denominator 
becomes  an  integral  function  of  X-^.  For  we  can  then  write  \  for  \A  and 
the  case  can  be  dealt  with  in  the  same  manner  as  when  A  =  I. 

M.  A.  IL  8 
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For  example — for  the  Equality 

6a  =  2ft  +  3ft  +  12ft 

we  have  (1  -         (1    \^x3)  (1  -  ' 

which  we  may  write 

(1+  A.-2#2  +  \-4a-l)  (1  +  \~3x3) 
1  (1  -  X6x,)  (1  -  X-6^)  (I  -  \-«a%)  (1  -  \-™x~4)  ' 

wherein  we  may  put  the  numerator  function  equal  to  unity  because  the 
remaining  terms  plainly  contribute  nothing  to  the  terms  of  the  whole 
expression  that  are  free  from  \.  Doing  this  and  then  putting  X  for  A.6 
we  find 

9(1-  Xx,)  (1  -  X-Xa$)  (1  -  V1^)  (1  -  \-*tcj 

 1  

"~  (1  —  XjOtf,)  (1  —  xxx23)  (1  -  x\x^ ' 

indicating  the  fundamental  solutions 

(a,  ft;  ft,  ft)  =  (1,  3,  0,  0),  (1,  0,  2,  0),  (2,  0,  0,  1). 

In  the  above  process  after  multiplication  of  numerator  and  denominator 
by  certain  factors  we  retain  in  the  numerator  only  terms  which  involve 
integral  powers  of  A-6. 

One  particular  case  is  for  the  Equality 

where  P  is  prime  to  A. 

Elliott  gives  the  generating  function 

1  ^ 

(1  -<a;3)(l  -  xfxi) 

and  the  reader  will  find  that  it  is  at  once  established  by  applying  the  above 
principle  to  the  crude  function 

2  (1  -  V'ar,) '"(  L  -  \~mAx^  (1  -  \~px3)  ' 
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360.  The  Inequality  is  equivalent  to  the  Equality  aa  =  b/3  +  7. 

The  problem  is  to  obtain  the  fundamental  solutions  by  forming  the  sums 
S^0^,  Xar  if  z"*-**  for  every  pair  of  numerical  magnitudes  a,  /9  which  satisfy 
the  inequality. 

If  E 

denotes  the  smallest  integer  which  ^  the  quantity  which  follows  it,  we  may 

>b 

carry  out  the  summation  by  first  summing  a  from  A'-  to  00  and  then  summing 
/3  from  0  to  oo .    The  result  of  this  procedure  is 

l  +  #  ay  +  x    ay*  +  ...+x    a  y"'1 

(i-<F)(i-lyr 

which  certainly  proves  that  the  fundamental  solutions  are  included  in  the 
exponents  of  the  x,  y  products  in  numerator  and  denominator ;  but  it  does 
not  specify  them.  The  true  method  leads  to  a  sum  of  algebraic  fractions  and 
is  essentially  connected  with  the  Theory  of  Continued  Fractions. 

We  have  £r°y  =  O  *   , 

>(1_XM(l-i6y) 

and  we  suppose  a,  b  to  be  relatively  prime  positive  integers. 
We  require  two  lemmas. 

361.  Lemma  I.    "  The  relation 

aa  >b/3 

may  be  made  to  depend  upon  a  similar  relation  in  which  a  is  unchanged  and 
a  >  b." 

8-2 
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For  suppose  a  :\>  b ;  if  p  be  the  greatest  integer  in  ~  the  given  relation 
implies  the  relation 

a  >pj3, 

and  introducing  a  second  auxiliary  we  may  write 

1 


Eliminating  fi  we  find 

2^/  =  n  - 


\bftp 


which  denotes  the  sum 

(xPyf  =  l^+rt  yP, 
where  a,  ft  are  connected  by  the  inequality 

a  %  ^  (6  —  pa)  ft. 
We  have  therefore  reduced  the  sum 

Stf^y     for  the  relation  aa  ^  6/3 
to  the  sum  £aja+^^0       M        M  aa^(b—pa)ft. 

This  proves  the  lemma. 

362.    Lemma  II.    "  The  relation 

where  a  >b,  may  be  made  to  depend  upon  a  similar  relation  in  which  b  is 
unchanged  and  a  <  b." 

The  relation  aa  ^  6/3,  in  which  a  >  b,  may  be  broken  up  into  the  two 
simultaneous  sets  of  relations 

aa  >  bft,    a,a  >  bft, 
ft^a,        a  >  ft, 
and  the  second  simultaneous  set 

aa  ^  6/3, 
a>ft, 

may  be  replaced  by  the  single  relation 

a>ft 

because,  a  being  >  6,  the  relation 

aa>bft 

is  implied  thereby. 
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We  therefore  separate  a  portion  of  the  sum  corresponding  to  o  >  y9,  viz. 


£2  •* 


and  consider  the  remaining  portion  due  to  the  first  set 

1 


This  portion  is  fl 


i 


>(l-X«-^)(l-Ay)' 


which  gives  the  sum  2  (*y)ay*  or  1af  ya+fi 

for  the  relation  (a  —  b)  a  >  6$. 

If  a  —  b  <  b  we  have  done  what  was  required,  but  if  a  —  b  >  b  we  may 
repeat  the  process ;  and  just  as  we  have  found 


we  shall  find  that 

 . —        — +o- 


>  (i-x-»«,)(i  -§j5  <1-'*)<1        * (i  -  x-^)  (i  -  ' 

Moreover  if  g  be  the  greatest  integer  in  r  we  obtain  finally 

n  !  — 

>(l-X-*)(l--4y) 

*y  +  .  +  *»Tl 


(l-*)(l-«y)T(l-«y)(l-^)  <l-*yt-»)(l-«yf) 

+n  V-r^- 
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where  the  last  written  portion  of  the  sum  represents  the  sum 

2  (%yq)ayP  or  ^xayqa^ 
for  the  relation  (a  —  qb)  a  ^  6/3. 

This  proves  the  second  lemma. 

363.  The  two  lemmas  evidently  yield  a  process  of  reduction  which  can 
be  pushed  to  the  last  extent. 

In  what  follows  a  will  be  considered  >  b.     If  b  >  a  it  will  merely  be 

necessary  to  write  b  —  pa  for  b  and  xpy  for  y  where  p  is  the  greatest  integer 

.  b 
in  - . 

a  ■  ;  i  ■  ) 

The  reduction  depends  upon  the  convergents  of  the  continued  fraction 


t  *  a         111  1 

Let  j  =  a,  +  —    —    —  — , 

6  a2  +  a3  +  a4  +  . . .  4-  an 

where  n  is  uneven ;  this  is  always  possible  because  an  may  be  written 


K-i)+i. 

Take  as  the  first  two  convergents 

0  _  p_x     1  _  p0 

1  qZ'   o _  q0 ' 

and  write  down  the  convergents  of  uneven  order 

p-i  Pi  g  Pn 
q-i'    qi'    q3""  qn' 

Now  form  the  ascending  series  of  intermediate  convergents,  viz. 

P-i  P-i+Po  p-i  +  %Po  p-l  +  (a1-l)p0 
q_x'     q-i+q0'  q^  +  Zqo'    "'  q_1  +  (a1-l)q0' 

Pi         P1+P2  Pi  +  ^Pi  Pi  +  ((h- 1)^2 

qi '      qi  +  q*'        91  +  2g2 '      qi  +  (a3 - 1) qt ' 


Pn-2  +  Pn-i  ff»-2  +  ^Pn~x  Pn-z  +  (aw  -  1) pn- 

qn-2 '    qn-2  +  qn-i '  qn-2  +  2qn-i '  "  qn-*  +  (an-l)  qn. 

where  of  course  —  =  %  . 

qn  b 
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Applying  now  the  second  lemma  to  the  crude  generator 


n.  1 


>(l-X«x)(l-)ij,)' 

we  obtain 


>  (1  -  X«.»^)  (1  -  l6y)     1  (1  "  <l  "  ' 

where  in  the  expression  last  written  the  summation  is  in  regard  to  ax. 
Now 

ay"'"1 


=  (1  -  0*tf)  (1  -  a^y+i)  +  (I  (l  _aa+*  .^«.|) 

+  (1  _a;«+«-«yO+«.i)(l  -au+s  oyo+s.i)  +  •  • « 

aa+(o1-i).oy)+(o1-i).i 
+  {1  -  aJ+(«.-i)oyH-(a1-i)iJ  jj  .^pi+a^oyH-a,.!! 

 ^-y-  


(1  -a?*-y-»)(l  -««-»  +  «»yP-i+^) 
+  - 


(1  -  xq~1+q°yp-1  +Po)  (1  -x9-1  +  2«°yP-»  +  2P°) 


( 1  -  xq~l  +  2qoy  P-*  +  2po)(l-xqi+ 890  y  p~l  +  3p°) 
xq-\  +  (ai  -  1)  ?0yP-i  +  (a,  -  1)jj0 


+  - 


(1  _^-i  +  (a,-l)«0yP-i  +  (ai-l)Po|  (i.^iyfij  ' 

wherein  the  exponents  are  derived  from  the  intermediate  convergents  to 
,  G  inclusive  of  these  principal  convergents. 

364.  The  remaining  part  must  now  be  subjected  to  the  process  of  the 
first  lemma  and  we  find  that 


>(i-^.W)(i-^) 
■a  !  . 


120  COMPLETION  OF  THE  REDUCTION  [SECT.  VIII 

Now  the  second  lemma  yields 


n- 


isiPib-q^a)  a.q1+a3q2Vp1+a3p.A  (  I  ®9o-yP2  ^ 


7  {1  -  afl*y*  (xtoyPiY'-'l  {1  -  afl*y**  (afl*yP>)a*\ 
1 


=  n- 


>  {\-Xq^-p3bxq3yP^^l 
0fl\yPx 


xq2yP2  > 


(l-^yP^)(l-^+^yP^)     (I  -  afli+toyn+P')  (1  -  x^2^yP^^)  '  "' 

afl^ (a3-J)  q2y  2>,+  (a3-D  Pi 
+  jl  _  a5?i+(a*-i)9.yPi+(«s-i)ftJ  (1  —  afl*yPi)  ' 

and  we  have  before  us  a  new  portion  of  the  generating  function  corresponding 
to  the  intermediate  convergents  to  the  principal  convergents  —  ,  — ,  the  latter 
both  included. 

365.    The  portion  remaining, 

a  L 


is  now  subjected  to  Lemma  I,  and  the  lemmas  operate  alternately  until  the 
final  result  is  reached. 

The  last  remaining  portion  must  be 

which  since  qna—pnb  —  0  is 


i+  x  y — . 

1  —  xqnyPn 

Hence  the  complete  generating  function  is 
1  +   +  ...  +   .    y  — —  +  ...  +  - 


gflUyVn 


(1  -  x)  (1  -  xy)  (1  -  xriySl)  (1  -  xr*yH)  1  -  xq"yp» 

wherein  there  is  a  term  corresponding  to  every  pair  of  consecutive  members 
of  the  ascending  intermediate  series  of  convergents  to  ^ ,  viz. 
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From  well-known  properties  of  the  convergents  every  xy  product  that 
appears  in  the  function  yields  a  ground  or  fundamental  solution  of  the 
relation 

aa  >  b/3. 
Hence  the  ground  solutions  are 

a  =  r,    ft  =  s, 

where  -  is  in  its  lowest  terms  and  is,  at  pleasure,  any  member  of  the  ascending 
intermediate  series  of  convergents  to  r . 

366.  Moreover  every  solution  of  the  inequality  is  expressible  in  terms  of 
a  consecutive  pair  of  intermediate  convergent  numbers. 

Thus  the  general  solution  may  be  written 

a  =  0,^  +  ^2,    /9  =  c,s,  +  c2se, 
where  c,,  a,  are  arbitrary  positive  integers. 

367.  If  we  have  before  us  the  Equality 

aa  =  6/9  +  7, 

the  sum  for  the  whole  of  the  solutions  is  formed  by  multiplying  each 

xy  product 

afy* 

by  . 

and  the  general  solution  is 

a  =  clrl  +  c2ri,    $  =  cxsx  +  c2*B.    7  =  «  (c,r,  +  c,rs)  —  6  (c,«,  +  Ca*,,). 
Observe  that  we  may  also  write 

7  =  Cx  (ar,  —  ta,)  +  Cg  (r/r2  -  6*2). 

368.  As  an  example  take  the  inequality 

779a  ^  207/9, 

,  779    -    1    1    1    1    1  1 

where  2071+3  +  4+2  +  4+1' 

The  principal  convergents  are 

0  1    3    4    15    64    143    636  779 

1  '  0'  1'  1'    4  *  17'    38  *  169'  207' 

and  the  ascending  intermediate  series 

0    1    2    3    7    11    15    79    143  779 
1 '  1 '  1 '  1 '  2 '   3  *   4  *  21 '   38  '  207  ' 

If  the  principal  convergents  are  2m  +  3  in  number,  the  number  in  the 
intermediate  series  is 

l+a1+o,  +  a,  +  ...  +  0**+,. 
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Here  Xxay& 

=  1+  5  |  XV  ,  *tf   

(1  -  x)  (1  -  xy)  Q-xy)(L-  xf)    (1  -  xf)  (1  -  xf) 

Xf  Xy  g*y* 

(l  -  xf)  (l  -  xy)   (i  -  a*f)  (l  -  xy) +  (i  -  xy)(i  -  x*f>) 

 cey   oPf*  aPy143 

(l-^/15)(l -^y9)    (1  -  x*yn)  (1  -  ar'Myu>)  +  (1  -^38?/143)  (I  -  x™y™) 

^207  ^779 

+  (i-^Y79)' 

and  the  fundamental  solutions  of  the  relation  are 


a 

(S 

7 

1 

0 

779 

1 

1 

572 

1 

2 

365 

-1 

3 

158 

2 

7 

109 

3 

11 

60 

4 

15 

11 

21 

79 

6 

38 

143 

1 

207 

779 

0 

7  having  reference  to  the  equality  779a  =  207/3  +  7- 

The  successive  pairs  of  values  of  a,  /3  are  gradually  increasing  approxi- 
mations to  the  simplest  solution  of  the  equality 

779a  =  207/3. 

369.  It  appears  that  the  ordinary  theory  of  numerical  continued  fractions 
is  coincident  with  the  simplest  case  of  Partition  Analysis. 

It  is  a  theory  concerned  with,  in  the  first  instance,  two  relative  prime 
integers.  It  is  clear  that  the  fundamental  solutions  of  simultaneous  Dio- 
phantine  Inequalities  involving  many  unknowns  will  give  properties  of  a  set 
of  numbers  and  constitute  a  generalization  of  the  Theory  of  Continued 
Fractions. 

370.  As  another  example,  take 

77a  >  104/3. 

The  operation  of  Lemma  I  shews  that  we  have  to  sum 
Sx*  (xyf 

for  the  relation  77a  ^  27/3. 
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Q  77  1      1      1  1 

Since  27  =  2  +  T  +  5  +  l  +  3' 

the  principal  convergents  are 

0    1    2    3    17    20  77 
1 '  0  '  1 '  1  *   6'    7'  27' 
and  the  ascending  intermediate  series 

01258111417375777 
1 '  I  *  1 '  2 '  3 '   4  '    5  *   6  *  13 '  20 '  27 ' 

leading  to  the  result  So?  (xyf 

_  .   x  x.xy  **(*yy 

~    +  (l-x)(l-x.xy)  +  (l-x.xyj{l-x.x*y*y      ^  l-x"(xyy>' 

The  operation  of  Lemma  I  is  however  not  necessary,  for  we  have  merely 
to  form  the  ascending  intermediate  series  of  convergents  to  77/104  in  con- 
nexion with  the  sum 

77  111111 

Ihus  io4  =  0  +  T  +  2  +  I+5  +  l+3- 

The  principal  convergents  are 

0    1    2    3    17    20  77 
V  V  3'  4'  23'  27  '  104' 

and  the  intermediate  series 

0    1    2    5     8     11    14    17    37    57  77 
I '  2'  3'  7'  11'  15'  19'  23'  50'  77'  104* 

The  generating  function  is  now  at  once  written  down. 

371.    For  the  Equality      77a  =  104/3  +  y 
we  have  merely  to  multiply  each  product  x*y*  by  an(j  tnen 

_  xz"   tfyz™  

+  (l-<c*w)(l  -atyz60)*  (l-*»y*»)(l  -^y'z") 

+  (I  - a*tfz*){\  - a?y>z»)  +  (1  - rf/j*)  (1  - x"tfz») - 

xny*zu  ef»y"zn 
+  (I  - xliytzw)  (1  -  x^y^z")  +  (1  -  ^V'^'X1  ~  *"yw*r) 

aPy"*   aPy17*  

+  (l-xi9yuz7)(l-x°yt7zi)  +  (1  -  x*y"z>)  (1  -  x»y*z*) 

x^jfz*   aPjfz    K^y" 

+  (l-a*YV) (l-x"y"z)  +  (1  -  x"y»z)  (1  -      y")  +  1  - x^y"  ' 
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establishing  the  fundamental  solutions 


a 

0 

7 

1 

0 

77 

2 

1 

50 

3 

2 

23 

7 

5 

19 

11 

8 

15 

15 

11 

11 

19 

14 

7 

23 

17 

3 

50 

37 

2 

77 

57 

1 

104 

77 

0 

372.  The  reader  will  notice  a  peculiarity  in  this  example  because  if  we 
omit  the  highest  value  of  a  and  the  lowest  value  of  7,  the  a  numbers  read 
downwards  are  the  same  as  the  y  numbers  read  upwards.  He  will  find  it 
interesting  to  investigate  this  coincidence. 

373.  It  appears  from  the  form  of  the  generating  function  that  every 
solution  (a,  /3,  7)  of  the  Equality  must  be  derivable  from  at  most  two  of  the 
fundamental  solutions,  say 

(cr<r),  fi(r),  7(r)),    (a(r+1),  /3(r+1),  7(r+1,)> 
and  these  must  be  consecutive  solutions,  viz.  we  must  have 
oi  =  cr  a<r>  +  cr+1  a(r+1>, 
0**cr/3*  +cr+1/3  "-+1>, 
y  =  cryM  +cr+17,r+1>, 
where  cr  and  cf+l  are  positive  integers. 
Eliminating  these  magnitudes  we  find 

a        £        7  I 
am      0m      y*  =0, 

a(r+i)      ^(r+i)  yr+i) 

a  linear  relation  between  7,  /3,  7  which  must  be  identical  with 

a%  -  6/3  -  7  =  0 ; 
hence  I  y{r)     y<r+«  I  I  7(r)    7(r+,)  |  _ 

I  £(r»    ygir+D  I     a'         a('',    a,r+1)  I  ' 

I    a(r)       a(r+i)  I 
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the  latter  verifying  an  elementary  property  of  intermediate  convergent*.  The 
two  former  may  be  verified  from  the  examples  given. 

Thus  in  connexion  with  the  Equality  77a  =  104#  +  7  we  find 

I  50    23  I  I  23    19  I  \, 

374.  To  arrive  at  the  syzygetic  theory  it  is  necessary  to  express  the 
generating  function  as  a  single  algebraic  fraction. 

Thus  in  the  case  of  the  Equality 

7«  =  3£  +  7, 

we  find      20»«O*r-  1  -  *f*  -  *Y *7  -  <yV  +      *u  + 

where,  the  fundamental  solutions  being  indicated  by  the  denominator  factors, 
the  first  syzygies  are 

Si  =  (xyz*y  —  (xz7)  (xy*z)  =  0, 
&  =  (xz7)  (x*y7)  -  (xyz*)  (xyHf  =  0, 
S3  =  (xyz*)  (x*y7)  -  (xy>z)*  =  0, 
and  the  second  syzygies 

(xy'zf  &  +  (xyz*)  St  -  (xz7)  S3  -  0, 
(*y  )  %  +  (xifz)  S,  -  (xyz*)  S3  -  0. 
Denoting  a  solution  by  (a ;  /3,  7)  the  first  syzygies  shew  the  relations 
(1;  0,  7) -2(1;  1,  4)  +  (l;  2,  1)  =  0, 
(1;  0,  7)-(l;  1,4)-3(1;  2,l)  +  (3;  7,  0)  =  0, 
(1;  1,4)-4(1;  2,  l)  +  (3;  7,0)  =  0, 
from  which  are  deduced  the  relations 

(1;  2,  1)  =  -(1;  0,  7)  +  2(l;  1,4), 
(3;  7,  0)  =  -4(l;  0,7)  +  7(l;  1,4). 
It  will  be  observed  that  fundamental  solutions  are  such  that  every 
solution  is  expressible  in  terms  of  them  by  means  of  a  linear  function  in 
which  the  coefficients  are  positive  integers.  If  negative  integers  be  admissible 
a  certain  number  of  the  fundamental  solutions  cease  to  be  fundamental.  In 
the  above  example  the  fundamental  solutions  (1;  2,  1)  and  (3;  7,  0)  are 
linear  functions  (negative  coefficients  being  admissible)  of  the  solutions 
(1 ;  0,  7),  (1 ;  1,  4). 


CHAPTEE  IV 


THE  SIMULTANEOUS  DIOPHANTINE  INEQUALITIES 

375.    We  assume  a1}  &x  to  be  relatively  prime  integers  and  also  a2,  b2. 

If  the  given  relations  can  be  satisfied  by  other  than  zero  values  of  the 
magnitudes  a,  ft  we  must  have 

I  a,    a2  I 

Assume  that  6X  >  ax. 

The  first  step  is  to  prove  that  the  relations  may  be  reduced  to  other 
relations  in  which  simultaneously  al>bl,b.2>  a2. 

The  crude  expression  for  txayp, 

the  sum  being  for  every  solution  of  the  simultaneous  inequalities,  is 


If  the  fraction  —  be  developed  in  the  form  of  a  continued  fraction,  the 
first  step  is  to  write 


n 


i 


where  cx  =  ax  and  c2  <  cx  and  then  a^m^. 
The  crude  expression  may  then  be  written 
1 


which  by  elimination  of  v  is 
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Herein  if*  6a  — TOjO,<0,  the  whole  expression  is  equal  to  unity,  indicating 
that  the  only  solution  is  the  singular  one  a  =  /9  =  0. 

If  6„  -  wi,Oa  ■  0,  we  must  have  a,  =  1,  b%  =  mu  and  the  whole  expression  is 
1 


1 


which  is  unity,  except  when  6,  -  m,o,  =  0 ;  in  this  case  a,  =  1  the  Inequalities 
become 

equivalent  to  a  = 

and  the  generating  function  is 

1 

Assume  therefore  6,  -  m,o.2  >  0  and  put  a,  =  c,',  6,  -  w^o,  =  c,'  so  that  the 
expression  is 

n-  1 


If  now  Cj,'  >  Cj'  we  have  effected  the  reduction  because  c,  >  and  we  have 
the  two  relations 

connected  with  the  sum  0 y*m 

If  Cv'^Ci  or  6a  =  (m,+  l)a8,  we  must  take  a9  =  l^  because  a,,  6g  are 
relatively  prime  and  62  >  ua. 

The  expression  then  becomes,  by  elimination  of  c,',  connected  with  a  single 
inequality.  Putting  this  aside  as  a  case  already  dealt  with  when  the  single 
inequality  was  under  discussion,  we  are  left  with 


n- 


 ^-^X'-f^y 

in  which  c,  >  Cg,  Cg'<  c,'  and  the  expression  must  be  further  reduced. 
Since  62  -  m,ck  >  0  and  Cg'  <  c,'  or  62  —        <  a,, 

it  is  clear  that  m,  is  the  greatest  integer  in  —  ,  and 

—  =  r/i,  +  — . . 
a*  C, 

Write  now  +J_  S£ 

Og  Wg  +  Cg 

where  w,  +  ^-  is  the  second  convergent  to  —  and  of  course  c,'  <  c,'. 
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Since  — ,  =  ra2  +  — , , 

c2  c2 

we  may  take  for  the  expression 

i 

fl- 


from  which  eliminating  v  we  obtain 

n- 


Since  —  =  t»,  4*  —  where  c2  <  c,  we  may  write 


whenever  rn  —  m2c2  is  positive,  and  then 

bi  1  c3 

_  =  m1  H          -  , 

(tj  7?i2  +  C2 

where  c3  is  no^  necessarily  <  c2. 

If  c3  be  zero,  c3'  must  be  zero  also  and  the  generator  is  simply 

 1  

corresponding  to  the  Equality 

nua  =  (miTO2  +  1)  /3. 
If  c3  be  not  zero  we  must  have 

c,  >  =  or  <  c2. 


If  c3  >  c2  the  reduction  is  complete  because  also  c/  >  c3'. 

ie  i 


In  this  case  ?w,  +  —  is  the  second  convergent  to  --  but  is  not  the  second 
m2  °  a2 


convergent  to 

ai 

If  cs  =  c2  we  can  at  once  eliminate  X,  and  obtain  an  expression  that  has 
been  already  dealt  with.  In  such  a  case  it  is  clear  also  that  simply 
becomes  m2  +  1. 

If  c3  <  Co,  m,  +  —  is  the  second  convergent  to  both  —  and  —  and  a  further 
m2  ft  aj  Oa 

process  of  reduction  is  necessary. 
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376.    To  sum  up  the  results  so  far  reached: 
(i)    If  **>k$  a*>(>„ 

the  inequalities  are  already  in  the  desired  form. 

(")    If  ^  — »»,(!,>  Of,    a1>6,  -7/1,0,, 

c3'  >  c,',    c,  >  c2, 

the  final  reduced  form  is 

n- 


>(1-^-)(1-r^)' 

wherein  ^  =  nh  +  & ,     =       9l  =  l,  and  m,  =^  is  the  first  convergent  to 
^ '  al8°  ^  =  Wl  +  ^'  and  7/11  is  wo*  tne  nrst  convergent  to  -  . 
(iii)    If  wt,  is  the  first  convergent  to  both  —  and  — 

<H  >  Ca,     Cg'  >  Cs', 

and  the  final  form  is 

n-  1 


where  h.  =  „,+l_  ^ 

a,  m,  +  c, ' 

=  TTU  +    — .  , 

and  m,  +  i  is  the  second  convergent  to  —  but  is  not  the  second  convergent 
6, 


to 


When  ra,  +  —  is  the  second  convergent  to  both  —  and  ^*  we  write 


th    m      1      1  c4 

—  =  m,  H  —    —  , 

a,  m,  +     +  c, 

tfc          11  c; 
=  m,  H  —  — 

+  771,  +  Cj 
Cj>C4,  c/>Cs', 

m,  H  —  = — 

m,  +  m,  qs 

is  the  third  convergent  to.6,  but  is  not  the  third  convergent  to  —  . 

ai  Of 

M.  A.  II. 


wherein,  if 
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The  final  reduced  form  is  then 

i 

ft- 


which  denotes  the  sum 

for  the  relations  c3a  >  c4/3,    c//3  ^  c3'a. 

But  if  — ,  —  have  the  same  third  convergents,  a  further  reduction  is 
necessary. 

377.  We  proceed  in  this  manner  to  establish  the  following  general 
results. 

We  develop       ^  to  the  point  where  they  fail  to  have  the  same  con- 
vergents.    We  have  then  two  cases. 
Case  I.  If 

ax      1        +  m3  4-  •  • .  +  win  +  cw  ' 

a2  ~~    1    m2  +  m3+  ...  +  mn  +  cn' 
where  cn  > 

so  that  —  is  the  nth.  convergent  to  -1  but  hot  to  —  ;  the  final  reduced 
form  is 

a.  1 


which  represents  the  sum 

for  the  inequalities  c„ct>  cn+1/3, 

wherein  cn  >  cn+1,    c'n+1  >  cn'. 

Case  II.  If 

then  ^  is  the  nth  convergent  to  —  but  not  to  — ;  the  final  reduced  form  is 
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which  represents  the  sura 

2(^»/-)-(^»-»/-y, 
for  the  inequalities  cn+,«^cn/8, 
Vm'fi 

wherein  c„+,  >  cn,    cn'  >  c'n+1. 

We  have  thus  shewn  how  in  every  case  to  reduce  the  given  inequalities 
to  a  standard  form 

a,a  ^ 
6,/S  ^a,a, 

wherein  «i  >       6.2  >  «2. 

378.  As  an  example  take  the  simultaneous  inequalities 

64a  >  275& 
142£S*  33a. 

Wefindthat  |*.4^  +  |+|( 

142         1    1  4 

33       +  3  +  2  +  3  ' 
This  falls  under  Case  I  and  we  observe  that 
4  ,13 

1  a"d  ¥ 

30 

are  the  first  and  second  convergents  to  both  fractions,  but  that  -y  is  the 

275  142 
third  convergent  to  -gj  but  not  to  •»  . 

The  problem  thus  presents  itself  in  the  form  of  finding  the  sum 

for  the  relations  7a  ^  5y9, 

4£  >  3a. 

379.  We  are  now  able  to  give  a  complete  solution  of  the  problem  of 
finding  the  fundamental  solutions  of  the  Diophantine  system 

>  a,a, 

wherein  (h>b1,  6a>a,. 

For  we  can  break  up  the  system  into  the  three  systems 

I                       II  III 

c^a^btfi             a,a>£>,/9  a^a^b^ 

b30  ^  a,a             62£  ^  a,a  69£  ^  a,a 

a>£  a  =  £ 
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in  such  wise  that  if  F,  (x,  y),  F2  (x,  y),  F3  (x,  y)  be  the  generating  functions 
concerned  with  the  three  systems  respectively,  the  sum  that  we  seek  is 

F,(x,  y)  +  F2(x,  y)-F3{x,y), 

for  clearly  when  we  add  the  systems  I  and  II  we  count  the  system  III  twice 
over,  and  since  a  may  be  >  =  or  <  /3  so  long  as  the  other  conditions  are 
satisfied  the  sum  must  be  as  stated. 

We  can  now  reject  as  superfluous  the  second  relation  of  I  (because 
b2  >  a2),  the  first  relation  of  II  (because  >  6j)  and  the  first  and  second 
relations  of  III.    They  thus  become 

I  II  III 

ajGt^&jjS  b2fi^a2a.  a  =  /3 

@>a  a^/3 
Hence  F1  (x,  y)  +  F2  (x,  y)  -  F3  (a?,  y) 

=  n  I  +  n  1  1  . 

>(l-X^xy)(l-fy      >(l-X»>-">xy)(lr^)  l7** 

We  have  now  only  to  apply  the  theorem  of  the  single  inequality  to  the 

two  fl  expressions  by  forming  the  ascending  intermediate  series  of  con- 
> 

,    »i  —  &i      j  b2  —  Og 
vergents  to     g —  and  — ^—  . 

We  can  thus  determine  the  complete  generating  function  and  by  inspection 
ascertain  the  fundamental  solutions  of  the  inequalities. 

380.    As  an  example  we  will  continue  the  case  of  the  system 
64a  ^  275/3,    142/3  >  33a, 
which  has  been  reduced  to  finding  the  sum 

for  the  system  7a  ^  5/3,    4/3  ^  3a. 

The  sum  "2<xayp  for  the  system  is 


>(l-V«y)-(l--£)  >(l-)u*)(l-£) 
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2 

The  ascending  intermediate  series  to  -  is 

0  12 

1*    3*  5' 

i  ,   1  0  1 

andtog  f.  g. 

Hence 

^      (l  -      - *Y)  (i  Iw  - *V)  1  - <v 

,   xy   z*y*    _  1 

_  .  ary   x*y*       .  a^y*  «»y7 

(1  -      (1  -  *V)  +  ( 1  -  xy)  (1  -  x*y>)  +  (1  -  x*y*)  (1  -  *y ) +  l  -#f ' 

This  shews  that  of  the  system 

7a  >  5#    4/8  ^  3o, 

the  fundamental  solutions  are 

(a,  >S>  =  (1,  1),  (4,  3),  (3,  4),  (5,  7). 

Also  writing  xl3y3  for  x  and  x™y~  for  y  the  sum  Stf"^  for  the  system 

64a  >  275/9,    142/3^  33a 

 «V  a^»y» 

13  +  (l  -  *»jTKl  -        +  (i  -  ^yw)  (i  -  *x"y*) 

+  (l-a*»y*)(l  -ar"78/4)  +  l-a^y" 
establishing  the  fundamental  solutions 


a 

43 

10 

159 

37 

142 

33 

275 

64 

381.    Allied  to  this  theory  is  that  of  the  simultaneous  equalities 
a1a  =  &,£  +  7, 

In  the  sum  just  obtained  it  is  merely  necessary  to  multiply  each  x*rf 
term  by  za>a~b^  ub^~^*  in  order  to  obtain  the  sum 

for  all  solutions  of  the  simultaneous  equalities. 


134  PROPERTY  OF  CONSECUTIVE  SOLUTIONS  [SECT.  VIII 

It  will  be  observed  that  every  solution  is  composed  of  at  most  two 
fundamental  solutions.  The  latter  present  themselves  in  two  sets  which  are 
derived  from  two  series  of  ascending  intermediate  convergents  and  every 
solution  is  derived  from  two  consecutive  fundamental  solutions  of  one  or 
other  of  the  sets. 

Denoting  consecutive  solutions  by 

a"'',  fiir),  7(r),  S(r) ;  a(r+1),  /3(r+1),  7(r+1),  8lr+1), 
and  by  cr,  cr+1  undetermined  positive  integers  we  have 
a  =  Or      +  cr+1 

/3  =  Cr&(r)  +  Cr+l0ir+1), 

y»<Vy«  +  c,+17(r+1», 
8  =  c,.8^+cr+1  8{r+1), 


whence 


0 


Qlr+i)  rj{r+i) 


8 


and  also  two  other  relations,  which  are  not  linearly  independent  of  these, 


«        0        8  I 

aM  g(r)         =  0, 


a         7  8 

aC)        y«fl  8<r> 
a(r+i)      yr+i)  g(r+i) 


=  0. 


These  must  be  practically  identical  with  the  four  relations 
a1cL  =  blfi  +  y,    («i&2  —  a2&0 /3  =  027  +  Oi8, 
b2/3  =  a2a  +  8,    (aj  62  —  o^)  a  =  627  +  &: S, 
so  that  on  comparison  we  find 

I  o(r)      /3,r)     I  I  a(r)      y(r)     |       .     |  a(r>  8(r) 

I   a(r+D      ^(r+i)     "*  i  * »    I   a(r+i)  y 


"I      +  ^'    I  a(r+D      g(r+i)  i 


I  /9(r)      7,r)  I 

the  upper  or  lower  sign  being  taken  according  as  the  consecutive  solutions 
arise  from  the  first  or  the  second  of  the  given  equalities. 

For  the  equalities  64a  =  215/3  +  y ;  142/3  =  33a  +  8  the  solutions  are 


a 

$ 

5 

43 

10 

2 

1 

159 

37 

1 

7 

142 

33 

13 

0 

275 

64 

0 

13 
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of  which  the  second  and  fourth  arise  from  the  first  equality  and  the  first  and 
third  from  the  second.    Hence  the  results  shew  that 


43 

10  1 

159 

37 

l=1; 

1  43 

10 

159 

37  1 

275 

64 

I  142 

33 

1  _1; 

43 

8  1 

159 

1 

U-275; 

1 

43 

2 

159 

1  ' 

275 

0 

1  142 

13 

=  275 ; 

43 

i  1 

•7 

_ 
l 

159 

_ 

275 

13 

=  142 ; 

1  142 

0 

=  -  142 

10 

37 

1 

i  10 

2 

37 

64 

0 

=  -64; 

|  33 

13 

=  64; 

10 

37 

7 

1  10 

1 

37 

64 

13 

=  33; 

1  33 

0 

=  -  33 ; 

2 

1 

.7 

1  2 

=  13; 

: 

=  -13; 

1 

0 

13 

1  13 

the  value  of  0,6,-  086!  here  being  64.142-33.275  =  13.  These  are 
properties  of  consecutive  solutions  analogous  to  the  property  of  successive 
convergent^  in  the  theory  of  simple  continued  fractions. 

The  next  step  would  be  apparently  to  work  out  the  theory  of  the 
inequality 

oo  ^  6/3  +  cy 
This  has  not  yet  been  accomplished. 


CHAPTER  V 


ON  THE  FORM  OF  ENUMERATING  FUNCTIONS 

382.  The  problem  we  take  up  in  this  chapter  is  one  of  considerable 
interest.  The  enumerating  generating  functions  that  are  met  with  at  the 
outset  in  the  theory  of  the  Partition  of  Numbers  are  such  as  are  formed  by 
factors  of  the  form 

I-xn+s      ...     ,    u     v    (n  +  s) 
— — —  written  tor  brevity  • 

If  such  a  function,  involving  a  finite  number  of  factors,  appears  as  an 
enumerating  generating  function  it  necessarily  follows  that  it  is  expressible 
in  a  finite  integral  form.  The  reasoning  is  precisely  the  same  as  that  which 
may  be  employed  to  shew  that 

nl 

s  I  (n  —  s)  I 

is  an  integer.  This  follows  as  a  matter  of  course  directly  it  is  shewn  that 
the  numerical  magnitude  in  question  enumerates  certain  combinations.  In 
many  difficult  cases  of  enumeration  of  partitions  it  is  natural,  after  some 
calculations,  to  attempt  to  conjecture  the  form  of  the  generating  function. 
In  one  research  the  function 

(n  +  1)  f(n  +  2)V  (n  +  3) 
(1)     V  (2)   J  (3) 

appeared  as  the  enumerating  function.  It  is  therefore  necessarily  expressible 
in  a  finite  integral  form  whatever  be  the  magnitude  of  the  positive  integer 
n.  As  the  research  proceeded  certain  calculations  in  a  more  general  problem 
might  have  led  the  investigator  to  conjecture,  guided  by  analogy,  that  the 
form  he  was  seeking  was 

(n+1)  f(n  +  2)V  |(n  +  3)  V  (n  +  4) 
(1)     I   (2)    J  1   (3)    J     (4)  ' 

but  it  had  to  be  rejected  forthwith  because  it  does  not  happen  to  be 
expressible,  for  all  values  of  n,  in  a  finite  integral  form. 
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It  is  therefore  natural,  as  well  as  important  and  interesting,  to  seek  the 
general  expression  of  functions,  formed  by  factors  such  as  those  here  con- 
sidered, which  possess  the  property  of  expressibility  in  a  finite  integral  form. 
It  is  moreover  conceivable  that  the  study  will  indicate  promising  paths  of 
future  research. 

It  will  be  seen  that  there  is  a  syzygetic  theory  of  such  expressions. 

383.    Consider  the  function 

|(n  +  1»    /(n  +  2H  H  /<n  +  8)1-      ((n±s)\  a' 
I   (1)   J    I   (2)    J    I   (3)    J        I   (s)  / 

and  write  it,  for  short, 

X?X?X?  ...X*: 

We  investigate  the  sum 

for  every  set  of  numerical  magnitudes 

a,,  a2,  a,,  ...  or,, 

which  renders  the  expression  under  the  sign  of  summation  expressible  in  a 
finite  integral  form  for  all  values  of  the  integer  n. 

Let  ljt  be  that  factor  of  1  —  x1  which,  when  equated  to  zero,  yields  all  the 
primitive  roots  of  the  equation 

1-^  =  0. 

Then  if  1,  dlt  a\,  ...  t  be  all  the  divisors  of  t, 

i 6, 

as  shewn  in  works  on  Higher  Algebra. 

If  the  product  X?1  XT  X?  ...  X* 

be  now  expressed  in  terms  of 

&.&.&....&»*.. 

there  will  be  a  numerator  and  a  denominator,  and  if  the  function  be  integral 
the  whole  of  the  .denominator  will  divide  out  into  the  numerator,  leaving  a 
finite  integral  algebraic  expression. 

We  have  therefore  to  ascertain  the  circumstances  under  which  every 
expression  £(  will  occur  at  least  as  often  in  the  numerator  as  in  the 
denominator. 

For  example 

(l)(2)'(3j  6<fc6)>fe&i 
is  in  this  manner  seen  to  be  finite  and  integral. 

In  general  we  pay  no  attention  to  f,  because,  at  sight,  it  occurs  with 
eqitft]  frequency  in  numerator  and  denominator. 
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With  regard  to  £2  it  cancels  out  in  the  case  of  every  factor  of  the  form 

(n  +  2m) 
(2m) 

if  n  be  even,  and  does  not  occur  at  all  in  the  factor 

(n  +  2m  +  l) 
(2m +1) 

if  n  be  even. 

But  if  n  be  uneven,  it  occurs  ami+l  times  in  the  numerator  for  every 
numerator  factor  (n +2m  + l)a2m+1  and  times  in  the  denominator  for  every 
denominator  factor  (2m)a2m. 

Hence  we  have  the  single  condition  expressed  by  the  Diophantine 
inequality 

«!  +  a5  +  otB  +  . . .  ^  «2  +  a4  +  a,  +  . . . . 
For  £3  if  m  =  0  mod.  3  there  is  no  condition  ; 
if  m  =  2  mod.  3  we  must  have 

or,  4-  a4  +  a7  +  ...  ^  cr3  +  o«  +  a9  +  . . ., 

and  if  m  =  1  mod.  3 

a2+  or5  +  ot8  +  ...  ^  03  +  08  +  0,+ 
384.    Proceeding  in  this  manner  we  have  the  conditions: 
for  f2  of!  +  oc3  +  a3  +  . ..  >  x,  +  74  +  ai;  +  ... 

f«i  +  o4  +  a7  +  . . .  ^  a.,  -f  or,,  +  or9  +  . . . 
(cr2  +  «„  +  a8  +  ...  ^  or:!  +  crfi  +  a9  +  ... 

(Oi  +  a5  +  ar9  +  . . .  >  a4  +  a8  +  sr18  +  . . . 
a2  +  o6  +a10  +  ...  ^  a4  +  cr8  +  a18  +  ... 
ar3  +  cr7  +  orn  +  . . .  >  a4  +  a8  +  a12  +  . . . 


for  f, 


for 


for  f 


I  a,  ^  ag 

J  a2  ^  a, 


0 


in  number. 
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385.  All  the  conditions  are  included  in  the  inequality 

a„  +  Oa,+T  +      -tar  +  •  •  •  >  Ofr+r  +  4-  OLy,+iT  +  . . . , 

a  and  t  being  any  positive  integers. 

In  the  case  of  the  gth  inequality  arising  from  %p  the  values  of  a,  r  are  q 
and  p  —  q  +  1  respectively. 

The  next  step  is  to  construct  an  fl  function  which  shall  express  these 

conditions  and  lead  practically  to  the  desired  summation. 

386.  First  take  *  =  2 ;  there  is  but  one  condition 

and  the  function  is  H  -  j  

 1  

We  may  call  Xu  X^2  the  fundamental  forms,  the  general  form  being 
X?>+^Xt\ 

There  are  no  syzygies. 

387.  For  *=  3  the  conditions  are 

leading  to  the  summation  formula 

o  !  , 

>(i-M(i4;x,)(i-A>x,) 

X,,  X*,  X3  being  the  auxiliaries  connected  with  the  inequalities  respectively. 
Eliminating  X*  we  find 

n  i  ,  , 

»<i-x.x^(i-£jr.)(i-Ix.*.) 

which  denotes  the  sum  2 X*1  X?  (XtXt)ai 

for  the  inequalities  a,  ^  a,,    a,  >  a,. 

Writing  X^X3  for  Xs  in  the  sum  is  equivalent  to  writing  cr,  +  a,  for  a,  in 
the  inequalities. 
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We  now  eliminate  A2  and  proceed  to 
1 


n 


(1  -  \X1)  (l  -  i  X2)  (1  -  KXiXtXJ  ' 


which  denotes  the  sum 

txFXF&XiXiT*, 

for  the  inequality  ax  +  or8  ^  a2,  so  that  clearly  writing  XtX3  for  X3  in  the 
previous  sum  is  equivalent  to  writing  ctj  +  cr3  for  a3  in  the  connected  inequality. 
On  the  whole  so  far  we  have  substituted  X1X2X3  for  X1  in  the  sum  and  have 
changed  the  original  three  inequalities  by  writing  a,  +  a3  for  ctx  and  ot2  +  a3  for 
a2,  thus  reducing  them  to  the  single  inequality  ax  +  a3^a2. 

Making  use  now  of  a  formula  on  a  previous  page  we  obtain  finally 

 1  -  X\X\XS  

(1  -  X,)  (I  -  XtXJ  (1  -  X.X.X,)  (1  -  X,X\XS) ' 
the  complete  solution. 

The  denominator  factors  yield  the  fundamental  forms 
X^X2X  3,  X]X\X3, 
in  addition  to  those  previously  met  with,  and  the  general  integral  form  is 
+  m2  +  m3  +  »i4  j£-wi2  +  WI3  +  2nt4  j£ni3  +  "'4 

The  numerator  term  —  X\X\X3  indicates  the  simple  syzygy 

X, .  XxX\Xt  -X,X2.  X, X2X3  =  0. 
The  form  X1X2X3  occurs  in  simple  partition  theory,  whilst 

AiA*  s-  (l-^a-^Hi-*3) 

is  connected  with  another  kind  of  partition  which  is  dealt  with  in  this 
volume. 

388.    Passing  to  the  case  s  =  4,  the  conditions  are 
Hi  +  ol3  ^a2  +  ct4, 
Oti  +  a4  ^a3, 
a2  >  «s, 

a3  ^a4, 

of  which  we  neglect  the  fifth  as  it  is  implied  by  the  third  and  sixth. 
These  lead  to 

a  !  . 

>  (i  -  m,x^)(i         (1  -  gx.)  (1  -  ^x,) 
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Eliminating  \8,  \t,  X,  and  X,  in  order,  this  becomes 

0  rJi — \  • 

>  (l  -x.XOO  -VX.X,)^  -  ±  X.X.Ja-A.X.X.X.XO 

and,  making  use  of  a  formula  on  a  previous  page,  this  is 

\-X\X\Xt-X\X\X\X< -X\ XI X'i X ,  +  X ] A i!  A' I X \  -f  A' ,  A 1 A  A 1 
(l-XI)(l-X1X8)(l-Z1ZaX,)(l-X1XiX,)(l  -  X.X.X.X^l -XXX\X\X<) ' 
indicating  the  new  ground  forms  XiX„X3Xit  XiX\X\Xit  both  of  which  are 
known  in  the  theory  of  partitions. 
We  have  the  first  syzygies 

(A)  =  X1X2 .  XjXsX,  -  X, .  X,X\Xt  m  0, 

(B)  =  X,X, X, .  X.X^X, -  X, .  XiX'XlXt  =  0, 

(C)  =  X.XfX, .  X,  X2X3X4  -  X.X, .  ^X'X'X,  =  0, 
and  the  second  syzygies 

X1(C)-X1Xa(^)  =  0, 
X,X2X%  (C)  -  XXX\X9  (B)  =  0. 

389.  There  is  no  difficulty  in  continuing  the  series.  The  obtaining 
however  of  the  reduced  forms  soon  becomes  laborious. 

Moreover  there  is  obviously  a  waste  of  energy  because  in  each  case  we  not 
only  determine  the  new  forms  but  also  all  of  those  that  have  previously  pre- 
sented themselves.  It  will  be  advantageous  to  adopt  some  method  that  for 
each  order  only  causes  the  forms  of  that  order  to  emerge.  The  whole  of  the 
fundamental  forms  so  far  met  with,  as  well  as  all  of  those  that  have  so  far 
presented  themselves  in  the  theory  of  partitions,  are  such  that  if 

X*>X?  ...X*' 
be  the  form,  then  am  =  at+i-m- 

We  will  therefore  for  any  order  impose  this  condition  which  clearly 
eliminates  all  forms  of  lower  order.  It  is  possible  that  by  this  method 
some  fundamental  forms  will  escape  notice,  but  those  that  are  most  likely  to 
occur  in  the  theory  cannot  escape  detection. 

For  use  with  the  added  condition  we  put 

XmXJ+1_m  =  Ym,  but  XW  =  FTO  when  2wi  =  *  +  l, 
and  examine  the  sum  •  2  F"1  F"2 Y?3 .... 

390.  For  *  =  2  we  have  simply 

«v«„    1    _  1 

1  "i-r, 
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391.    For  s  =  3  the  conditions  become 

1 


and  lead  to  H 
which  on  reduction  is 


>(1-^)(1-^-)' 


(1  -  FXF2)  (1  -  Y.Yl)    (1  -  XXX,XZ)  (1  -  XxX\Xa) ' 

392.    For  s  =  4  we  have  the  same  conditions  as  for  s  =  3,  viz. 

^  a,  ^  a„ 

and  we  produce  the  same  Y  function,  viz. 

1 


(l-F^Hl-F^)' 
but  since  now  Yx  =  X1Xi,  Y2  =  Z2Z3  this  is 

 1   

(T-  Z1Z2Z3Z4)(l  -x.xixix,) ' 

and  we  have  thus  found  the  fundamental  forms  that  have  already  been  found 
by  the  first  method.  Observe  that  no  syzygies  have  so  far  presented  them- 
selves. 

393.    For  s  =  5  the  conditions  are 

a,  +  a2  ^  a3  St  or2, 
2ai  ^  a2  >  <*i . 

leading  to 

n  1 


>(1-^^)(1-Sn)(1-^F')' 

wherein  Y^X.X,,    F2  =  Z2Z4,    F3  =  Z3. 

Eliminating  X3,  X4  and  \  in  order,  this  becomes 
1 


n 


>  (1  -  X,  F,  F2F3)  (l  -  i  F2F3)  (1  -  Xa  F2  F2F|) ' 

 1-  gmKj   


(1  -  F,F2F3)  (1  -  F^FIML  -  FjFfFI)  (1  -  Y\Y\Y\) 
1  —  Z^  Z2  X I   i|  Z^ 


indicating  the  new  fundamental  forms 

XiXtX,X4X„    X1Z2Z^Z4Z3,    Z^Z^Zs,  ZXZ|Z1Z|Z„ 
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connected  by  the  simple  syzygy 

J\  i X 2 «Yj Xt Xs .  X\  X\X\X\X 5  —  X iX ,iX\X iX $ .  X\ X\X\X'\ Xs  =  0. 
The  new  forms  either  have  been  or  will  be  met  with  in  this  work  with  the 
exception  of 

X\  \.,X\X  x  Xt. 

This  is  associated  with  partitions  whose  parts  are  placed  at  the  points  of 
the  incomplete  and  dislocated  lattice 


the  magnitudes  of  the  parts  being  governed  by  the  symbols  >  placed  upon 

the  lines  between  the  points.    The  reader  who  has  understood  this  chapter 

will  have  no  difficulty  in  proving  this  by  forming  the  Diophantine  inequalities 

and  examining  the  associated  H  sum. 

> 

394.    For  s  =  6,  the  conditions  are 

2*,  >  cti  +  «», 
2a,.  ^  a.,, 
or,  ^  or., , 

leading  to 

n  1 


>(1-x7-)(1-^^)(1-^-)' 

which  quickly  reduces  to 

______  1  

(1  -  fj$5  (1  -  Y.nYDil  -  Y.YIYIY 

yielding  the  fundamental  forms : 

Xi  X^Xn  X 4  X  5  Xf , 

x,x\x\x\x\x„ 

ZtXiXmitXii 

unconnected  by  any  syzygy. 

The  reader  will  notice  that  the  results  are  more  simple  for  the  even 
orders. 

395.    For  *  =  7  the  independent  conditions  are 
2a,  +  2a,  ^  2a._,  +  at, 

2a*  ^  a*  ^  a3  ^  cl,  ^  a, , 
a,  +  a8  ^  a„ 
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which  finally  lead  to  the  function  of  which  the  numerator  is 

and  the  denominator 

(1  -  Y1Yt7tYd  (1  -  Y^YzYt)  (1  -  Y.YJIYI) 
x  (1  -  YlY\Y\Y\)  (1  -  Y.YIYIYI)  (I  -  Y.YlYlYt), 
establishing  the  fundamental  forms 

XiXtX,X4XtX<X7, 
X1 Z2  Z3  X\  X5  X6  X7 , 

XY  Y2  Y2  Y2  Y  Y 
V2  y-2  Y2  V2  y 

x.xixixixixix,, 
xxx\x\x\x\x\x7, 

connected  by  the  simple  syzygies 

{A)=Y1Y2Y,Yi.  YyY'iYlYl-  Y.Y.YIYI  FiFlFfFj-a, 
(B)=  lrxF2F3F4.  Fx  Y\  Y\  Y\  -  F,  F2  F3  F^ .  FiFlPJFJ-O* 
and  the  second  or  compound  syzygy 

(FiFaF.Fi.  ^FIFSFJ)  (4)  -(FJT.FIFS  F^FfFJ)  (B)  -  0. 
396.    For  s  =  8  the  conditions  are 

a2  +  ft»  3*  ai  +  °4» 

aj  +  a2  ^  or3, 

a4  ^  a3  ^  a2, 
2ax  ^  or2, 

and  the  reader  will  have  no  difficulty  in  establishing  the  fundamental  forms 
Zj  X2  Xs  Z4  X5  Z6  X7  Z8 , 

XY  Y2  Y2  Y2Y2Y  Y 

xixixix\xixixirxlt) 

ZY2  Y2  Y3  Y3  V2  Y2  Y 

^ziziziirszizfj;,, 

connected  by  three  simple  and  two  compound  syzygies. 

We  may  now  conveniently  take  stock  of  the  results  so  far  obtained. 

We  have  not  so  far  met  with  any  fundamental  form  which  is  not  ex- 
ponentially symmetrical,  and  the  second  method  of  investigation  has  effectually 
eliminated  such  from  consideration. 

This  must  not  be  forgotten. 
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All  the  forms  that  have  emerged  have  the  property  that  the  exponent  of 
Xlt  viz.  a,,  is  unity.  Assuming  that  no  fundamental  form  exists  in  which 
a,  =  0  it  is  clear  that  every  form,  satisfying  the  conditions,  that  has  a,  =  1  is  a 
fundamental  form. 

397.  A  large  number  of  the  forms  are  seen  to  be  such  that  the  factors 
Xu  X.2,  ...  can  be  arranged  in  the  form  of  a  rectangle  such  as 

X}  X%    X3    X+    ...  Xi, 
Xa  X3    X4    Xt    ...  Xi+lt 

Xm  Xm+1  X  m+2Xm+3  . . .  jff+n^, , 

in  which  tableau  the  suffix  of  any  X  exceeds  by  unity  the  suffix  of  the  X 
immediately  above  it  or  immediately  to  the  left  of  it. 

Im  factors  X  are  involved  and  the  product  of  them  all  appears,  from  the 
results  hitherto  reached,  to  be  a  fundamental  form. 
The  product  for  m  ^  I  is 

xxx\x\ ...  Xiz\(XtXt+l ...  xmy  x'-^x^+t  »•«  x^^x^^, 

and  we  can  establish  that  it  is  a  fundamental  form  by  simply  proving  that  it 
is  finite  and  integral  for  all  values  of  the  integers  m,  I. 

This  will  be  the  next  step. 

Comparing  the  form  with 

X*lX?...2fi;      8  =  m  +  l-l, 

it  will  be  seen  that 

dp  =  p  for  I  ^p, 
ap=l  for  p  >  I  and  <  m  +  1, 
«m+P  =  l-p  for  l-l^p. 
It  has  been  already  remarked  that  all  the  Diophantine  conditions  may  be 
resumed  in  the  single  formula 

0«  +  a*r+T  +  <W2r  *+f  +  a*r+2r  +  «3<r+3r  +  .... 

a  and  r  being  any  integers. 

We  must  first  find  how  many  terms  of  the  series 
ao  ♦  Ojv+t  +  <x*,+->t  +  . .  . 

appear  in  the  first  portion 

X\X\X\ ...  X\_\ 

of  the  form. 

If  the  first  k  terms  appear,  then 

ka  +(*- \)t<1-\, 

.I+t-1 

or  kt.  :   J 
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we  may  therefore  take  k  to  be  the  greatest  integer  contained  in  the  numerical 
fraction  . 

I  +  t-1 
a  +  t 

and  write  it  — -  or  7j  for  brevity. 

Again  if  the  first  k  terms  appear  in  the  first  two  portions 

xxxi;.:xe\  {xlxl+l...xm)\ 

then  ka+  (k-  1)t  <m,  : 

or  k  is  the  greatest  integer  in 

m  +  T 

<T  +  T  ' 

and  we  write  it  I2  7^^~T  or  I2  for  brevity. 

<T  +  T 

Again  for  the  whole  form 

fco-  +•(& -1)t  =  m+l-  1, 

and  &  may  be  written  I3  m  +^  t~ — -  or  73  for  brevity. 

We  can  now  sum  the  series 

0(T  +  «2<r+T  +  «3<r+2r  +  •  •  • 

for  the  given  product. 

We  first  take  It  terms,  remembering  that  each  a  is  here  numerically  equal 
to  its  suffix.    The  sum  is 

|/1(o-+/1<r  +  /1T-  t), 
or  lI\{a  +  r)  +  ^(<T-r). 

We  now  take  the  next  I2  —  /,  terms,  remembering  that  here  each  a.  is 
numerically  equal  to  I.    This  is  clearly 

(/,-/,K 

Finally  we  take  the  next  73  - I2  terms,  remembering  that  each  a,  viz.  ap, 
is  equal  to  l  +  m  —  p.    The  series  to  be  summed  is 

«(/2  +  l)(r+/2T  +  a(/2+2)<7+(J2+l)T  +  •••  +  «J3<t+(/3-1)t» 

or 

(/3_  J8)  (|  +  m)  _  ((/,+  l)  o-  +  72t  +  (/2+2)  o-  +  (  J2+l)  r  +  . . .  +It<r  +  (73-l)  r} 
or  (7s-/2)(^  +  m)-H^-72){(/2  +  ^  +  l)a  +  (/2  +  /3-l)T}. 

Assembling  the  three  portions  of  the  sum  and  simplifying  w-e  find 
aa  +  of2<r+T  +  am+2T  +  ... 

=  h(n+n-n)  o+t) 

-Jf,  (2/-o-  +  T)-i/2(2m-(7  +  T)  +  K3(2^+2m-o-  +  T). 
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Next  in  regard  to  the  series 

°*+t  +  «9»+2r  +  a*r+Jr  +  . .  • 

we  have,  analogous  to      T2,  7,, 

J i  a      =  J\  =  greatest  integer  contained  in  — ^  *  » 

<^+T  <T  +  T' 

,/s  [±  mJZ  I  =  j  l  +  m-1 

»  3    <r  +  'T         3  "  <t  +  t  ' 

and  we  find  for  the  sum  of  the  series 

the  three  portions  +  t)  +  £7,  (<r  +  t), 

(J*  -  72)  ( f  +  rn)  -  |  (73  -  78)  (72  +  7,  +  1 )  (<r  +  t). 
Adding  and  simplifying  we  find 
h(Ji  +  Jl-Jl)(<r  +  T) 
-  |  J,  (2/  -  o-  -  r)  -  £72(2m  -  <r  -  T)  +  $  7,(2/  +  2m  —  a  —  t). 
The  general  Diophantine  inequality  therefore  assumes  the  form 

-^/1(2/-0-  +  T)-i/2(2»n-0-  +  T)+i/3(2i  +  2m-o-  +  T) 

>V(^?Vj5-J5)X^+t) 

-^1(2/-0--T)-f/a(2m-o--T)+^Js(2Z  +  2m-<r-T), 

and  we  must  shew  that  it  is  satisfied  by  the  values  of  7,,  /„  jlt  Jti  J 
given  above  in  terms  of  I,  m,  a,  t. 

Since  /,  is  the  greatest  integer  in  ^7^~1  and  7,  the  greatest  integer  in 

g  .     it  is  clear  that  /,  is  either  equal  to  7,  or  to  7,  +  1. 

Similarly  72  must  be  either  equal  to  72  or  to  7„  +  1  and  J,  to  7.  or  to 
73+l. 

Also  /,  +  /2  =  i,  -  ■     ■    +  It  - —  must  be  either  equal  to 

r l+m+ r - 1  .  ■ 

h  T   or  to  /,  +  !, 
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and  Jx  +  Jg  =  Jx  - — -  +  J2    m    must  be  either  equal  to 

l  +  m-1 

J3  or  to  J3  —  1. 

a  +  r 

We  have  therefore  the  relations 

/,  tm  Jx  or  Jx  +  1,  tt+  I2  =  I3  or  Is  +  1, 
I2  =  J2  or  J2  +  1,  Jx  +  J2  =  J3  or  J3  —  1, 
J,  =  J,  or      +  1. 

All  of  these  alternatives  are  not  simultaneously  possible ;  for  instance  if 
/j  =  JX1 I2  =  J2,  I3  =  J3,  we  cannot  have  IY  + 12  =  I3  +  1  because  that  would 
lead  to  JY  +  J2  —  J3  +  1,  a  relation  which  is  barred. 

There  are  just  ten  possible  sets  of  alternatives,  viz. : 
Case  I 

Ix*  Ju  i*  =     I3  =  J3;  li  +  h  =  I*,  Ji  +  J2  =  J3. 

Substituting  in  the  inequality  we  find 

I,  12) 
which  is  satisfied  because  Ix  + 12  =  I3. 

Case  II 

i>/i  +  l.  I2  =  J2>  I3  =  J3;   /,  +  /.-!„  Ji  + 

leads  to  Ji>- — — 

a  +  t 

and  Jt  being  the  greatest  integer  in  ~~T »  w^ere  a  +  t  is  at  least  unity,  the 
relation  is  satisfied. 

Case  III 

I^J.  +  l,  I2  =  J2,  Zx  +  J.-J.  +  l,  J1  +  J2  =  JS 

leads  to  Ji  ^  -- — —  , 

a  +  r 

satisfied  because  <r  >  1. 

Case  IF 

leads  to  /»>  — ■—  1, 

(T  +  T 

which  is  true  by  the  definition  of  J2. 
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Case  V 

lx  =  ./,,  /,  =  .h  +  1,  /,  =  J3 ;    /,  +  72  =  /,  +  1,      +  Jt  =  J3 

1         J  T  m    <r 

leads  to  J«  >  , 

<T  +  T 

which  is  obviously  satisfied. 

Case  VI 

I^J.  +  l,  7a=  J2+l,  73  =  ./3;  *  J,+J2  =  ,/8-l 

leads  to  «/•  >  , 

(7  +  T 

which  is  clearly  satisfied. 

lxm 1,  72  =  J2,  /,  =  J,  +  1 ;    /,  +  72  =  /„  Ji  +  J2  =  J, 

leads  to  «/2  ^  — ; —  , 

<t  +  t 

which  is  right. 

Case  VIII 

IX  =  JU  I2  =  J2+l,  I3  =  JS+1;    /i  +  /,-/„  ./,  +  Ja  =  J, 

leads  to  «/,  ^  — —  , 

o-  +  T 

which  is  satisfied. 

Case  IX 

lxmjx  +  lt  +     /,  =  ./,+ 1;    /,  +  /,  =  /„  ./,  + /2  =  Js-1 

leads  to  a  relation  of  equality  between  the  two  sides. 

Ccwe  X 

/,  =  ./,  +  !,  It  =  J*+l,  /,  =  «/,  + 1;  /,+/.-/,+ 1,  Si  +  /.-S« 
leads  to  o-  +  t  >  0, 

which  is  correct 

Hence  the  inequality  is  in  every  case  satisfied. 

398.    This  proves  that  the  form 

XiXlX* ...  X\z\ (XtXl+l ...  XJiEUXth  -  *fi«  t*«f  * 
is  finite  and  integral  and  also  a  fundamental  form. 

This  form  plays  an  important  role  in  a  later  section  of  this  work. 
It  may  be  regarded  as  a  First  Standard  Form. 
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The  fundamental  forms,  that  have  emerged  so  far,  not  included  in  the 
standard  are 

x,x2xtx4x6, 

X\  X2     :s  Z4  X 5  Xg  X- , 

X\  X%  X%  X\  X  \  X  g  Xy , 

XY  Y2  Y2  Y2  Y2  Y  Y 

x.xixixixixix^Xs, 

and  it  may  be  desired  to  obtain  information  concerning  them. 

In  the  standard  form  if  otp  =  <xp+1  no  exponent  ap+q  is  greater  than  ap.  We 
may  therefore  eliminate  the  standard  forms  from  consideration  by  imposing 
other  Diophantine  relations  such  as 

«p  =  ap+l  <  <*p+2 

upon  the  conditions  to  which  the  exponents  are  subject. 

In  this  way  there  is  no  doubt  that  other  Standard  Forms  can  be  obtained, 
but  for  the  purpose  of  this  work  it  is  not  necessary  to  carry  the  investigation 
any  further. 


CHAPTER  VI 


ON  THE  ALGEBRAIC  FORMS  OF  INTEGERS 


399.  We  may  apply  the  method  of  the  preceding  chapter  to  another 
question  which  is  not  directly  connected  with  the  subject  of  partitions.  In 
the  binomial  and  multinomial  expansions,  the  exponent  being  a  positive 
integer,  every  coefficient  is  an  integer.  This  fact  depends  analytically  upon 
the  circumstance  that  the  product  of  any  m  consecutive  integers  is  divisible 
by  factorial  m  ;  we  have 

n+ln  +  2     n  +  m 

~T~'~T~  "  -~m~ 
an  integer  for  all  values  of  n. 

The  present  question  is  the  determination  of  all  values  of  %,  a,,  ...  om  for 
which  the  expression 

is  an  integer  for  all  values  of  n.  In  particular  the  discovery  of  the  finite 
number  of  fundamental  products  of  this  nature,  for  a  given  value  of  in,  from 
which  all  the  forms  may  be  generated  by  multiplication ;  and  the  complete 
syzygetic  theory. 

We  write  the  expression  in  the  notation 

and  observe  that  it  is  derived  from  the  product 

discussed  in  the  previous  chapter  by  putting  x  eqyal  to  unity.  All  the 
algebraic  products  which  are  finite  and  integral  give  rise  in  this  manner  to 
arithmetical  products  which  are  integers.  This  however  is  as  much  as  can 
be  said,  for  beyond  this  the  two  theories  proceed  upon  widely  divergent  lines. 
As  might  be  expected,  the  arithmetical  products  form  a  more  extended 
system  than  the  algebraical. 
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400.  To  commence  with  the  Order  Two  or 

the  product  is  an  integer  when  n  is  even,  but  when  n  is  uneven  we  must 
have 

Hence  2  ft* >  #>  =  O  1  

>(i-x^1)(i-^2) 

=  1  

(1-  #0(1  -N^)' 
shewing  the  trivial  result  that  #i  and  NjNa  are  fundamental  forms. 

401.  For  the  Order  Three,  where 

(n  +  1\ 


— j  (-rJ  (~jt) 


we  have  to  consider  the  divisibility  of  the  numerator  numbers  by  powers  of 
2  and  3,  and  since  if  n  be  uneven  one  of  the  numbers  n  4-1,  n  +  S  must  be 
divisible  by  4  it  is  necessary  to  investigate  the  conditions  according  as  n  is 
of  the  forms  4m  +  1,  4m  +  3,  3tn  +  1,  3m  4  2,  the  forms  4m,  4m  +  2,  3m 
yielding  no  conditions. 

When  n  is  of  the  form  condition  is  auxiliary 

4m  +  1  «!  4  2a,  ^  or2  \j 

4m  4  3  2oj  4  a3  ^  a2 

3m  4  1  a2  ^  a3  X2 

3m  4  2  «!  >  a,  X, 

It  will  be  noted  that  these  inequalities  are  not  independent  since  addition 
of  the  first  and  fourth  produces  the  second.  We  therefore  omit  the  second 
as  superfluous  and  assign  auxiliaries  \lt  \2,}^  as  shewn.   We  have  therefore 

1 


><i-M(i-^)(i-^,) 

Eliminating  \2  this  is 

n  1  , 

>  (1  -  x1a3#o  (i  -  £  JV.)  (i  -  £ 

and  eliminating  \g 

n  -2  , 

>  (1  -  X,#0  ( 1  - 1       (1  -  W#2#3) 
and  this  by  a  formula  on  a  previous  page  is 

1  -  NININ3  -  -  N\N\Nl  +  N\N\N\  4  N\N\N\ 

(1  -  #0 (1  -  #i#2)  (1  -  N1N2N3)  (1  -  N,N\NZ)  (1  -  ' 
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establishing  the  new  fundamental  products 

N^N,,    iV.JVfAT,,  NtN'N,, 

connected  by  syzygies  as  shewn  by  the  numerator  terms. 

We  observe  one  form  N^N^N*  which  is  not  derivable  from  the  algebraic 
theory  of  the  previous  chapter. 

402.  The  forms  are  exponentially  symmetrical.  On  proceeding  to  the 
Fourth  Order  unsymmetrical  forms  appear  for  the  first  time.  A  few  experi- 
ments shew  that  the  unsymmetrical  forms  are  of  the  form 

so  that  we  may  divide  the  investigation  into  two  cases. 
Case  I.    The  form  N?N?N?N?. 
Case  II.    The  form  N?N?N?. 

The  conditions  for  the  general  form  N^NpNpNp,  obtained  by  discussing 
n  in  the  forms  4m  +  1,  4m  +  2,  4m  +  3,  3m  +  1,  3m  +  2,  are 

a,  +  2a3  ^  a,  4-  2a4, 

a2  ^  a4, 
2a,  +  as  ^  02  +  2a4, 

o2  ^  a»>  • 
a,  +  a4  ^  a,. 

For  Case  I  these  become 

a2  >  a,, 
2a,  ^  a2> 
1 


leading  to  11- 


-o  !  .  

>  (i  -  Xgjr.iftifgjri)  (1  -  r#*^) 

 i  

=  (1  -  N^N.NJ  (1  -  NiNlNlNJ » 

and  we  have  merely  the  fundamental  forms  derivable  from  the  algebraic 
theory. 

For  Case  II  the  conditions  become 

a,  ^  a,  +  2a4, 
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leading  to 


1 


><1-^Ar-)(1-^^)(1-x?^) 

 1  

~  (1  -  JVX)  (I  -  NXN3)  (1  -  N\NSN4) ' 
establishing  the  new  fundamental  form 

Forms  of  this  species  occur  in  the  case  of  every  even  order  but  never 
present  themselves  for  an  uneven  order. 
The  general  form  is 

iVf1  N^N^N^6 ...  N^». 

403.  For  the  case  of  the  Order  Five  there  is  a  very  complicated  system 
of  fundamental  forms.  They  appear  to  be,  by  an  investigation  which  is  too 
long  to  reproduce  here,  thirteen  in  number,  viz. 

NxN\N%NlN6, 
N1N\NIN\N5> 

four  which  are  derivable  from  the  previous  algebraic  theory ; 

N\N\NIN\NI, 

two  which  are  symmetrical  but  do  not  appertain  to  the  algebraic  theory ; 

NXN\N\NAN6> 
NxN\NlN\h\, 
NXX\NINAN6, 

and  seven  which  are  unsymmetrical. 

It  will  be  useful  to  verify  these  forms  a  posteriori. 
With  the  first  four  we  need  not  deal. 

As  regards  the  next  two  which  are  symmetrical  we  note  that  the  conditions 
that  N^N^N^N^N^  may  be  an  integer,  obtainable  by  discussing  n  in  the 
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forms  4m  +  1,  4m  4-  2,  4m  +  3,  3m  +  1,  3m  +  2,  5m  +  1,  5m  +  2,  5m  -f  3,  5m  +  4 
are 

a,  +  2a,  +  a„  ^  etj  +  2o4, 
cr2  ^  a4, 
2a,  +  a,  +  2o8  ^  a2  +  2a,, 
a,  +  ar„  >  a„ 
o,  +  a4^a,, 

a,  >  cs, 
a,  ^  cr5, 

that  corresponding  to  5m  +  3  being  implied  by  the  remainder. 

Putting  herein  a,  =  a, ,  o4  =  o2  and  further  a,  =  a,  +  a2  in  order  to  find  the 
form  N^N^NlNtN'i  and  to  exclude  some  of  the  others,  we  find 
4a,  ^  a2 ,    5a,  ^  2a2 ,    a2  ^  a, 

for  the  form 

(A,  Ar5)-  (NtN4y*N?++  =  (JUT,*',)*  (NaN,Nj-, 
and  we  are  led  to 

?(i-x^w.)(i->  w,)  ■ 

=  n  !  .  

>  (i-^\£MV^4#i)(i  -  i  i\r,#siv<) 

=  n  2  

>  (i  -  wMNiNtNt)  (i  -  Ajr.^jr^y.) 

"  (1  -  NMNl'NMXl  -  iVrfiV|A'5A'tiVrI) ' 
establishing  the  form  i^^^i^. 

If  we  take  the  special  condition  or,  =  a,  instead  of  cr3  =  a,  +  a,  the  conditions 
become 

401,^30,,  Oj^a,, 

and  we  are  led  to 

n  1 


>(l-*W.)(l-§**) 


=  n 


 l  

"  (1  -  N^KN.NJil  -  N\N\N\N\N\) ' 
establishing  the  form  JVJJVJA^JA'J. 
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For  the  unsymmetrical  forms,  it  will  be  observed  that  as  regards  the  first 
five  of  them  a6  =  a1,  a2>a4;  and  in  the  last  two  >  or6,  a2  =  a4.  Making 
use  of  these  special  conditions  the  forms  are  readily  established. 

For  the  Order  Six  we  will  examine  the  form 

_  fn  +  ly     +  2y     +  4y<     +  6y> 

The  conditions  are  easily  seen  to  be 

a1^a2  +  2a4  +  a6, 
a2  +  a6^a4, 

a2>oi6, 
«i  +  a4  ^  a6, 

n  being  of  the  forms  4m  +  1,  4m  +  2,  3m  +  1,  3m  +  2  respectively. 
Obviously  the  fourth  condition  is  superfluous. 
We  find 

n-  1 


-n  1  

>  (i  -  Nt)  (i  -  xax,jV1JV*9)  ( i  -  r        ( 1  -  ^2  N*N*) 


=  n 


>  (l  -  N>)  (l  -  (i  :^4j  (i  -  ^iN\N2N6 


establishing  the  fundamental  forms 

N\N2N4NG, 
N«N2NtN6. 

Similarly  for  the  Order  Eight  it  is  easy  to  find  the  fundamental  forms 
NlNtWtN^,    N\N2N4NINS,  N*NIN4NS, 
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THE  THEORY  OF  MAGIC  SQUARES 

404.  The  method  of  Partition  Analysis  is  applicable  to  all  arrangements 
of  integers  which  are  defined  by  homogeneous  linear  Diophantine  Equalities 
or  Inequalities;  and  when  the  properties  which  result  from  the  definition 
persist  after  addition  of  corresponding  numbers  a  syzygetic  theory  results. 
Many  instances  of  configurations  of  integers  in  piano  or  in  solido  will  occur  to 
the  mind  as  having  been  subjects  of  contemplation  by  mathematicians  and 
others  from  the  earliest  times.  Amongst  these  are  those  of  the  nature  of  the' 
magic  square.  The  properties  of  such  squares  are  usually  stated  in  terms  of 
the  sums  of  the  numbers  which  appear  in  the  rows,  columns  and  diagonals. 

In  an  ordinary  magic  square  of  order  n,  the  square  is  divided  up  into  n* 
compartments ;  the  n*  compartment  numbers  are  all  different,  being  usually 
the  first  w1  natural  numbers,  and  the  arrangement  is  such  that  every  row, 
every  column  and  each  diagonal  contain  numbers  which  have  the  same  sum. 

As  distinct  from  an  ordinary  magic  square  a  "  general  magic  square  "  is 
defined  to  consist  of  ?iJ  integers  arranged  in  the  compartments  in  such  wise 
that  the  numbers  in  the  rows,  columns  and  diagonals  add  to  the  same 
number,  zeros  and  repetitions  of  the  same  number  being  permissible  among 
the  integers. 

We  may  regard  general  magic  squares  of  the  same  order  n  as  numerical 
magnitudes  To  add  two  such  magnitudes  we  add  together  the  numbers  in 
corresponding  positions  or  compartments  to  form  a  new  magnitude  which 
obviously  is  also  a  "  general  magic  square."  We  can  form  a  linear  function  of 
such  magnitudes,  of  the  same  order,  the  coefficients  being  positive  integers, 
and  it  also  will  be  a  general  magic  square.  An  ordinary  magic  square  is  a 
particular  case  of  a  general  magic  square,  but  the  particular  property  of  an 
ordinary  magic  square  that  it  must  involve  different  integers  in  the  com- 
partments prevents  the  formation  of  new  squares  by  addition,  so  that  within 
the  group  of  such  squares  there  is  no  syzygetic  theory. 
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405.  We  proceed  to  investigate  the  syzygetic  theory  of  general  magic 
squares  of  the  Third  Order.  Such  squares  do  not  exist  in  the  case  of  the 
Second  Order  except  in  the  trivial  case 

a  a 
a  a 

but  there  are  squares  in  which  the  row  and  column  but  not  the  diagonal 
properties  are  in  evidence. 

For  let  such  a  square  be 

o,  a2 

This  must  clearly  have  the  form 

a2  a, 

where  if  a5  be  some  integer 

Oj  +  a2  =  a5, 

and  we  find 

Xx^xpa^*  =  12  z — -  , 

=  (l-\x1)(l-Xx2)^l--x5j 

wherein  we  recall  that  the  symbol  Q  denotes  that  in  the  ascending  expansion 

of  the  function  to  which  it  is  prefixed  we  are  to  retain  only  those  terms  which 
are  free  from  the  auxiliary  \. 

The  expression  clearly  has  the  value 

 1  

(1  (1  -CC2X5)' 

the  denominator  factors  denoting  the  fundamental  solutions 


«1 

«2 

«5 

1 

0 

1 

0 

1 

1 

Thus  we  have  the  fundamental  squares 

10       0  1 
0    1  10 
and  the  most  general  square  of  the  type 

110       10    1     I  a,  a, 
ai  |  0    l4"*2  I  1    0=|  a2  * 

a  trivial  result. 
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n 


406.    Passing  to  the  third  order  let  the  square,  be 
a,    a,  a3 
ff*    a5  at 

a7    a«  a„ 

and  let  the  number  associated  alike  with  the  sum  of  each  row,  each  column 
and  each  diagonal  be  cr,0 ;  we  then  have  the  eight  equalities 

«1  +  «2  +  «8  =  «4  +  «6  +  ««  =  <*7  +  <**  +  «»  =  «10, 

o,  +  a4  +  oh  =  a2  +  «5  +  «8  =  «» +  a«  +  ««  =  a„, 
a,  +  Ob  +  a9  =  a3  +  as  +  a7  =  o10. 
We  require  the  sum 

^.xf,xpxpx%*x%sx%*xfixpx%*x^t 
for  all  sets  of  integers  satisfying  the  equalities. 
Associate  with  the  equalities  the  auxiliaries 

\  X.  X, 
\  x, 

respectively,  each  equality  having  o,0  on  the  dexter,  so  that      is  associated 
with  a4  +  a8  +  a,  =  a,0. 
The  sum  is 

1 


(l-X1X4X7a?,)(l-X1X8ff:0(l-X1XBX,,tf:,)(l -K\-rt)(l  -X,\,XrX,art) 

|(i -*,x.*.)(i  -x.xa^xi  -x3xs*8)(i  -  x^x, *)  (  i  -  x,.) 

Eliminating  X,,  X,,  X„  X4,  X,,  \  in  any  convenient  order,  this  is  found  to 
have  the  expression 

1(1  -  Xfo xtx9x10)  ( 1  ~  ^  a^x^x^  ^  1  -  j-  %4i4M%fc^| 
(1  -  X|x3ar3a:7a:10)  ^  1  -  —  a^x4^10J  | 


(1  -  X^,ic5a:9a:10)  ^1  -  ^awr7a-10^  ^1  -  ^a^ar4j:sxI0^| 
^  1  -  i  x^XtXtX^  ( 1  -  ^2  ff,*2#4#«*8*»4>)  J 

i-i  X^fXtXn  (1  —  X^XsX^XtXjX^XtXlo) 
 X,  


(1  -  Xl^a;,^,^)  (l  -  j-  «*<Mfe]  ( 1  -  £«WWM%>) 
(1  -  ^x&XjXu)  (l  -^XiX,XtXi?J  ^1  -  a^a^a:.^*,*?©) 


and  we  may  pause  to  draw  some  deductions. 
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407.  If  the  general  magic  squares  we  are  considering  are  deprived  of  the 
properties  of  the  two  diagonals  we  have  merely  now  to  put  \  =  X,8  =  1. 

The  real  generating  function  then  reduces  to 

(  (1  —  X^^X^)  (1  —  X^qXsXw)  (1  —  XqX^X^)  ) 
1,(1      ^^e^^io)  (1      ^^i^s^io)  (1      Kz&b&i&ys)  \ 

indicating  the  fundamental  products 

X2XqXjXiq  X^X^XftXiQ  X^XtjXjX^Q 

connected  by  the  simple  syzygy 
corresponding  to  the  fundamental  squares 


^2  ^6  &h  ^10 

^  0  0 

0  10 

0    0  1 

0    1  0 

0    0  1 

10  0 

0    0  1 

1    0  0 

0    1  0 

XiXeXsX10 

10  0 

0  10 

0    0  ] 

0    0  1 

1    0  0 

0  10 

0  10 

0    0  1 

10  0 

(the  exponent  of  x10  being  unity  shewing  that  the  number  associated  with 
the  rows  and  columns  is  unity) 

connected  by  the  simple  syzygy 


1 

0 

0 

0 

1 

0 

0 

0 

1 

0 

1 

0 

+ 

0 

0 

1 

+ 

1 

0 

0 

0 

0 

1 

1 

0 

0 

0 

1 

0 

i 

0 

0 

0 

1 

0 

0 

0 

1 

0 

0 

1 

+ 

1 

0 

0 

+ 

0 

1 

0 

0 

1 

0 

0 

0 

1 

1 

0 

0 

each  side  being  equal  to 

111 

1    1  1 

This  is  the  complete  syzygetic  theory  of  these  squares. 
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+  n 


To  obtain  the  enumerating  generating  function  we  put 

x1  =  j'1  =  x3  =  xi  =  xi  =  xs  =  x7  =  xt  =  a;9  =  x  and  xl0  =  y, 

when  we  find  =■  ^.K.. 

In  this  the  coefficient  of  x^y"  represents  the  number  of  squares  such  that 
in  each  column  and  in  each  row  the  sum  of  the  numbers  is  n.    It  has  the 

408.    Resuming  the  discussion  of  Art.  406  we  eliminate  \  and  find 
^  1  -4~    i  ^"-j    3*4  ii*5  £T 7  it*g  J'9  jt."]  „ 

=  [(1     xi.c^x^xsx^x9x\0)  XiX^x^j^x^x^x^q)^ 

I     ( 1  -  XfoflfrflVfn)  ( 1  ~  ^  aw^io)  | 

i-  x^x^x^x^  (1  x^x\x^x\x\x\x^x\x^x\^) 
 Jj  

(1  —  XiX^X^XfrX^XyX^o)  (1      XlX^XbX^X^XyX\0)  I 
(1  -  y^X^X^X^)  (l-^X^X^o^  (l  -  i  XiX%XAXtXtX9xlM 

and  the  reader  should  observe  that  the  second  fraction  of  Art.  406  has  the  value 
zero  and  contributes  nothing  to  this  result.  But  if  we  wish  to  discuss  the 
squares  which  have  the  principal  diagonal  property  but  not  that  associated 
with  the  secondary. diagonal,  we  do  not  omit  the  second  fraction  referred  to 
but  add  it  to  the  two  just  obtained  and  then  put  \,=  1.  We  then  get  on 
simplification 

 1  —  x^xtxjxif^xjxixlx^o  V, 

((1  -  a^a^,)  (1  -  x^x^x^)  (1  -  ' 
1(1-  x^x^x^x^)  (1  ~  x^xlxtxlx^xlo)  j 
establishing  the  five  fundamental  products 

X^XaXio,     XtXiXtXn,  XiXiXjXw, 

xlx^xix^x:x9x\Q,  xxx\x\xtx\xtx\Q, 
connected  by  the  simple  syzygy 

{x^tX^Y  (x^x^of  {x^XjX^y  =  (x^xlx^xlx^^o)  (x^xlxtxlx^xlo), 
corresponding  to  the  fundamental  squares 

1    0    0  0    1    0  0    0  1 

0    0    1  1    0    0  0    1  0 

0    1    0  0    0    1  1    0  0 

12    0  10  2 

0    12  2  10 

2    0    1  0    2  1 
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connected  by  the  simple  syzygy 


0 

1  +  2 
0 

1  2 
0  1 

2  0 


0 

0  +  2 
1 

1  0 

2  1 
0  2 


squares,  all  of  them,  such  that  the  principal  diagonal  is  associated  with  the 
same  number  as  the  rows  and  columns. 

Similarly  if  it  is  the  secondary  diagonal  that  is  to  be  associated  with 
the  rows  and  columns  we  arrive  at  the  real  generating  function 

•(1  —  #i#s#9#10)  (1  —  X2X6X7XW)  (1  —  X3X4X8X10))  ' 

(1  —  xl.XsXsxlx^lx3^)  (I  —  xlxsxlx5x7xlx\0)  ) 

from  which  the  fundamental  squares  and  the  syzygy  connecting  them  can  be 
written  down. 

In  both  cases  of  the  one  diagonal  theory  the  enumerating  function  is 
1  —  x^y6 

(l-^ni-^r 

in  which  the  coefficient  of  «?nyn  must  be  sought  in  order  to  enumerate  the 
squares  such  that  each  row,  each  column  and  one  selected  diagonal  are  to  be 
associated  with  the  number  n. 

409.  Resuming  the  discussion  we  finally  eliminate  \8  and  arrive  at  the 
real  generating  function 

(1  —  x^x^xIoc^XqxI^)  (1  —  XixlxlxBxlx9x\0)  (1  —  x\ a;3a;5a^ar7^|^0)|  ' 

indicating  the  fundamental  products 

connected  by  the  first  syzygies 
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and  writing  these 

AB=CD  =  E\ 
we  have  the  second  order  syzygy 

E'(AB  -  E*)  +  AB(CD  -  B*)  =  0, 
corresponding  to  the  fundamental  squares 
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2  0 

0  J 

1  2 

1 
1 
1 


2 

0 

1 

0 

2 

1 

0 

1 

2  + 

2 

1 

0 

1 

2 

0 

1 

0 

2 

in  which  both  diagonals  share  in  the  property  of  the  rows  and  columns. 
The  first  syzygies  connecting  them  may  be  written 

1  2    0        1    0    2  111 
012+210=2  111= 

2  0    1        0    2    1  111 
The  enumerating  function  is 

(1  -  at*y*y 

in  which  the  coefficient  of  a*ny»  must  be  sought. 

Moreover  »  must  be  of  the  form  3m  so  that  we  have  to  seek  the  coefficient 
of  #sm?/m  in 

and  this  is  in  fact  m2  +  (m  +  If. 

The  ordinary  magic  squares,  the  component  integers  being  1,  2,  3,  4,  5,  6, 
7,  8,  9,  are  eight  in  number.  Calling  the  fundamental  squares  as  written 
above 


these  are 


A  +3C+E  = 


A+3D  +  E* 


BCD 
E 


9,  34+C  +  #  = 
2 


9  4 
5 
1 


3,   SA+D  +  E-l  3 


7 

5 
3 

9 
5 

8  1 
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B  +  SC  +  E  = 


B  +  SD  +  E  = 


3B  +  C  +  E* 


1,    3B  +  D  +  E  = 


There  is  no  theoretical  difficulty  in  dealing  with  the  squares  of  higher 
orders,  but  even  in  the  case  n  =  4  there  is  practical  difficulty  in  handling  the 
H  generating  function. 

410.  Apart  from  the  syzygetic  theory  the  enumeration  of  general  magic 
squares  of  given  order  and  given  number  associated  with  the  rows,  columns 
and  diagonals  may  be  viewed  in  the  following  manner. 

If  we  are  not  concerned  with  diagonal  properties  the  squares  have  already 
been  enumerated  in  Section  V. 

If  hm  denotes  the  sum  of  the  homogeneous  products  of  degree  m  of  the 
n  magnitudes 

«i,  «2>---«n, 

and  hm  be  raised  to  the  power  n  and  be  developed  so  as  to  be  a  linear  function 
of  monomial  symmetric  functions,  the  coefficient  of 


is  the  number  of  squares  of  order  n  which  have  the  property  that  the  sum  of 
the  numbers  in  each  row  and  in  each  column  is  m.  (See  Section  V,  Art.  199.) 
Thus  if  m  =  3,  n  =  2, 

h*  =  (a?  +  al  +  afa2  +  axaff  =  ...  +  ba\a\  + 

the  coefficient  4  enumerating  the  four  squares 


3  0 
0  3 


0  3 
3  0 


2  1 
1  2 


1  2 

2  1 


411.    To  introduce  the  diagonal  properties,  let  hm>g  denote  hm  when  in  it 
as,  on_s+1  are  replaced  by  \as,  fi<xn_s+1  respectively. 
Form  the  product 

and  it  will  be  found  that  the  coefficient  herein,  after  development,  of 
\mfj,ma^af  ...  a?, 

is  the  number  of  general  magic  squares  of  order  n,  associated  with  the 
number  m 
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To  see  how  this  arises  take  n  =  4,  m  =  1  and  form  a  product 

(Xai  +      +   a,  +  fia4) 
x  (  a,  +  Xa,  +  fia,  +  at) 
x  (  oti  +  /itfs  +  Xa,  +  ««) 
x  (/ia,  +  a2  +   «s  + 
When  we  multiply  out  in  order  to  obtain  the  term  involving 
Xfia,  a2a3a4, 

we  must  take  one  portion  of  the  term  from  each  of  the  four  factors  and 
regarding  the  elements  of  the  four  factors  as  corresponding  to  the  compart- 
ments of  a  square  of  order  4,  this  means  that  in  picking  out  the  product 
XfjLa^oOt^  we  take  an  element  from  each  row  of  the  square.  Again  since 
ai>  a2>  ai>  «4  only  occur  in  the  first,  second,  third  and  fourth  columns  of  the 
square  respectively  we  must  also  take  an  element  from  each  column  of  the 
square.  Finally  in  order  to  obtain  Xji  we  must  choose  elements  from  each 
diagonal  of  the  square. 

Ex.  gr.  If  we  were  to  select  in  the  multiplication  a,,  f*a3,  au  Xa4  from  the 
first,  second,  third  and  fourth  factors  respectively,  the  selection  would  corre- 
spond to  the  square 

0  10  0 
0  0  10 
10  0  0 
0    0    0  1 

412.    Again  take  n  =  4,  m  =  2.    We  form  the  product 

{X'a?  +  X/*a,a4  +  jx*a\  +  (Xa,  +  ^a4)  (a,,  +  a,)  +  a|  +  a,a,  +  a\} 
x  {X2al  +  X/iOja,  +  /ra|  +  (Xa2  +  /*«,)  (a,  +  a4)  +  af  +  a,a4  +  aj} 
x  (Vaf  +  \fia2a3  +  ptag  +  (Xa,  +  pa*)  (a,  +  a<)  +  a*  +  a,a«  -I-  of} 
x  {X«aJ  +  Xfia,  a4  +  (Soil  +  (Xa4  +  ^a,)  (Oj  +  a,)  +  a|  +  OsO,  +  a*}. 
In  forming  the  term  which  involves  the  product 
xyafai-a^, 

we  regard  the  successive  factors  as  corresponding  to  the  successive  rows  of 
the  square  ;  the  sujfix  of  the  a  as  denoting  the  column,  and  X,  p  as  corre- 
sponding to  the  diagonals.  The  exponent  of  the  a  represents  the  number 
which  is  to  be  entered  in  the  compartment  of  the  square,  this  compartment 
being  specified  by  the  suffix  of  the  a  and  the  factor  in  which  the  a  occurs. 

Thus  if  in  performing  the  multiplication  we  select  the  terms 

X2ot,  /Afi^a*,  a,a,, 
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from  the  four  factors  respectively,  we  have  the  corresponding  square 
2    0    0  0 
0    0  11 
0    10  1 
0  110 

In  whatever  manner  we  select  the  factor  elements  we  have  in  corre- 
spondence a  general  magic  square. 

These  examples  suffice  to  establish  that  the  number  which  enumerates 
the  magic  squares  is  identical  with  the  coefficient  of 

VVfooia  ...  <r, 
which  arises  from  the  product 

hm,ihm)2  •••  h"m,ri' 

If  we  wish  to  make  any  restriction  in  regard  to  the  numbers  that  appear 
in  the  sth  row  of  the  square  we  have  merely  to  strike  out  certain  terms  from 
the  function 

For  example  if  no  number  is  to  exceed  t  we  have  merely  to  strike  out  all 
terms  which  involve  exponents  which  exceed  t. 

If  the  5th  row  is  to  involve  numbers  which  collectively  are  included  in 
certain  specified  partitions  of  m  we  merely  strike  out  from  hm>g  all  terms 
whose  exponents  do  not  collectively  correspond  to  one  of  such  partitions. 

If  the  sth  column  of  the  square  is  not  to  include  the  number  t  we  must  in 
each  factor  strike  out  every  term  which  involves  a*.  In  fact  each  and  all  of 
the  7i2  numbers  in  the  square  can  be  restricted  in  any  desired  manner. 

If  ordinary  magic  squares  are  under  consideration  we  must  from  hm>g  (for 
all  values  of  s),  m  having  now  a  fixed  value  in  relation  to  n,  strike  out  all 
terms  which  involve  a  repetition  of  exponent.  Also  in  picking  out  the  n 
elements  which  form  \m  fim  a™  cd?  ...a™  we  must  take  care  that  og  (for  all  values 
of  s)  never  appears  twice  with  the  same  exponent.  In  both  cases  zero  counts 
as  an  exponent.  Also  neither  \  nor  /j,  in  the  elements  must  occur  twice  with 
the  same  exponent,  zero  being  counted  as  an  exponent. 

413.  To  resume  the  general  subject  we  will  now  consider  the  enumeration 
of  the  squares  which  are  such  that  the  sum  of  the  numbers  in  each  row  and 
in  each  column  is  unity,  the  sums  of  the  numbers  in  the  \  and  /x  diagonals 
being  any  given  numbers. 

Observe  first  that  if  the  numbers  occurring  in  the  diagonals  are  immaterial 
the  number  of  the  squares  is  n  !  because 

hn  —  ...  +  nl  OjCfaOj ...  an. 


CH.  VII]  CONNECTED  WITH  UNITY 

Consider  an  even  order  2n  and  form  the  product 

(Xo,  4  a,  +  a,  +  ...  4-  <tm-.,  +   a>„_,  4- 
x  (  a,  +  \ou  +  a3  4-  ...  +  a2„_2  4  fia.^  4-  o^) 
x  (  a,  4  Oe  +  \a,  +  ...+  /402„-2  +  a^,,,  4-  a,,,) 


x  (  a,  +  a2  +  ficu,  +  ...  +  \ajn_2  4-  a^.,  4-  o«,) 
x(o1+/iflt2+  «,  +  ...+  otan-o  4-  Xa»-i  4-  a*,) 
x  (fia,  +  a2  +  a,  4-  ...  +  ae»-j  +         +  X«2n). 
When  the  multiplication  has  been  performed  we  require  the  complete 
coefficient  of 

a,  clo,  . . .  om_2a^,^_iain. 
Writing  %a  =  h,  the  tth  factor  of  the  product  is 

h  +  (\  -  1)  at  +  (/A  -  1 )  Oan-t+i , 

and  since  we  only  require  the  quantities  a  with  unit  exponents  the  product 
of  the  complementary  factors 

h  +  (\-  1)  at  +  (n  -  1)  0™.,+,, 

h  +  (\-l)am_t+1  +  (ft-l)at, 
the  second  of  these  being  the  (2n  - 1  4-  l)th  factor  of  the  product,  is  effectively 

/i2  +  (X  +  fi  -  2)  (at  +  am_t+1)  h+  {(\  -  If  4-  (fi  -  If]  «tam-t+>, 
and  the  complete  product  may  now  be  written 

II  [h*  +  (\  4-  fi  -  2)  (at  +  0^+,)  h  +  \(\-lY+(ti- If]  +<k+4*& 
t=i 

Consider  these  n  factors  of  degree  2.  Each  one  of  them  involves  explicitly 
two  of  the  quantities  a,  say  at  and  am_t+1,  neither  of  which  occurs  explicitly  in 
any  of  the  other  n—  1  factors.  In  the  product  of  the  n  factors  therefore  each 
of  the  quantities  a  occurs  explicitly  to  the  power  unity.  Hence  if  we  write 
the  product  in  the  form 

hm  +  Aih™-1  +  A^h™-*  +  ...  +Ami 
Am  is  a  linear  function  of  products  of  the  quantities  a,  each  of  which  contains 
m  different  quantities  a,  each  with  the  exponent  unity. 

In  particular  the  reader  will  readily  observe  that 
4,  =  (\  4-  fi  -  2)  ta, 

AM  =  {(\  -  l)a  4"  (/i  -  1  )'}n  «!«,..•  Om-i^n- 

Now  hm=  ...  +m\%ala*  ...  om_1aw4- 

as  is  evident  by  operating  with  the  differential  operator  Z),  of  Section  I 

m  times  successively. 
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This  is  the  only  portion  of  the  development  of  hm  in  which  the  exponents 
of  the  a's  do  not  rise  above  unity.    Hence  for  the  present  purpose 

hm  =  ml  Soti02 . . .  aw-i«m  effectively. 

The  co-factor  of  hm  in  the  product  is  Am_m  which  is  a  sum  of  products  of 
the  quantities  a,  each  of  which  contains  2n  —  m  different  quantities  a  (each 
with  exponent  unity)  and  has  a  certain  function  of  A.  and  fi  as  a  coefficient. 
Each  of  the  a  products  which  occurs  in  -A2w-m  can  be  multiplied  into  one  of 
the  members  of  the  sum 

to  form  the  product  ...  o^-iOsm  because  for  this  purpose  we  associate  an  a 
product  occurring  in  A2n^m  with  that  member  of  XotiO^  •••  am— iam  which  does 
not  contain  any  a  which  occurs  in  the  a  product.  That  particular  a  product 
will  not  be  multiplied  into  any  other  member  of  S«i«2 ...  ofm-i^m  because  that 
would  produce  an  a  with  an  exponent  2. 

The  result  of  the  multiplication 

A2n-mhm 

is  to  produce  as  many  effective  terms  as  4M  contains  a  products. 
414.    We  may  therefore,  to  obtain  the  desired  coefficient,  put  in 

A  2n—m  hm 

each  quantity  a,  that  occurs  explicitly  in  Azn-m,  equal  to  unity  and  hm  equal 
to  m  !.    Hence  therefore  in 

Am  +  Alhm~i  +  A2hm-*  + ...  +  Am, 
we  may  put  each  a,  occurring  explicitly  in  the  quantities  A,  equal  to  unity 
and  hm  =  m  !  where  m  ranges  from  2n  to  unity. 

It  is  thus  established  that  in  the  product 

n*  [h*  +  (\  +  fx  -  2)  (a,  +  Om-t+i)  h  +  {(\-lf  +  (p- If]  atam_t+,l 

we  may  put  each  explicitly  occurring  a  equal  to  unity  and  regard  h  as  a 
symbol  such  that  on  completing  the  multiplication  any  power  of  h,  say  hm, 
is  to  denote  m  !. 

Thus  the  desired  coefficient  is  expressed  by 

{h*  +  2(\  +  n-2)h  +  (\-lY+(fi-iy}n, 
or  by  {h*  -  4A  +  2  +  2  (X  +  fi)  (h  -  1)  +  X>  +  ^» 

where,  after  development,  hm  is  to  be  put  equal  torn!. 

The  coefficient  is  by  this  means  represented  symbolically  as  an  nth. 
power. 
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415.  Putting  AJ  —  4A  +  2  =  r}2,  h  -  1  =  r)1  it  is  more  conveniently  written 

{Vs+2(\  +  fi)  %  +  Xs  4-  fi7\n. 
For  an  even  order  2n  the  coefficient  herein  of 
\lfim 

enumerates  the  squares  which  have  one  unit  in  each  row  and  in  each  column, 
I  units  in  the  X  diagonal  and  m  units  in  the  /j.  diagonal. 

For  an  uneven  order  2n+l,  the  (n  +  l)th  factor  corresponding  to  the 
(n  +  l)th  row  of  the  square  is 

A+(X/a-  l)a„+1> 
and  thus  the  product  of  the  2n  +  1  factors  may  be  written 

t=n 

II  [h*  +  (\  +  p-  2)(at  +  h  +  {(X  -  1)'  +  (fj,  -  1)'}  tkOmr+d 

X  {/l  +  (X/i-l)  <*„+,}, 

and  now  the  coefficient  of  flifl2  •••  a2n°2n+i  is,  by  the  same  argument,  represented 
by  the  symbolic  form 

{«  +  2(\+f*)Vl  +  X2  +  +  X#), 

the  complete  solution  in  respect  of  the  uneven  order  2n  +  1. 

416.  We  may  test  the  truth  of  these  results  in  two  ways. 

(i)  If  we  put  \=fi=l  the  coefficient  is  (2n)!  for  even  order  and 
(2n  +  1) !  for  uneven  order.  This  is  verified  because  our  symbolic  expressions 
become  in  this  case 

h™  and  A*""*"1  respectively. 

(ii)  If  we  put  X  =  0,  /a  =  1,  the  coefficient  is  equal  to  the  number  of 
permutations  of  a,^  ...  or  of  a,^  ...  ttm+l  such  that  every  quantity  o,  is 
displaced.    Our  symbolic  expressions  become 

(h  —  l)m  and  (h  —  l)*"4"1  respectively, 

equivalent  to 

(&0 !  -  (2")  (*•  -  1)1  +  (^) (2» -  2) ! - .... 

(2„  +  l)!-(2"1+1)(2,l):+(2"2+1)(2n-l)!-.... 

which  agree  with  the  results  of  Section  III,  Chapter  in,  Art.  69. 

417.  To  find  the  number  of  general  magic  squares  corresponding  to  the 
sum  unity  we  require  the  coefficient  of  X/u,  and  this  is  found  to  be 

for  even   order  2n  xQ^""2»?i. 

for  uneven  order  2n  +  1    8  ( "  J  i;?"*^?  + 1??. 
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Those  squares  which  have  only  zeros  in  the  diagonals  are  enumerated  by 
7)"  and  7)2^  according  as  the  order  is  even  or  uneven,  while  those  which 
involve  the  maximum  number  of  units  in  the  diagonals  depend  merely  upon 
the  expressions 

418.  The  calculation  of  products  of  powers  of  t}2  and  %  is  simplified  by 
the  consideration  that  since 

V2  =  h?  —  4>h  +  2,    ir)i  =  h  —  1, 
we  have  Vi  —  v\  —  %Vi  —  1 

and  ViVq2  =  Vi+2vV  ~  %Vpi+1vV  ~  ?lvi~\ 

a  convenient  formula  because  the  numerical  values  of  powers  of  t)1  are  known. 

419.  The  following  table  gives  the  values  of  simple  7)  products: 
*  0 

v\    V2  10 

vl    V1V2  2  0 

Vi    Vbh    vl  9  4  4 

V\    VIV2    ViVl  44        24  16 

v\    ViVt    v\v\    Vl  265       168     116  80 

vl    v\V2    vlvl    ViVl  1854     1280     920  672 

Vl    V\V2    v\v\    vlvl    v\  14833    10860    8132    6176  4752 

Each  column  is  derived  from  the  column  to  its  left. 

Thus  by  the  formula 

Vlvl  =  ViVa-  %viv*  -Vlv2, 
920  =  1280  -  2  x  168  -  24. 
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PARTITIONS  IN  TWO  DIMENSIONS 


CHAPTER  I 

INTRODUCTORY  NOTIONS 

420.  In  this  Section  we  take  up  a  particular  generalization  of  the  Theory 
of  Partitions  which  arises  directly  from  the  improved  definition  of  a  partition 
of  a  unipartite  number  due  to  the  importation  of  an  assigned  order,  viz.  the 
descending  order,  among  the  parts  and  the  consequent  basing  of  the  theory 
upon  that  of  linear  Diophantine  Inequalities. 

The  Definition  regards  the  parts  of  the  partition  as  being  placed  at  points 
of  a  line 

•>•>•>•>•>• 

and  the  symbol  >-  as  regulating  the  magnitudes  of  the  parts  at  any  two 
adjacent  points.  It  is  important  to  realise  that  the  partitions  may  be  regarded 
as  partitions  on  a  line  or  in  one  dimension  of  space.  Moreover  the  enumerating 
generating  function 

(i  +  1)  (i  +  2)  ...(i  +  j) 
U)(2)...<j) 

when  the  number  of  parts  is  limited  by  the  number  \  and  the  part  magnitude 

by  the  number  \ ,  can  also  be  associated  with  either  •  or  j  points  upon  the 
line.    For  example  we  take  t  points  in  a  line 

(J  +  l)  (j  +  2)  JJ+3      0  + 
(1)       (2)       (3)  (i) 
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and  place  the  algebraic  fractions 

+        (j  +  2)     (1+3)  0+i) 
(1)    '      (2)    '      (3)    '  (i) 

at  the  successive  points  from  left  to  right,  and  we  observe  that  the  continued 
product  of  such  fractions  is  in  fact  the  generating  function.  Instead  of  so 
proceeding  we  may  take  j  points  in  a  line  and  again  we  find  the  generating 
function  as  the  product  of  j  algebraic  fractions  each  of  which  is  placed  at  one 
of  the  j  points,  viz. 

0  +  1)  (i  +  2)  (i+3)       (i  +  j) 
(1)       (2)       (3)  (j) 


421.  We  are  about  to  see  that  we  may  have  partitions  in  two  dimensions 
of  space  and  it  is  interesting  to  observe  that  the  Ferrers-Sylvester  graph  of 
a  partition  of  a  unipartite  number  is  in  reality  a  partition  in  two  dimensions. 
Such  a  graph  of  the  partition  4311  is 


and  we  have  already  seen  that  for  many  purposes  it  is  advantageous  to 
replace  the  nodes  by  units,  leading  to  the  unit  graph 

1111 

1    1  1 

1 

1 

which  as  we  shall  see  is  a  two-dimensional  partition  of  the  number  9  in 
agreement  with  the  definition  which  is  now  given. 
Consider  the  points  of  a  two-dimensional  lattice 
0  x 
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V 

V 

V 

V 

V 

V 

V 

V 

V 

>  • 

> 

V 

V 

V 

V 

V 

>  • 

>  • 

y 

and  let  the'first  row  and  first  column  be  axes  of  x  and  y  respectively. 

Suppose  the  parts  of  the  partition  to  be  placed  at  these  points  so  that  a 
descending  order  of  magnitude  is  in  evidence  in  each  row  in  direction  of  the 
#-axis  and  also  in  each  column  in  direction  of  the  y-axis. 


PRELIMINARY  CONJECTURE 
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The  arrangement  of  numbers  thus  reached  is  defined  to  be  a  two- 
dimensional  partition  of  the  number  partitioned. 

Clearly  the  unit  graph  of  a  partition  is  a  two-dimensional  partition  in 
which  the  part  magnitude  is  limited  not  to  exceed  unity. 

422.  In  the  case  of  a  partition  in  two  dimensions  we  are  concerned  with 
three  limiting  numbers,  for  we  may  limit 

(i)  the  number  of  rows, 

(ii)  the  number  of  columns, 

(iii)  the  part  magnitude. 

Suppose  for  a  moment  that  there  is  no  restriction  upon  the  rows  and 
columns  but  that  the  part  magnitude  is  limited  by  the  number  I. 

Guided  by  the  results  reached  in  the  case  of  partitions  on  a  line  we  may 
conjecture  that  the  form  of  the  enumerating  generating  function  of  the 
partitions  will  be 

(l+l)*   (1  +  2)*  (l  +  3)'» 
(1>       (2)*.       (3)'.  * 

If  this  be  a  right  conjecture  the  function,  on  putting  I  =  1,  is 

 1  

(1)«>  (2)*»-'«  (3)'»-««  (4)*-» ...  ad  inf. 

But  if  1  =  1,  the  two-dimensional  partitions  enumerated  are  those  of  the 
nature 

1111 
1    1  1 
1 
1 

where  there  is  no  restriction  upon  the  rows  and  columns.  These  are  the  unit 
graphs  of  the  one-dimensional  partitions  of  all  numbers  and  therefore  are 
enumerated  by 


(1)(2)  (3)  (4)  ...ad  inf.* 

Comparison  now  gives 

*,  =  1 ,    «a  =  2,    «,  m  3,  . . .  8P  m  p  

establishing  that,  on  the  assumption  as  to  form,  the  generating  function 
which  enumerates  two-dimensional  partitions,  with  the  single  restriction  that 
the  part  magnitude  is  not  to  exceed  I,  is 

(l  +  l)   (1  +  2)'  (1  +  3)'  (1  +  4)* 
(1)        (2)»       (3)'       <4)«  aiim 

This  is,  in  fact,  the  result  which  will  be  rigidly  established  later. 
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423.  It  is  to  be  particularly  noted  that  this  result  also  can  be  depicted 
upon  the  lattice  in  the  manner  following : 


(1  +  1) 

(1  +  2) 

(1  +  3) 

d  +  4) 

(1) 

(2) 

(3) 

(4) 

(1  +  2) 

(1  +  3) 

(1  +  4) 

d  +  5) 

(2) 

(3) 

(4) 

(1  +  3) 

(1  +  4) 

(1  +  5) 

(1  +  6) 

(3) 

(4) 

(5) 

(6) 

y 

We  place  ^HJ^  a^  tne  origin  and  give  a  unit  increase  whenever  we 

advance  a  segment  in  the  direction  of  either  axis. 

In  future  we  shall  speak  of  a  plane  partition  instead  of  using  the  com- 
bined word  two-dimensional. 

As  an  example  of  a  plane  partition  take 
3    3  l—x 
2  2 
1 
I 

y 

Note  that  we  may  replace  each  part  by  a  pile  of  nodes  in  the  direction  of 
the  2-axis  and  that  we  thus  arrive  at  a  solid  graph  analogous  to  the  Ferrers- 
Sylvester  plane  graph. 

The  enumeration  of  plane  partitions  is  the  same  as  the  enumeration  of 
the  solid  graphs.  In  the  graph  the  three  restricting  numbers  limit  the 
numbers  of  nodes  that  may  appear  along  the  three  axes  of  the  graph  and  we 
have  a  more  direct  symmetry,  which  is  at  once  apparent  in  plane  partitions.  If 
I,  m,  n  be  the  three  restricting  numbers  we  must  expect  the  general  generating 
function  to  remain  unaltered  when  I,  m,  n  are  subjected  to  any  permutation ; 
just  as  in  line  partitions  the  numbers  limiting  the  number  of  parts  and  the 
part  magnitude  are  interchangeable. 

In  the  solid  graph  we  may  substitute  units  for  nodes  and  thus  realise  a 
solid  partition  in  which  the  part  magnitude  is  limited  by  unity.  We  may  say 
that  there  is  a  one-to-one  correspondence  between  plane  partitions  and  solid 
partitions  in  which  the  part  magnitude  is  limited  by  unity.  The  plane 
partition  arises  by^  projection  of  the  solid  partition  upon  one  of  the  coordinate 
planes,  just  as  the  line  partition  arises  by  projection  of  the  plane  partition 
(with  which  it  is  in  correspondence)  upon  one  of  the  coordinate  axes. 
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424.  The  reader  will  find  it  interesting  at  this  point  to  make  the 
following  observation.  Consider  for  a  moment  solid  partitions  unrestricted 
in  regard  to  the  three  axes  but  such  that  the  magnitude  of  the  part  at  the 
origin  is  limited  not  to  exceed  k.  The  descending  order  of  magnitude  is  to 
be  in  evidence  in  the  direction  of  each  axis,  so  that  it  is  only  necessary  to 
restrict  the  magnitude  of  the  part  at  the  origin. 

Assume  the  form  of  the  enumerating  generating  function  to  be 
(k+l)r    (k  +  2)'   <k  +  3)'> 
(1)'.        (2)'.        <3f-     *  ' 

This  for  k  =  1  becomes 

 1 

(l)r,  (2)r.^  (3)^  ...  ad  in£ ' 

and  enumerates  the  solid  graphs  in  which  the  part  magnitude  does  not 
exceed  unity ;  and  these,  being  equi-numerous  with  plane  partitions  which  are 
absolutely  unrestricted,  are  enumerated  by 

 1  

(1)  (2)M3)M4)4  .  .adinf. 

Hence  by  comparison 

r1=l,  r,  =  3,  rs  =  6,  ...  rp  =  (P  +  *)  , 

and  on  the  assumption  as  to  form  the  generating  function  of  the  solid 
partitions  we  are  considering  must  be 

<*+!)  (k  +  2)'  (k  +  3)«    <k+p)(  ■  )       .  .  „. 
(1)       W~     0)'  (p,("') 

Moreover,  we  notice  again  that  this  expression  can  be  depicted  on  the 
points  of  the  solid  graph  just  as  in  the  plane  case. 

In  the  cases  of  line,  plane  and  solid  partitions  the  enumerating  functions 
appear  to  be  associated  with  the  series  of  numbers 

line      1,    I,    1,     1,  ... 
plane    1,    2,    3,     4,  ... 
solid     1,   3,    6,   10,  ... 
viz.  with  the  successive  orders  of  figurate  numbers. 

If  we  go  back  a  step  to  point  partitions  it  is  clear  that  the  function  is 

(l+.D 
(1) 

yielding  the  series  of  numbers 

1,    0,    0,  0  


*  This  assumption  as  to  form  is  shewn  later  not  to  be  justified. 
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which  is  the  series  of  figurate  numbers  prior  to 
1,    1,    1,    1,  •••• 
It  may  be  remarked  that  the  function 

<k  +  l)  <k  +  2)»  <k  +  3)°     (k  +  p)V  '  ) 
(1)    '    (2)s    "    (3)«    -    (p)(^)  -admL 

may  be  also  written  as  the  product  of 

 1 

(l)(2)M3)«...(k)(*^ 

and 

1 


<k+l)***  +  8)  <k  +  2)*fc(*  +  5>  (k  +  3pfc(/c  +  7)...ad  inf." 

425.  Before  broaching  the  formal  study  of  the  enumeration  of  plane 
partitions  we  must  look  into  the  properties  of  the  solid  graphs  to  which  they 
give  rise  and  enquire  into  their  interpretation. 

The  graph  of  a  partition  of  a  unipartite  number,  say 


viz.  the  partition  642  of  the  number  12,  may  be  also  regarded  as  the  graph  of 
the  multipartite  number  642. 

For  present  purposes  we  will  regard  it  as  being  such. 

If  we  take  the  successive  layers,  in  the  plane  xy,  of  a  solid  graph  we  obtain 
a  succession  of  multipartite  numbers  in  correspondence.  This  succession 
may  be  regarded  as  constituting  the  successive  parts  of  the  partition  of  a 
multipartite  number.  Reading  the  graph  by  successive  layers  in  either  of 
the  three  coordinate  planes  we  thus  obtain  a  partition  of  a  multipartite 
number. 

Moreover  in  each  of  the  three  coordinate  planes  the  layers  may  be  read  in 
the  direction  of  either  of  two  axes,  so  that  there  are  altogether  six  (3 !)  ways 
in  which  the  graph  may  be  read  and  in  each  case  we  arrive  at  a  partition  of 
a  multipartite  number. 

But  conversely  it  is  not  true  that  every  partition  of  a  multipartite  number 
may  be  represented  by  a  regular  solid  graph. 

For  suppose 

(c^OgO,...,    bxbzbs...,    CiC2c3 ... ,  ...) 


SIX  READINGS  OF  A  REGULAR  GRAPH 
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to  be  a  multipartite  partition.  In  order  to  arrive  at  a  regular  solid  graph 
the  series  of  numbers 

«i»  <h>  <h>  •  ••       Hit     ci»  ••• 
^i)  63,  ...       a?,  62,  Cs,  ... 
c,,  c2,  c,,  ...       a3,  6,,  c,.  ... 

must  all  be  in  descending  order  of  magnitude. 

It  follows  that  the  multipartite  partitions  that  are  in  evidence  in  the 
greater  part  of  the  present  investigation  are  those  which  are  representable  by 
regular  solid  graphs. 

Consider  now  the  solid  graph 

Oi  x 

<§>     ®     ®    ®     ©  © 

®     0      ©      .  333322 
=  3221 

@     0      .  321 
J7 

the  axis  of  z  being  perpendicular  to  the  plane  of  the  paper. 
We  read  as  follows : 

Planes  parallel  to  the  plane  xy  and  in  direction  Ox 

(643,  632,  411)  a  partition  of  (l6~  8,  6). 
Planes  parallel  to  the  plane  xy  and  in  direction  Oy 

(333211,  332111,  311100)  a  partition  of  (976422). 
Planes  parallel  to  the  plane  yz  and  in  direction  Oy 

(333,  331,  321,  211,  HO,  liO)  a  partition  of  (13,  llTe). 
Planes  parallel  to  the  plane  yz  and  in  direction  Oz 

(333,  322,  821,  310,  200,  200)  a  partition  of  (167876). 
Planes  parallel  to  the  plane  xz  and  in  direction  Oz 

(333322,  322100,  321000)  a  partition  of  (976422). 
Planes  parallel  to  the  plane  xz  and  in  direction  Ox 

(664,  431,  321)  a  partition  of  (l37Tl7"6). 
The  graph  is  representative  of  three  multipartite  numbers  and  of  two 
partitions  of  each.  The  readings  that  give  partitions  of  the  multipartite 
16,  8,  6  are  those  (i)  in  plane  xy  and  in  direction  Ox,  (ii)  in  plane  yz  and  in 
direction  Oz.  It  will  be  noted  that  in  both  instances  the  specification  of  the 
plane  and  the  direction  in  the  plane  involve  the  letter  y  once  only.    It  is  for 
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this  reason  that  the  two  readings  are  associated  with  the  same  multipartite 
number.  So  also  the  readings  (i)  in  the  plane  xy  and  in  direction  Oy,  (ii)  in 
the  plane  xz  and  in  direction  Oz,  involving  in  their  specifications  the  letter  x 
once  only,  refer  to  the  same  multipartite  number  976422.  The  remaining 
two  readings  involve  the  letter  z  once  only  and  refer  to  13,  11,  6. 

In  regard  to  the  six  partitions,  if  one  of  them  contains  a  highest  figure 
equal  to  p,  is  ?*-partite  and  has  q  parts  and  we  say  that  r,  p,  q  are  its 
characteristics,  then  the  other  five  partitions  will  have  the  characteristics 


p 

r 

9 

9 

.  r 

P 

r 

9 

P 

P 

9 

r 

9 

P 

r 

derived  from  the  permutations  of  p,  q,  r. 

The  two  partitions  which  are  r- partite  appertain  to  the  same  multipartite 
number;  similarly  for  the  pairs  which  are  ^-partite  and  g-partite  respectively. 
Hence  the  three  multipartite  numbers  involved  correspond  to  the  three  pairs 
of  permutations  so  formed  that  in  any  pair  the  commencing  symbol  of  each 
permutation  is  the  same. 

426.  The  consideration  of  graphs  formed  with  a  given  number  of  nodes 
now  leads  to  the  theorem : 

"  The  enumeration  of  the  graphically  regularized  r-partite  partitions  into 
q  parts  and  having  p  for  the  highest  figure  gives  the  same  number  for  each 
of  the  six  ways  in  which  the  numbers  p,  q,  r  may  be  permuted." 

The  six-fold  conjugation  of  the  characteristics  may  obtain  even  though 
there  may  be  equalities  between  the  numbers  p,  q,  r. 

•  It  is  interesting  to  view  the  plane  graphs  of  unipartite  numbers  from  the 
point  of  view  of  the  solid  graph. 

Take  the  graph 

•  Q  x 


y 


which  in  the  unipartite  theory  denotes  the  partition  3211  when  read  in 
direction  Ox  and  421  when  read  in  direction  Oy. 


CH.  I]  A  PARTICULAR  ILLUSTRATION' 

In  the  present  theory  there  are  six  readings : 
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Plane  xy 

Direction  Ox 

(3211)                 p,  , 

f,  r  =  3,  1,  4 

„  *y 

Oy 

(421) 

=  4,  1,  3 

yz 

0y 

(421) 

=  4,  3,  1 

„  yz 

0z 

(fiTi  lioo  looo) 

=  1,  3,  4 

n  zx 

Oz 

(3211) 

=  3,  4,  1 

„  ZX 

Ox 

(in  iio  ioo  Too) 

=  1,  4,  3 

The  three  multipartite  numbers  (7),  (421),  (3211)  appear  each  in  two 
partitions. 

In  general  if  the  plane  graph  is  of  a  partition  involving  a  highest  part 
p  and  q  parts,  we  establish  a  6-fold  correspondence  between 


(i)  a  unipartite  partition  having  a  highest  part  p  and  q  parts. 

(ii)  »  »  »  q    »   p  „ 

(iii)  a  p-partite  partition  „ 

(iv) 

a  ^-partite  partition  „ 


(v) 
(vi) 


q  « 

1  part. 
1  „ 
p  parts. 


427.  It  has  been  shewn  that  a  graph  admits  in  general  of  six  readings. 
In  other  words  we  may  say  that  a  graph  has  six  aspects  depending  upon  the 
position  from  which  it  is  viewed.  Thus,  denoting  by  the  integer  m  a  pile  of 
nodes  (or  units)  m  nodes  high,  the  graph  examined  in  Art.  425  is  denoted  by 

333322 

3221 

321 

and  the  other  five  aspects  it  can  assume  are 

333211       333       333       664  643 
322       431  632 
321       321  411 
31 
2 


332111 
3111 


331 
321 
211 
11 
11 


A  graph  however  does  not  always  admit  of  six  different  readings  or 
assume  six  different  aspects. 
Thus  the  graph 


21 
1 
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admits  of  only  one  distinct  reading,  viz. 

(2l  10), 

and  has  no  other  aspect.    It  is  in  fact  completely  symmetrical. 

This  is  also  obviously  the  property  of  the  graph  which  consists  of  a  single 
node,  and  these  two  are  the  earliest  of  an  infinite  series  of  completely 
symmetrical  graphs. 

Again,  the  graph 

•    •    or    11  • 

admits  of  three  distinct  readings,  viz. 

(11),    (2),  (11), 

and  of  three  aspects.  This  is  the  first  of  an  infinite  series  of  graphs  which 
have  three  different  readings  and  three  aspects. 

428.  There  is  also  an  infinite  series  of  graphs  which  have  two  distinct 
readings  and  two  aspects.  The  simplest  of  these  involves  thirteen  nodes 
and  is 

331 
211 
2 

the  other  aspect  is 

322 

31 

11 

and  the  two  readings  are 

(331  211  110),    (322  3l0  TlO). 

Each  of  the  solid  graphs  therefore  belongs  to  one  of  four  classes  according 
as  it  has  1,  2,  3  or  6  distinct  readings  and  can  assume  1,  2,  3  or  6  aspects. 

Graphs  which  are  different  aspects  of  the  same  graph  are  not  essentially 
different.    Ex.  gr.  of  two  nodes  there  are  three  graphs 

11,    1,  2 
1 

but  they  are  all  aspects  of  any  one  of  them,  so  that  of  two  nodes  there  is  only 
one  essentially  distinct  graph. 

In  examining  or  tabulating  the  graphs  appertaining  to  a  given  number  of 
nodes  we  may  or  may  not  take  account  of  the  essentially  distinct  graphs. 

Thus  the  thirteen  different  graphs  that  can  be  formed  of  four  nodes  may 
be  written  down  by  noting  that  the  really  distinct  graphs  are 

1111,    111,    21,  11 
1        1  11 


CH.  I] 

and  we  find 
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Graphs 


Readings 


1111 

in 

21 

22 

l 

1 

11 

(4) 

(31) 

(21  10) 

(22) 

(nil) 

(31) 

(22) 

(mi) 

(211) 

(U  IT) 

(211) 

(111  100) 

(TT  10  10) 

or  we  may  write  down  the  whole  of  the  graphs  and  interpret  each  by  reading 
in  the  plane  xy  and  in  the  direction  Ox.  Thus 


r  mi 


Graphs 


111 
1 


211 


11 

1 

1 


21 
1 


11 
11 


31 


Readings     (4)  (31) 


(31) 


(211)       (21  10)     (22)  (211) 


2  3  2  4 

1  1  2 

1 


Readings   (22)   (1111)   (111  100)   (11  10  10)   (11  11)  (1111) 

Some  remarks  will  be  made  later  as  to  the  nature  of  the  symmetry  which 
results  in  a  graph  possessing  one,  two  or  three  aspects. 

No  one,  so  far,  has  succeeded  in  enumerating  the  number  of  really  distinct 
graphs  that  appertain  to  a  given  number  of  nodes. 

Omitting  the  trivial  graph  of  unity  every  plane  graph  can  be  read  in 
three  or  six  ways.    Those  which  have  three  readings  may  be 

(i)  those  which  have  a  single  line  or  a  single  column  of  nodes, 

(ii)  those  which  are  self-conjugate. 
The  remainder  have  six  readings. 


Graphs 
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THE  METHOD  OF  DIOPHANTINE  INEQUALITIES 

429.  The  problem  of  the  enumeration  of  solid  graphs  may  be  regarded 
as  a  question  of  unipartite  partition  in  two  dimensions.  It  may  be  given  the 
following  statement. 

Integers  limited  in  magnitude  to  n,  zero  being  included,  are  arranged  in 
a  rectangle  of  m  rows  and  I  columns  in  such  wise  that  in  each  row  and  in 
each  column  there  is  a  descending  order  of  magnitude.  '  It  is  required  to  find 
the  number  of  ways  in  which  a  given  number  w  can  be  partitioned  into 
integers  which  satisfy  these  conditions. 

As  soon  as  we  import  the  idea  of  the  descending  order  of  magnitude  into 
ordinary  or  line  partitions  this  generalization  to  plane  partitions  at  once 
comes  into  view. 

We  denote  by  GF(l;rn;n) 

a  function  of  x  such  that  the  coefficient  of  xw  gives  the  number  of  arrange- 
ments. 

It  will  be  convenient  to  give  at  once  the  result  that  will  be  established 
later : 

GF(l;m;n) 
_  (1  -  xn+l)  (1  -  xn+*f       (1  -  x^1'1)1-1 
(1-x)   '   (l-a?f  ""  (l-^-1)'-1 

|(1  -  xn+l)    (l-an+t+i)  (l-Xn+m))1 
X|(l-^)    '  (l-Xm)\ 

(i  —  xn+m+iy~i  (i  —  xn+m+2y~2    (l  —  xn+m+l~i) 
x  (i-x^1)1-1  '  (i-xm+*y-r""  \i-xm+l->J ' 

wherein  m  is  supposed  to  be  ^  I. 

This  supposition  does  not  affect  the  generality  of  the  formula  because  it 
is  symmetrical  in  the  three  magnitudes  I,  m>  n.  These  therefore  can  be 
arranged  in  any  desired  order.  The  reader  will  have  no  difficulty  in 
establishing  the  symmetry  referred  to. 

The  expression  above  written  involves  Im  factors  in  numerator  and  in 
denominator.  It  may  also  be  written  as  a  product  of  nm  or  of  nl  factors,  by 
permuting  the  numbers  I,  m,  n. 
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In  the  usual  notation  1  —  x*  —  (s)  it  may  also  be  written 

(n  +  1)  (n  +  2)  (n  +  m+  1  -  1) 

(1)  (2)  (m+T-1)  ( 
j(n  +  2)  (n  +  3)  (n  +  m  +  1  -  2) 

(2)  (3)  (m  +  I-2) 
j(n  +  3)  (n  +  4)  (n  +  m  +  l-3)] 
1    (3)  (4)  (m+l-3)  J 

x  ...  to  Z  factors  in  brackets  {  }. 

430.  To  begin  with  the  most  simple  case.  The  numbers  are  placed  at 
the  corners  of  a  square 

°n  •    >    •  <*12 
V  V 

On  •  >  •aa 

subject  to  the  descending  orders  as  shewn.  If  there  is  no  limit  to  the  mag- 
nitude of  the  numbers  this  is  the  case  (I ;  m ;  n)  =  (2  ;  2 ;  ao  )  and  we  find, 
employing  the  auxiliaries  X^  Xj,  X*,  X4, 

GF(oo;2,2)  =  n. 


>  (l-x,^,)^-^) 


wherein  subsequently  we  are  to  put  xl  =  x%  =  x3  \ 
Eliminating  \  and  X,  this  is 


n. 


x,  7 

x  (1  -  XjX^ar,)     -  ^^4) 
and  eliminating  X4  and  Xo  in  succession  we  find 

1  —  sfeflfr  


(1  -  Xx)  (1  -  XiXj  (1  -  (1  -  X1XiXt)  (1  -  X&X&t)  ' 

a  real  generating  function  shewing  the  fundamental  partitions 
10       11       10       11  11 
0    0       0    0       1    0       1    0       1  1 
fronl  which  all  partitions  can  be  obtained  by  addition,  and  the  syzygy 
10      1    1  _  1    1  10 
0    0+l    0~0    0  +  1  0 
Putting     =  x2  =  xs  =  xt  =  x  we  obtain  the  enumerating  function 

GF  (2 ;  2 ;  «  )  =  -  ' 


(1)(2)*(3) 
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431.  Also 


GF(2;2;n)  =  H  1  ~ 


and  since 


>  (l-W>.4(l-^«) 


x  1 


\4 


 L,  5^L-  (^*)n+l 


we  require  the  coefficient  of  gn  in 


SI- 


which  is  readily  seen  to  reduce  to 

 j_±gg   

(!  ~  #)  (1  "       (1  -  gx*)  {\-gcfi){l-  gaf)  ' 

Now  we  know  from  the  Section  on  line  partitions  that 

 1  

(1  -g){l-gx)  (1-  go?)  (T=g&)  (l~ga?) 

n  (n+l)(n+2)  (n  +  3)  jn  +  4) 
(1)  (2)  (3)  (4) 

Hence  the  expression  becomes 


[SECT.  IX 


tgn 
=  lg 


(n  +  1)  (n  +  2)  (n  +  3) Jn  +  4)       (n)  (n+  1)  (n+  2)  (n  +  3) 


(1)  (2)  (3)  (4) 
(n+1)  (n+2)2(n  +  3) 


(1)  (2)  (3)  (4) 


(1)  (2)^(3) 

and  we  have  the  result 

GF(2;2;n) 


(n  +  1)  (n  +  2)2  (n  +  3) 
(1)  (2)*  (3) 


432.  We  shall  now  obtain  this  result  in  another  manner  by  considering 
the  graphs  (oo  ;  2  ;  2)  and  (n ;  2  ;  2).  In  the  case  of  the  former  we  have  two 
rows  of  infinite  length  and  a  part  magnitude  not  exceeding  2.  The  partitions 
are  such  as 

2222111... 
22111... 
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which  have  the  property  that  in  the  first  row  the  number  of  twos  is  equal  to 
or  greater  than  the  number  of  twos  in  the  second  row,  and  also  that  the 
number  of  twos  added  to  the  number  of  ones  in  the  first  row  is  equal  to  or 
greater  than  the  similar  sum  in  the  second  row.  If  X4  and  X*  be  the  auxiliaries 
appertaining  to  these  inequalities  respectively  we  are  led  to  the  crude 
enumerating  function 

a  !  

>  (i->-)(i-i-) 

xd-x^i-J^) 

and  this  leads  by  the  foregoing  article  to  the  same  result  as  before. 

If  the  rows  are  not  to  contain  more  than  n  numbers  the  crude  function  on 
expansion  must  not  involve  X^  to  a  higher  power  than  n  in  the  portion 

 _i   v 

(l-A,*)  (l-X^a2) 
of  the  function.    We  are  therefore  led  to  the  function 


n- 


>(l-^)(l-Sr^)(l-^X^)(l-~)(l-^^)' 
in  which  we  take  the  coefficient  of  gn. 

This  leads  to  the  result  already  obtained. 

433.  Instead  of  dealing  with  the  numbers  2  and  1  in  the  two  rows  we 
may  more  generally  deal  with  the  numbers  p  and  q,  and  if  there  be  no 
restriction  on  the  length  of  the  rows  this  leads  to  the  function 

a  1  , 

*  (1-X,*«)(l- 
xd-X^l-J^) 
which  is  readily  expressed  in  the  form 


(1  -  xP )  (1  -  aft)  (1  -  x*)  (1  -         (1  -  a*) ' 
In  particular  if  p  =  q  =  1,  this  becomes 
(3) 

WW 

which  on  development  =  1  4-  2x  +  6#*  +  9x*  +  18a^  +  .... 

The  partitions  enumerated  involve  two  rows  of  units  of  two  different 
kinds. 
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Let  u  and  v  denote  these  units,  then  of  the  content  three  the  nine 
partitions  given  by  the  formula  are 

uuu    uv.    uuv    uu    uv    uv    uvv    vvv  vv 

U  V       U       V  V  "»"Y$ri? 

the  u  unit,  when  it  is  present,  always  precedes  the  v  unit  in  row  and  in 
column. 

433 big.    Now  consider  the  system  of  partitions  (3 ;  2  ;  n). 
An  investigation  carried  out  in  the  same  manner  as  that  above  results  in 
the  generating  function 

(n+1)  (n+2)2  (n  +  3)2(n  +  4) 
(1)(2)M3)M4) 

and  also  in  the  formula 

San  GFn  .  2  •  -    san  (n+l)(n+2)Mn  +  3)Mn  +  4) 
\g  ^(3,2^)-^  (1)(2)M3)M4) 

1  +  g  (x2  +  x3  +  x4)  4-  g2oif 


(l-g)(l-gx)(l  -  gx*)  {l-ga*){\-  gx>)  (1  -  gaf)  (1  -  g*) ' 
a  result  which  is  particularly  recommended  to  the  reader's  attention  for  the 
reason  that  it  is  fundamentally  connected  with  much  that  is  given  later  in 
the  work  and  is  fully  generalizable. 

434.  There  is  no  difficulty  in  forming  a  crude  generating  function  for  the 
general  case  (I;  m;  n).  The  denominator  is  a  rectangle  of  either  Im,  mn  or 
nl  factors  at  pleasure.  The  most  convenient  course  is  to  choose  the  rectangle 
corresponding  to  the  smallest  of  these  three  numbers.  We  choose  to  take,  let 
us  say,  Im  factors  and  form  the  rectangle  of  I  columns  and  m  rows.  There 
will  then  be  (I  —  1)  m  auxiliaries  in  the  crude  function  if  we  form  it  according 
to  the  second  method  employed  above.  Observe  that  using  the  first  method 
there  would  be  (I  —  1)  m  +  (m  —  1)  I  auxiliaries  of  which  (in  —  1)1  could  be 
eliminated  at  sight.  The  crude  function  is 
 1  

(X-W)(1-^)(X-^)...(X-^)(X-^) 

(i  -  ^a.)  fx  -he**)  (i  ...( ( i -— i —  *) 


(X-^..^)(X-^^)(X-^:«.)...(X-^^)(X 
It  enumerates  the  partitions  (I ;  m ;  oo  ). 
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To  obtain  the  enumeration  of  the  partitions  (I ;  m  ;  n)  it  is  merely  necessary 
to  write  instead  of  the  first  column  of  factors,  the  column 

(1  -g\x) 

(1  -gX^^x*) 

and  also  to  take  the  additional  factor  I  —  g.  The  generating  function  is  the 
coefficient  of  gn  in  the  crude  function. 

Our  knowledge  of  the  ft  operation  is  not  sufficient  to  enable  us  to  establish 
> 

the  final  form  of  result.  This  will  be  accomplished  by  the  aid  of  new  ideas 
which  will  be  brought  forward  in  the  following  chapters. 

435.  In  the  meantime  it  is  necessary  to  impress  upon  the  mind  the 
nature  of  the  result  by  shewing  how  it  is  directly  connected  with  complete 
lattices.  It  is  formed  as  a  product  of  factors  placed  at  the  points  of  a  lattice 
I  nodes  in  breadth  and  m  nodes  in  depth  in  the  following  manner: 


(n+l) 

(n  +  2) 

(n+3) 

(n  +  l-1) 

(n+l) 

(1) 

(2) 

(3) 

(1-1) 

(I) 

(n  +  2) 

(n  +  3) 

(n  +  4) 

(n+l) 

(n  +  I+1) 

(2) 

(3) 

(4) 

(0 

0+1) 

(n  +  3) 

(n  +  4) 

(n  +  5) 

(n  +  l+ 1) 

(n  +  l +  2) 

(3) 

(4) 

(5) 

(1+1) 

d  +  2) 

(n  +  m  - 1)      (n  +  m)       (n  +  m+1)         (n  +  m  +  l-3)    (n  +  m+l-2) 
(m-1)  (m)  (m+1)  jm  +  l-3)  (m+1-2) 

(n  +  m)     (n  +  m+1)     (n  +  m +  2)         (n  +  m  + 1  -  2)    (n  +  m  +  I-1) 
(m)  tm+1)  (m  +  2j  (m+l-2)  (m+T^l) 

In  this  tableau  of  factors  the  magnitudes  I,  m,  n  may  be  permuted  in  any 
manner  so  that  there  are  six  representations  at  the  points  of  a  complete 
lattice,  two  for  each  of  the  dimensions  I  x  m,  m  x  n,  n  x  I.  Of  these  six,  only 
three  are  essentially  different,  the  remaining  three  being  mere  rotations  of 
them.  Whenever  one  of  the  numbers  I,  m,  n  is  unity  the  partitions  can  be 
denoted  by  plane  partitions  composed  entirely  of  units  as  well  as  by  two  line 
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partitions.  Thus  the  system  (3;  2;  1)  has  a  generating  function  represent- 
able  in  the  three  ways : 

(2)     (3)  (4) 

U)     (2>  (3) 

(i)  ;  l  =  Z,m  =  2,v  =  l, 

W     (3)     (4)  (5)' 

(2)  (3)  (4) 

(3)  (4)  m 

(1)  •  (2)  •  (3)'  lm*m~*;*m* 
(m)   ^  •  |J ;  l-im--l;  »-8I 
(4)  (5) 

the  resulting  product  being  jyj-^j  m  eacn  case- 


CHAPTER  III 


THE  METHOD  OF  LATTICE  FUNCTIONS 

436.  For  the  further  discussion  of  the  subject  of  the  last  chapter  we 
introduce  ideas  derived  from  Vol.  I,  Sect.  Ill,  Chs.  v  and  VI. 

Therein  we  defined  Lattice  Permutations  and  shewed  their  connexion 
with  the  different  ways  of  placing  different  numbers  at  the  nodes  of  a  Lattice, 
complete  or  incomplete,  in  such  wise  that  the  descending  order  of  magnitude 
is  in  evidence  in  each  row  and  in  each  column  in  the  direction  of  the  axes 
Ox,  Oy  of  the  lattice. 

It  was  established  that  the  lattice  permutations  of  the  assemblage 
of  a?'  ...aPm, 

Pi,pit...  being  in  descending  order  of  magnitude,  are  enumerated  by  the 
number 

where  8<t  and  the  product  II  has  reference  to  every  pair  of  numbers  p„  pt 
that  can  be  selected  from  the  assemblage 

Pi,p*,  -  Pm. 

In  the  succeeding  chapter  the  idea  of  the  greater  index  of  a  permutation 
p  was  introduced  and  it  was  stated,  but  not  proved,  that  the  sum 
2x*, 

extended  to  every  permutation  of  the  assemblage,  has  the  expression 

(l)(2)...(p1  +  p1+. ..+!>„,) 
(1)  (2) ...  (pj  (1)  (2) ...  (p,)  (1)  (2) ...  (pj 

•We  may  call  this  the  Permutation  Function.  It  will  be  established 
presently*.  In  the  meantime  we  observe  that  we  may  form  the  sum  2ur* 
extending  it  merely  to  every  Lattice  Permutation  of  the  assemblage.  We 
thus  obtain  a  Lattice  Permutation  Function,  or  briefly  a  Lattice  Function, 
which  is  of  fundamental  importance.  From  the  manner  of  formation  it  is  a 
*  Post  Chapter  it. 
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finite  and  integral  function  of  x  with  positive  terms  and  integral  coefficients. 
The  coefficient  of  x*  denotes  the  number  of  lattice  permutations  which  have 
the  same  index  p  and  the  sum  of  the  coefficients  must  be  equal  to  the 
number  of  lattice  permutations. 

The  assemblage  aJ»«Ja  ...  aP™  gives  rise  to  the  incomplete  Lattice  con- 
taining p1}p2,  ...pm  nodes  in  the  successive  rows  as  well  as  to  the  Lattice 
Permutations  and  the  Lattice  Function. 

Consider  the  assemblage  a3/327  and  with  it  the  lattice 
0   x 


y 

It  was  shewn  that  we  can  place  the  first  six  integers  at  its  nodes  so  that 
there  is  descending  order  of  magnitude  in  the  directions  Ox,  Oy  in  just  as 
many  ways  as  the  assemblage  possesses  lattice  permutations. 
Taking  any  such  arrangement  of  numbers 
641 
53 
2 

we  form  the  corresponding  lattice  permutation  by  commencing  with  a  because 
6  is  in  the  first  row,  we  follow  with  /3  because  5  is  in  the  second  row ;  then 
with  a  because  4  is  in  the  first  row  and  so  on,  and  finally  reach  the,  per- 
mutation 

aftaftya 
2  5 

Here  the  2nd  and  5th  letters  precede  letters  which  are  prior  in  alphabetical 
order,  so  that  the  greater  index  is  2  +  5  =  7. 

The  complete  calculation  for  the  Lattice  Function  is  as  follows : 


654 

654 

653 

653 

32 

31 

42 

41 

1 

2 

1 

2 

aaf3\ary\t3 

xu 

af  • 

•  X3 

a?  ■ 

652 

652 

651 

651 

43 

41 

43 

42 

1 

3 

2 

3 

aa/3@\0Ly 

a.<xl3y\a/3 

OLOLfiy\ft\OL 

X1 

X* 

X6 

X9 
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631 

632 

641 

642 

52 

51 

52 

51 

4 

4 

3 

3 

a* 

a? 

X11 

a? 

641 

643 

642 

643 

53 

51 

53 

52 

2  ' 

2 

1 

1 

afra0y\a 

o/9aa7l/3 

afiafiay 

x' 

X7 

X9 

X* 

For  a  reason  that  will  appear  we  write  the  Lattice  Function  L  (3,  2,  1 ;  oo  ) 
so  that 

L  (3,  2,  l;oo)=l+ar  +  2a?  +  2x*  +  2x*  +  2a*  +  2a?  +  2x*  +  x*  +  x". 

The  contacts  which  contribute  to  the  index  have  been  indicated,  above, 
by  dividing  lines.  In  the  present  instance  we  have  either  0,  1,  2  or  3 
dividing  lines,  and  putting  the  terms  which  arise  from  the  same  number  of 
lines  together  we  may  write 

L(S,  2,  1;  oc)=l  +  (a?  +  2a?  +  2x*  +  2s8)  +  (2a?  +  2x'  +  2a?  +  a?)  +  x". 

When  the  lattice  is  complete  with  I  columns  and  m  rows  we  will  write  the 
lattice  function  formed  in  this  manner 

L  (l\m  \  oo  ) ; 

when  the  lattice  is  incomplete  with  successive  rows  involving  px,  pit  ...pin 
nodes  we  will  write  it 

L  (p^  . . .  ptn ;  oo  ). 

437.  It  is  a  remarkable  fact  that  the  enumerating  generating  function  of 
the  plane  partitions  of  the  system  (/ ;  m ;  oo  )  has  the  expression 

and  here  we  can  anticipate  the  generalization  appertaining  to  the  incomplete 
lattice;  for  denoting  the  enumerating  generating  function  of  the  plane 
partitions,  appertaining  to  successive  rows  involving  plt  p*,  ...pm  nodes,  by 
GF(pipt ...  pm  \  oo  ),  the  part  magnitude  being  unrestricted,  it  will  be  shewn 
that 

-  ar/n  „      «  L(p,p2...pm;  x>) 

GF(Plp*...p„t,*)=    (1)(2)  <(2p) 

We  establish  these  results  before  considering  a  restriction  upon  the  part 
magnitude. 
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438.  In  the  simplest  case  take  a1}  a2,  ft,  ft  numbers  at  the  corners  of  a 
square  and  subject  to  descending  orders  along  the  rows  and  columns 

ft  ft 

These  numbers  can  be  arranged  collectively  in  two  descending  orders,  viz. 
au  a2>  ft,  ft,  and  ft,  a2,  ft;  and  we  may  say  that  these  numbers  must 
satisfy  one  or  other  of  the  conditions 

«J  >  «9  >  ft  >  ft, 

«i  >  ft  >  a2  >  ft- 

These  conditions  do  not  overlap,  because  we  must  have  either  or2  ^  ft  or 
ft  >  a2.    To  obtain  2#ai+a2+0i+02  for  the  first  condition  we  put 

ft=ft+4,    «2  =  ft  +  ^l+5,    a^ft  +  ^+5+O, 
where  A,  B,  G  are  arbitrary  integers,  zero  not  being  excluded. 

Hence  X«fll+°»+Pl+3«  =  2a^«+w+aB+<7, 

and  since  ft,  A,  B,  C  may  each  assume  any  value  from  0  to  oo  the  result  is 

 1 

(1)  (2)  (3)  (4) 
For  the  second  condition  we  put 

a2  =  ft  +  ^l,    ft=ft  +  ^  +  5  +  l,      =       A+B  +  C+l, 
and  thence  =  2^+™+2i,+c+2 

=  (1)  (2)  (3)  (4) 

By  addition  we  find  that  the  enumerating  function  for  the  system 
(2  ;  2  ;  oo  )  is 

1  +x-    1  

(1)(2)(3)(4)  °r  (l)(2)M3r 

When  we  compare  the  conditions 

a1>a2>/31>  ft 
«!^ft>a2^ft 
with  the  lattice  permutations  of  the  assemblage  ocaftft  viz. 

aaftS 
a/9a/3 

we  notice  a  connexion  between  them  and  observe  also  that  each  condition 
gives  rise  to  a  portion  of  the  enumerating  function 

xp 

where  p  is  the  greater  index  of  the  corresponding  lattice  permutation. 
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The  whole  enumerating  function  is 

Z(2;  2;  oo  ) 
(1)(2)  (3)  (4) 

439.    Again  consider  a  case  which  is  not  quite  so  simple,  viz. 
«i  4 
A  A 

a  plane  partition  of  the  system  (2  ;  3 ;  oo  ). 

Here  the  numbers  may  be  in  five  descending  orders  when  taken  col- 
lectively, viz. 


«1, 

«2, 

A, 

A. 

7i. 

7«> 

a\, 

a2, 

A. 

7i> 

A, 

It 

<*i, 

A, 

or2, 

A, 

7i» 

7«. 

8, . 

A, 

ft, 

7i. 

A. 

7i 

A. 

7i» 

«2, 

A, 

7«» 

corresponding  to  the  five  lattice  permutations  of  the  assemblage  a*/9*7*,  viz. 

aa/3y\/3yt 
9&fK0ft> 

and  we  may  say  that  the  numbers  must  satisfy  one  or  other  of  the  five  sets 
of  Diophantine  inequalities 

<*i  >  <**  >  A  ^  A  >  yi  >  7*, 

<h>  «2^A>7i>A^7», 
a,  >  A  >  ««  >  A  ^  7i  ^  7a, 
«i  ^  A  >  «2  >  7i  >  A  ^  72, 

«1  ^  A  ^  7l  >   «2  ^  A  >  72, 

conditions  which  do  not  overlap. 

Comparing  them  with  the  lattice  permutations  which  are  lined,  as  a 
preparation  to  finding  the  index,  we  notice  the  correspondence  between  the 
places  where  the  symbol  >  occurs,  and  the  lines  in  the  permutations. 

If  we  now  take  any  one  of  these  sets  of  inequalities  we  find  that  it  gives 
rise  to  a  portion  xpj(l)  (2)  ...  (6)  of  the  enumerating  function,  where  p  is  the 
index  of  the  corresponding  permutation.  To  see  how  this  is  observe  that  if 
the  symbol  >  occurs  between  the  sth  and  (s  +  l)th  letters  of  the  set  of 
inequalities,  we  put 

sth  letter  « (*  +  l)th  letter  +  N+  1 

M.A.  II.  13 
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to  find  the  corresponding  portion  of  the  enumerating  function,  and  this  unit 
necessarily  persists  in  the  expressions  of  each  of  the  first  s  —  1  letters  of  the 
inequalities.  When  these  come  to  be  added  together  as  we  added  them  in 
the  case  of  the  system  (2 ;  2 ;  oo  )  it  is  clear  that  the  integer  s  will  be 
outstanding  in  the  exponent  of  x  in  the  numerator  of  the  function.  The 
occurrence  of  this  particular  symbol  >  after  the  sth  letter  thus  contributes  s 
to  the  exponent  referred  to.  On  the  whole  the  symbols  >  in  the  set  of 
inequalities  will  contribute  a  sum  of  numbers  to  the  exponent  of  x  in  the 
numerator;  and  this  sum  of  numbers  we  have  defined  to  be  p  the  greater 
index  of  the  corresponding  permutation. 

Hence  taking  all  the  sets  of  inequalities  the  enumerating  function  is  seen 
to  be 

UM2)...(6)' 
Z(2;  3;  oo) 
(1)  (2)...  (6) 

Looking  at  the  lattice  permutations  as  lined,  it  is  seen  at  once  that  the 
lattice  function  is 

I  +  (a?  +  x3  +  x4)  +  x\ 

so  that 

GF(2;S;  oo)  =  1  +  ^2 +  ^  +  ^  +  *6 


(1)(2)...(6)  (1)(2)M3)2(4)' 

since  1  +  x*  +  a?  +  x*  +  x«  =  SMS  . 

The  reasoning  is  quite  general  and  establishes  that 
syr,  ,j  v      L(l;  m:  oo ) 

a  very  interesting  result. 

Precisely  the  same  argument  applies  to  the  incomplete  lattice,  so  that 
also 

establishing  beyond  doubt  that  the  method  of  investigation  includes  in  its 
purview  the  subject  of  plane  partitions  at  the  nodes  of  any  incomplete 
lattice. 

440.  In  obtaining  the  lattice  function  the  index  of  a  permutation  arises 
as  the  sum  of  s  numbers  when  s  has  values  from  zero  to  /a  where  /j,  is  a 
number  to  be  determined.  To  use  a  phrase  employed  elsewhere  in  this 
work,  such  a  permutation  involves  s  major  contacts.  If  we  restrict  attention 
to  these  permutations  we  arrive  at  what  is  termed  a 

Sub-Lattice  Function  of  Order  s. 
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This  is  written 

Lt(l;m,x)  or  L,{pxp%  ... pm;  oo  ), 

so  that 

L(l;m;  oo  )  =  L0(l ;  to;  oo  )  +  Z,(J;m;  oo  )  +  £a(Z;ra;  oo  )  +  ...  +  L»(l ;  to;  oo  ). 

In  particular  we  see  that  L0(l;m;  oo  )  or  L0  {pxpi \. . .  pm ;  oo  )  is  always 
unity.    Thus  we  have  shewn  that 

Z0(3;  2;  oo)=  1,    Lx  (3 ;  2 ;  oo  ) - *  +  #»  +  **    Z,(3;  2;  oo  )  =  j*. 
The  sub-lattice  functions  possess  elegant  properties.    One  of  the  most 
elegant  is  that  which  enables  us  to  define  a  new  lattice  function 

L(l,m;n)  or  L(plpt  ...pm,  n) 
appertaining  to  plane  partitions  in  which  the  part  magnitude  is  limited  by 
the  number  n.    The  definition  of  L  (p^ ...  pm  \  n)  is  given  by  the  relation 
L  (pxpa . . .  pm ;  n)  =  (n  +  1 )  (n  +  2) . . .  (n  +  Zp)  L0  (pxp2 . . .  pm ;  oo  ) 
+  (n)  (n+  1) ...  (n  +  Sp  -  1)    (pfr ...  pm ;  oo  ) 
+  (n-l)(n)...  (n+Sp-2)  U(pxp*...pm  \  oo  ) 

+  

+  (n-fi+  1)  {n-fji  +  2)  ...  (n-/*+Sp) ZM(p,^2  ...pm;  oo  > 
The  new  sub-lattice  function  is 
Ls(pxp,  ...pm;  n)=  (n-  s+  1)  (n-s  +  2) ...  (n-s  +  2p)  Ls(pxp,  ...pm\  «)• 
We  are  now  ready  to  investigate  the  expressions  of 

'OF (I ;  to  ;  n)  and  GF (pxp%  ...pm;  n). 

We  have  to  modify  the  previous  work  so  as  to  take  account  of  the  circum- 
stance that  the  part  magnitude  is  now  restricted  not  to  exceed  n. 

441.    Recalling  the  simple  case  of  the  plane  partition 

«l  OL., 
ft  ft 

we  had  the  five  distinct  parts  of  the  summation  : 

(i)  a,  >  a2  ^  ft  >  &  >  7l  >  7s  giving  ^•+&^+*7+tX,+i') 

(ii)  0,2s  ft^ft^T^ft^y,      „  Sa^.+M+4«+^+*i>+ir+«) 

(iii)  a,  ^  ft  >  a,  ^  ft  >  7l  >  7a     „  ^y.+M+^+^+^+^-t-^ 

(iv)  a,  ^  ft  >  a2  ^  7l  >  ft  ^  7l      „  V^y,+^+*™>+*+« 

(v)  a.^ft^.x^ft^      „  S^.+^-mb+^+id+s^ 
In  dealing  with  the  set  of  inequalities  (i)  we  put 

ffx-yt  +  Ai    fo  =  yi  +  A  +  B,    ft=7a+  flra  =  7,  +  4  +  B  +  C  +  D, 

a^yi  +  A+B  +  C  +  D  +  E, 

13-2 
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and  since  ax  cannot  exceed  n,  so  also  y2  +  A  +  B  +  G  +  D  +  E  cannot  exceed  n. 
We  have  therefore 

where  y2,  A,  B,  C,  D,  E  may  assume  any  integer  values,  including  zero, 
subject  to  the  condition  that  y2+A+B  +  C+D  +  E^n. 

This  is  equivalent  to  enumerating  line  partitions  composed  of  n  or  fewer 
parts,  no  part  exceeding  6  in  magnitude.  The  set  of  inequalities  (i)  there- 
fore leads  by  a  known  theorem  in  line  partitions  to 

(n+l)(n  +  2)...(n  +  6) 
(1)(2)  .(6) 

For  the  set  of  inequalities  (ii)  similarly  we  find 

«,  - y9  +  A  +  B  +  0+  D  +$+  1, 

so  that  y2  +  A  +B+G+D+E  cannot  exceed  n  —  1  in  magnitude  and  the 
sum  ^^y2+s^+4s+3C+2D+£+4  is  cieariy 

(n)(n+l)...(n  +  5) 
<1)(2)...(6)  ^ 

So  also  in  the  case  of  each  set  of  inequalities  that  is  associated  with  the 
sub-lattice  function  of  order  1 

y2+A+B  +  C+D  +  E 

cannot  exceed  n  —  1  in  magnitude. 

Therefore  sets  (ii),  (iii)  and  (v)  contribute  altogether 

(n)(n+l)...(n  +  5)  m.o.^ 

The  remaining  set  (iv)  involves  putting 

«1  =  72  +  A  +  B  +  C+D  +  E+2, 

because  the  set  is  associated  with  the  sub-lattice  function  of  order  2,  and  this 
leads  us  to  the  final  portion  of  the  enumerating  function 

(n-l)(n)...(n  +  4) 

(1)(2)...(6)  £*<2>3.°°>' 

X2  (2  ;  3  ;  oo  )  being  here  xi+i  =  a*. 

Hence  GF(2 ;  3 ;  n) 

=  (n+1)  ...(n+6)X0(2;3;oo)+(n)...(n+5)X1(2;3;  oo  )+(n-l) ...  (n+4)Z2(2;  3;  oo  ) 
"(1)  (2)  .(6) 

Z,(2;3;w) 
=  <1)(2)...(6) 
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442.  The  reasoning  is  quite  general  and  establishes  the  results 

443.  From  the  result 

GF{pxp*...pm\n) 

"  (1)12)7:.  (Sp)        U{PlP§  ~'Pm '  } 

(n)(n+l)  ...(n  +  5) 
+      (l)(2)...(Zp)  ^W-^*) 

+  

+  (l)(2)...(Sp)  Fm' 

we  can  immediately  derive  a  valuable  theorem. 

Multiply  each  side  by  gn  and  then  sum  each  side  from  n  =  0  to  n  =  oo . 
The  term 

which  thus  arises  on  the  right-hand  side,  is  equivalent  to 

**  (1)  (2) ...  (sp)  V"' 

or  to 

f    t  (Sp+1)       fcp+l)(Sp  +  2)  . 

...  p» ;  * )  ji  +         9  +  jij  jaj  ^ 

(Sp  +  l)(Sp  +  2)(Sp  +  3)  ) 
+  (1)(2)(3) 

= tU  {Mh ...  j4;  * )  (i-^xi-^xi-^..^!-^) 

by  a  well-known  summation  in  connexion  with  line  partitions. 

Hence  S  G-F  (/>ij>, . . .  />m  I  n) .  $rn 

o 

_  Lt(plpi...pm;  cc)  +  gLl(plpa...pm,  *>)+...  +grL0i(plp,  oo) 
(1  -  0)  (1  - 0*)  (1  -  0*0 ...  a  - 
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a  noteworthy  result  which  is  a  generalization  of  the  well-known  formula  in 
line  partitions 

 1  

(l-g){l-gX)(l-gX*)...(l-gX™) 

=  2  (l)(2)...(m  +  n) 

7 9  (l)(2)...(m).(l)(2)...(n) 

=  ZgnGF(m;l;n)*. 

It  is  thus  noticeable  that  the  sub-lattice  functions  play  an  important  role 
in  the  Theory  of  Plane  Partitions. 

444.  It  is  convenient,  when  no  confusion  can  arise,  to  write 

LsilhPf-Pm',  °°)  =  ZS. 

Then  writing  x  for  g  we  obtain  the  result 

 (1)(2)Msp+1)  =  f  f  GF(plP,...Pm ;  «), 

the  generalization  of  the  formula 

1  a  (l)(2)...(m  +  n) 

(l)(2)...(m+l)     f  (l)(2)...(m).(l)(2)...(n)- 

445.  We  now  make  a  further  study  of  the  sub-lattice  functions  and  the 
first  step  is  to  find  the  value  of  fi,  the  highest  order  of  sub-lattice  function  in 
the  case  of  a  complete  lattice. 

For  a  lattice  of  m  rows  and  I  columns  form  the  rectangular  scheme 


/ 


.  a, 
.  «3 


where  there  are  I  columns. 

Reading  this  parallel  to  the  arrow  commencing  at  the  origin  we  obtain 
the  lattice  permutation 

o,    aja,    a3|a2|aa  . . .  ^a^la^    am\am^  am. 

This  is  the  permutation  which  involves  the  maximum  number  of  major 
contacts  and  corresponds  to  the  sub-lattice  function  of  highest  order.  There 
is  only  one  such  permutation,  so  that  the  associated  sub-lattice  function  is  a 
single  power  of  x. 

*  See  ante  Art.  343. 
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We  may  without  loss  of  generality  suppose  I  >  to  and  then  the  number  of 
major  contacts  is 

1  +  2  +  3  + . . .  +  to  -  2  +  {I  -  to  + 1 )  ( to  - 1 )  +  ( m  -  2 )  +  ( m  -  3 )  + . . .  +  3  +  2  +  1 
=  (Z-1)(to-1). 

Hence  for  the  complete  lattice  the  maximum  value  of  ji  is  (/  -  l)(w  —  1). 

The  same  method  is  applicable  in  the  case  of  the  incomplete  lattice,  but 
no  convenient  expression  for  p  is  apparently  obtainable. 

446.  The  next  step  is  to  determine  the  expression  of 

Z(i_D  (TO_,)  (I ;  to  ;  oc  ) 

as  a  power  of  x. 

The  dividing  lines  which  mark  the  major  contacts  of  the  permutation 
occur 

(i)  In  to  — 2  groups  involving  1,  2,  ...  to  —  2  lines  respectively. 

(ii)  In  I  —  to  + 1  groups  involving  each  to  —  1  lines. 

(iii)  In  to  -  2  groups  involving  to  -  2,  m  —  3,  ...  2,  1  lines  respectively. 
Let  the  sought  exponent  of  x  be  7Ti  +  ir2  4-  tt,  ;  7r,,  irt,  7r,  corresponding 

respectively  to  (i),  (ii)  and  (iii). 

Then 

ir,  =  2  +  (4  +  5)  +  (7  +  8  +  9)  +  . . .  +    (to8  -  3to  +  4)  +  . . .  +        -  to  -  2)} 
=  HI -2* +  2. 3'  + 3.4'+  ...  to  to- 2  terms) 
=  ^to(to-1)(to-2)(3to-  1), 

7Ta  =  £  (TO  -  1 )  TO*  +  \  ( TO  -  1 )  TO  (TO  +  2 )  +  £  ( TO  -  1 )  TO  ( TO  +  4)  +  . . .  tO  /  -  W»  +  1 

terms 

=  £  (to  - 1)  Im  (I  -  to  +  1), 

7TS  =  (Jto  -  2)  +  (lm  -  4  +     -  5)  +  (Im  -  7  +  lm-8 +  lm  -  9)  +  ...  tom-2 
terms 

=  ±lm  (to-  1)(to-2)-^to(to-1)(to-2)(3to-  1), 
whence  7Ti  +  7r2  -I-  7r3  =  \l  (I  -  1)  to  (to  -  1), 

and  (w_1(  (J ;  to  ;  oo  )  =  i <"-». 

It  will  be  noticed  that  the  exponent  of  x  may  be  written 

or  Ifiifi  —  £  Zm/*. 

447.  We  next  establish  that  in  L,  for  every  term  x*  there  is  a  cor- 
responding term  xlmt~v.    These  two  terms,  as  shewn  above,  coalesce  when 

S  =  fM. 
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If,  in  the  permutation 

Oj  ajflk  asKlai . . .  am|am-i|«m-2  Om\«m-i  «m 
considered  above,  we  fix  upon  a  dividing  line  and  arrange  the  letters  to 
the  right  of  it  in  alphabetical  order  (or  in  ascending  order  of  suffix),  thus 
obliterating  the  lines  to  the  right  of  the  one  fixed  upon,  we  obtain  a  lattice 
permutation  involving  (suppose)  s  lines  which  yields  x  to  the  lowest  power 
that  occurs  in  Lg.  In  fact  we  thus  obtain  a  maximum  condensation  of  s  lines 
towards  the  origin  of  the  permutation.  If  on  the  other  hand  we  fix  upon  a 
dividing  line  which  is  the  sth  from  the  end  of  the  permutation  and  arrange 
the  letters  to  the  left  of  it  in  alphabetical  order,  we  obtain  a  lattice  permuta- 
tion involving  s  lines  which  yields  x  to  the  highest  power  that  occurs  in  Lg. 
In  fact  we  thus  obtain  a  maximum  condensation  of  s  lines  towards  the  end  of 
the  permutation. 

When  the  lattice  is  complete  we  may  in  any  derived  lattice  permutation 
write  am-g+1  for  as  and  invert  the  order  of  the  whole  of  the  letters.  We  thus 
obtain  another  lattice  permutation,  and  the  latter  has  the  same  number  of 
major  contacts  as  the  former  and  thus  contributes  to  the  same  sub-lattice 
function.    For  a  succession 

«>?  if  >  ?) 

in  the  former,  ap  being  the  kth  letter  from  the  left  of  the  permutation, 
becomes 

aB,_g+1|om_J,+1  (m-q  +  l>m-p  +  l) 

in  the  latter,  dm-q+i  being  the  (Im  —  k)th  letter  from  the  left  of  the  per- 
mutation. 

Hence  if  in  the  former  the  components  of  the  index  are 

in  the  latter  the  components  of  the  index  are 

Im  —  k1 ,   Im  —  k2,  ...  Im  —  ks. 
If  the  index  of  the  former  be  p,  that  of  the  latter  must  be 
has  —  p. 

It  is  therefore  proved  that  in  Ls  (I;  m;  oc  )  there  are  corresponding  terms 
xP  and  x1™-?, 

and  thence  we  conclude  that  Ls  is  centrically  symmetrical  both  as  regards  the 
powers  of  x  and  the  coefficients.    In  fact 

xp  and  xlms~P 

occur  with  the  same  coefficients. 

If  e  be  the  lowest  power  of  x  in  Ls  determined  as  above  directed,  the 
highest  power  will  be  Ims  —  e. 
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Ex.  gr.    For  the  system  (3 ;  3 ;  oo  ) 
L0=h 

Z,  =  x*  +  2x3  +  2x*  +  2a*  +  2a*  +  x\ 
L%  =  2  (a*  +  x7  +  2a*  +  2a*  +  2x10  +  ar"  + 
L,  m  at1  +  2x"  +  2x»  +  2at*  +  2aP  +  x", 
L<  =  xu, 
verifying  the  above  relations. 

The  permutation  connected  with  Lt  is 

a0\ay\/3\ay\/3y 
2  4  5  7 

where  the  components  of  the  index  are  entered. 

It  will  be  noted  that  2,  2  +  4,  2  +  4  +  5,  2  +  4  +  5  +  7  give  the  lowest 
powers  of  x  that  occur  in  Llt  L2,  L3,  LA,  respectively  and  that  the  highest 
powers  are  given  by  7,  7  +  5,  7  +  5  +  4,  7  +  5  +  4  +  2;  in  conformity  with 
the  above  theory. 

The  result  of  writing  -  for  x  in  Lt  is  to  convert  it  into  x~lm*Lt. 

448.  If  e„  be  the  least  exponent  of  x  that  occurs  in  L,  we  can  find  a 
relation  between  e„  and  eM_,. 

In  the  permutation  connected  with  ZM,  viz. 

«i  asi^l*!  ...  amjOm-iK-9     *m|Om-i  Ctm, 

e,  is  equal  to  the  sum  of  the  components  due  to  the  first  s  major  contacts — 
say 

et  =  kl  +&2+  ...  +k,, 
is  equal  to  the  sum  of  the  whole  of  the  components  minus  the  sum  of 
the  last  8  components.    Now  the  last  s  components  are 

lm  —  k„    Im  —        ...  lm  —  kls 

therefore  =  eh  —  Ims  +  e„ 

or  eM_j  —  et  =  \  Imp  —  Ims  =  ^lm(fi  —  2*). 

Moreover  if  /,  be  the  highest  exponent  of  x  that  occurs  in  L„  the 
symmetry  of  the  permutation  shews  that 

f»-.-ft  =  hlm(n-2s\ 

and  we  deduce  that 

+  J*-  m  x*m  <"  ~  *>  <*'•  +  xf% 
a  result  which  foreshadows  the  theorem 

L„  =  x*lm{»-^Lt, 
which  will  be  presently  established. 
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Combining  the  above  with  the  relation 
es+fs  =  Ims, 
we  find  es+f^.-s  =  ^lmfjb, 

so  that  es  +       does  not  vary  with  s. 

449.  To  prove  that  ZM_g  and  Ls  only  differ  by  a  factor  which  is  a  power 
of  x  we  suppose  that  xP  is  a  term  of  Ls  derived  from  any  s  of  the  lines 
appertaining  to  the  permutation  connected  with  L^;  the  remaining  yu,  —  s 
lines  can  be  obliterated  by  arranging  the  letters  in  alphabetical  order  between 
the  chosen  lines.  Thus 

p  =  r,  +  r2  +  . . .  +  ra  suppose. 
If  instead  we  retain  only  those  lines  which  we  have  just  obliterated  we 
obtain  a  term  in  iM_g  in  which  the  exponent  of  x  is         —p  because  the  sum 
of  the  components  due  to  the  whole  of  the  lines  is  \lmyL.    Hence  if  L8  =  Xx?, 
we  have 

Now  it  has  been  shewn  (Art.  447)  that  if  Ls  =       it  follows  that 
so  that 

L^g  =  x*m"  tx  "»  =  x^  ~  2s)  Xxp  =  xhJm{fl  ~  2s>  L8. 

450.  If  a  lattice  be  read  by  columns  instead  of  by  rows  its  specification 
changes  from  a  certain  partition  to  its  conjugate.  It  is  a  trivial  remark  that 
the  generating  function  which  enumerates  the  associated  plane  partitions  is 
not  altered  by  the  change.*  That  is  to  say  that  if 

be  conjugate  unipartite  partitions 

GF(Plp2...;  ?i)  =  GF{qiq2...;n), 
a  relation  which  we  can  express  in  the  form 

L(pAp2...\  n)  ^L(q1q2...  ;  n) 

(l)(2)...(Sp)  (l)(2)...(Zq)' 

wherein  ltp  =  %q.  Hence 

Lip^...;  n)=  L(q1q2...]  n), 
establishing  that  changing  the  lattice  into  its  conjugate  does  not  alter  the 
lattice  function  for  any  value  of  n. 

Moreover  the  last  relation  may  be  written 

(n  +  l)(n  +  2)  ...  (n  +  2p)Z0(^p2...;  oo  ) 
+  (n)(n  +  l)  ...  (n+sp-1)  L^p^...;  «)+... 
=  (n+l)(n  +  2)  ...  (n  +  2q) oo) 
+  (n)(n+  1)  ...  (n  +  Sq-1)  »)+.,.„ 


CH.  Ill]  EXAMINATION  OF  A  FUNDAMENTAL  FORMULA  203 

Putting  herein  n  ~  1,  2, ...  in  succession  we  establish  that 
Lt(pifr...\  v)  =  L,(qlqt...',  oo), 
and  thence  Lt{p^...\  n)  =  ... ;  n), 

proving  that  the  sub-lattice  functions  do  not  alter  when  we  pass  from  a 
lattice  to  its  conjugate. 

451.    The  fundamental  relation 
0F(l',  m;  n)=  (1)  (2)  ...  ((m) 

exhibits  GF  (I;  m\  n)  as  a  linear  function  of  the  sub-lattice  functions.  By 
giving  n  the  special  values  0,  1,  2, ...  in  succession  we  obtain  the  relations 

OF  (l\  m;  0)  =  L0(l;  m;  oo)  =  l, 

GF  (I;  m;  1)  =  (Inj  +  l)  +  L,  (I;  m;  oo  ), 

op/i.«.ox    qm+Dtfm  +  2)    (Im  +  1) 

W  (I;  to,  2)  =  py^j  +     (1)     A  +  L» 

(tm  +  l)...(lm+/i)    ((m  +  l)...(lm  +  Ai-l) 

we;*-*)-    <i) ...  — +     (i)...o*-i)  ^+-.+Am 

(lm  +  l)...(lm+s) 
+      (l)(2)...(s)  L» 

and  thence 

X0  =  l, 

(lm+1) 


In -OF  (I;  to;  1)  — * 


(1) 


ZM  -  OJP(I;  to;  /*)  -  (tn(^  1J  m;  /x  -  1) 

+  ("'*  (1). .»  ' 

This  series  may  be  continued,  the  left-hand  side  becoming  zeru. 
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We  then  get  a  number  of  difference  equations  satisfied  by  the  function 
OF  (I;  m;  n). 

From  the  first  series  we  at  once  find  the  general  expression  of  Zx  (I;  m;  cc), 

viz. 

L  (I'  w  oo  )  —  g  +  l)('  +  2)-<t  +  m)  _  <Jm  +  l) 
L,(l,*,»).         ,1,(2)  ...(m)  (1)  ' 

because  we  know  the  expression  of  the  line-partition  generating  function 
GF(l;m;  1). 

452.  Another  method  of  investigation  leads  to  another  expression  for  Lx. 
Taking  the  assemblage  of  letters 

«!«•«•  <L, 

and  observing  that  the  index  of  the  lattice  permutation  with  which  we  have 
to  deal  has  only  one  component,  let  the  index  arise  from  the  conjunction 
OLo*u>  where  v  >u.    The  whole  permutation  will  be 
A)av\au(B, 

where  in  the  space  A  there  is  any  succession  of  letters  in  ascending  order  of 
subscripts  to  v  and  in  the  space  B  any  succession  such  that  the  subscripts  are 
in  ascending  order  from  u. 

The  least  index  is  obtained  when  the  permutation  is 

«X  . . .  o4_iaMaM+1 . . .  a^-O  av\au  •  ■  •  ofr-W^1  alvil  ...<&, 

because  no  one  of  the  letters  a1}  a2,  ...  can  be  in  the  space  B  without 
introducing  another  dividing  line  and  the  letters  au,  au+1,  ...  ar_x  must  each 
occur  at  least  once  in  the  space  A  to  satisfy  the  lattice  condition. 

This  gives  the  index  v  +       l)u—  I  +  1,  and  the  term 

xv+  {1—1) 

The  greatest  index  is  derived  from  the  permutation 

a\a\ . . .  (dotX+i  •  •  •  al~-Wv~2)  a*l«M  (aM+i««+2  •  •  •  a^-iaX+i  ■  •  •  <> 
because  no  one  of  the  letters  av+i,  a„+2,  ...  am  can  be  in  the  space  A  without 
introducing  another  dividing  line  and  the  letters  au+1,  aM+2,  ...  av  must  each 
occur  at  least  once  in  the  space  B  to  satisfy  the  lattice  condition. 

This  gives  the  index  (l  —  l)v  +  u—l  and  the  term 

l)»+M— I 

In  regard  to  the  space  A  and  the  letter  av,  to  the  immediate  left  of  the 
dividing  line,  we  have  to  determine  all  the  successions  ranging  from 

au  au+1 . . .  av^  av  to  a1'1       . . .  aj,"1,  <"~2, 
that  can  be  placed  between  the  succession 

and  the  dividing  line,  in  order  to  form  a  permutation  of  the  desired  nature. 
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Suppose  that  one  such  succession  is 

U      M+l  V  » 

ti,  t?,  ...tv-u+i  may  be  any  succession  of  v  —  u  +  1  numbers  in  descending 
order  of  magnitude,  such  that  no  number  is  greater  than  I  -  1  or  less  than 
unity.  Or,  subtracting  unity  from  each  number  we  may  say  that  the 
succession 

^1  —  1  >   t%  —  1,  ...  £»-u+i  —  1 

is  a  partition  at  the  points  of  a  one  row  lattice  of  v  —  u+1  nodes  such  that 
no  part  exceeds  /  —  2  in  magnitude. 

The  generating  function  enumerating  such  partitions  is 

q-D  (i)...(i+y-u-i) 

<l)(2)...(v-u+lj  * 

Denote  by  Z1>vtt  that  portion  of  Ll  which  arises  from  the  major  contact 
0,0*.  Then 

K~  (l>(2)...(v-u+l)  • 

leading  to 

Li(<,w,oc)";r  (i)<2)...(v-u+i)  • 

Put  herein  v  =  m  +  J ;  then  for  a  constant  value  of  j  we  have 

A  (t;  mi  oo ),  =  |a*H  +       +  . . .  +  ^-</-»»  a+» )  g^g^ife^p) 

(lm-lj)  (C-l)  (O-  .q-t-j  -  1) 
(t)     '     (l)(2)...(j+l)  ' 

and  consequently  giving  j  all  values  from  1  to  m—  1, 

t  a—'^  rS<Im-1)  t*-1)**) 

,(Im-2l)  q-l)ff)  (1+1) 
+         (I)  <1)(2)(3) 


(I)  tf-l)(l)...(l+m-2) 
+  *  (I)  (l)(2)...(m) 


a  result  which,  as  not  depending  upon  the  enumerating  function  GF(i,  m;  oo  ), 
is  more  interesting  than  the  one  reached  in  the  previous  Article. 


CHAPTEE  IV 


EXCURSUS  ON  PERMUTATION  FUNCTIONS 

453.  If  we  had  dealt  with  the  whole  of  the  permutations  instead  of 
merely  with  the  lattice  permutations,  we  should  have  similarly  arrived  at 
an  enumerating  function 

PF (pip2P3~-  Pm',  °Q  ) 

~lljW(3).  .(Sp)  ' 

but  what  arrangements  should  we  have  enumerated  ? 

Taking  the  last  particular  case  examined  above  (Art.  441)  we  should  have 
written  down  the  90  permutations  of  aa/3fiyy  and  the  corresponding  90  sets  of 
Diophantine  inequalities  in  which  a1}  ^  would  always  precede  a2,  @2,  j2 
respectively,  but  there  would  be  no  further  restriction  of  order  between  the 
letters  au  a,,  j32,  yif  <y2.  Consequently  in  the  plane  partitions  we  should 
retain  the  descending  order  of  magnitude  in  the  rows  while  abolishing  it  in  the 
columns.  We  are  thus  in  the  general  case  dealing  with  arrangements  at  the 
nodes  of  a  lattice,  complete  or  incomplete,  the  only  condition  being  that 
a  descending  order  of  magnitude  is  to  be  in  evidence  in  each  row.  Now  in 
a  row  containing  ps  nodes  we  can  place  any  line  partition  of  any  number  so 
long  as  the  number  of  the  parts  does  not  exceed  ps.  The  generating  function 
for  these  is 

1 

(1)(2)  -(Ps)5 

and,  regarding  all  the  rows,  we  find  that  the  arrangements  in  view  are 
enumerated  by  the  function 


(1)  (2)  ...(Pl).(l)(2)...(P2)  (l)(2)...(Pm) 

Hence 

PF  (ptp2 . . .  pm;  oo  )  1  

(1)  (2)  (3) ...  (Sp)   "  (l)(2)...(Pl).(l)(2)  ...  (P2)  (1)  (2)  ...  (Pm) ' 

or     PF(PlP2     p-oo)=  W  <2>(3>  -<2P)  

(^2-Pm'     ^     (l)(2)...(Pl).(l)(2)...(P2)  (l)(2)...(Pm)' 

the  result  anticipated  in  Vol.  I,  Sect.  Ill,  Ch.  vi. 
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The  expression  should  be  compared  with  the  number  which  enumerates 
the  permutations  of  the  assemblage 

The  former  becomes  equal  to  the  latter  in  the  limit  when  x  approaches 
unity. 

454.  When  the  part  magnitude  in  the  partitions  is  limited  by  the 
number  n  the  partitions  as  defined  in  the  last  Article  are  enumerated  by  the 
expression 

(n+  1) ...  (n  +  p,).  (n  +  1) ...  (n  +  pj  (n  + 1) ...  (n  +  Pm) 

(l)...(p1).(l)...W  U)  (Pm) 

but  employing  the  same  reasoning  as  we  did  in  the  case  of  the  lattice  per- 
mutations, if  PFt(p1pi ...  pm;  <x>  )  be  the  sub-permutation  function  derived 
from  the  permutations  which  possess  8  major  contacts,  the  enumerating 
function  is  also 

(n+l)...(n+2^)PF0+(n)...(n+Zp~l)PiT1  +  ...  +  (n~y+l)...(n-y+2p)P^ 
(l)(2)...(Sp) 

Hence 

(n+l)...(n+Sp)PJP0+(n)...(n+Sp-l)PP1+...  +  (n-i/+l)...(n-i/+2p)P^ 

=  {(n+l)  ...(n  +  PiMn+l)...  (n  +  Pa)  (n  +  1)...  (n  +  Pm)} 

v    (1)(2)-  £p) 

X(i)...(p1).(i)...dg  a)  .(Pm) 

=  {(n+l)...(n  +  Pl).(n  +  l)...  (n  +  P2)  (n  +  1) ...  (n  +  pnJ] 

x  PFiptfi  ...pm;  qo  ) ; 
v  is  equal  to  the  maximum  number  of  major  contacts  that  can  occur  in  a 
permutation  of  the  assemblage.    This  was  found  in  Vol.  I  to  be  Xp  —  pi. 
When  the  lattice  is  complete  and  has  as  usual  I  columns  and  m  rows 
v=l(m-l). 

455.  Equating  the  two  expressions  for  the  generating  function  and  giving 
n  the  values  0,  1,  2,  3,  ...  in  succession,  we  find 

PP»=1, 

(Zp+  1)  ,pp_  (Pi  +  l)(P«+l)  -  (Pm+l) 
(1)     +      1  fl>- 
(Sp+l)(Sp  +  2)  (Sp+1) 

ana)  +"TirPJi+" 

=  (Pi  +  1)  (P2  +  1)      (Pm  +  1)  (Pa  +  2)  (p2  +  2)      (Pm  +  2) 

etc., 

from  which  the  general  expression  for  PF,  is  readily  obtainable. 
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In  fact 
PF0  =  1, 

pF  =  (Pi+l)(P2+l)---(Pm+l)  _  (Sp  +  1) 

pF     (Pi+l)(P2+l)  -  (Pm+1)   (Pi+2)(p2  +  2)...(pm  +  2) 
{1)m  •  {2)m 

(Sp+1)   (Pi+  1)  (P2+  1)  ...  (Pm+  1)       £p)  gig  +  1) 
(1)     '  (1)-  (1)(2)  ' 

and  in  the  expression  of  Pi^  the  last  term  is 

(  v.  „.4 (HP  -  b  +  2)  (gp  -  s  +  3)  ...  (Sp  +  1) 
(  j  (l)(2)...(s) 

456.  If  now  from  these  formulae  we  write  down 

PF0  +  PF1  +  ...  +PFV  where  v  =  2p-p1 
we  obtain  a  remarkable  expression  of  PF (p^2 ...  pm;  oo  )  which  we  know 
otherwise  has  also  the  expression 

 (1)  (2)-(Sp)  

(1)  (2)...(p1).(lM2)...(p2)  (1)  <2)...(pm)- 

457.  Putting,  for  a  complete  lattice,  pi  =p2  =  ...  =Pm  —  l>  we  find 

(n+1)..  (n  +  Im)  P^0+(n)(n+l)  ...  (n  +  1m  -  1)  PF,+  ... 

+  (n  +  1  -  Im  +  I) . . .  (n  + 1)  PF^ 


and  thence 

PF0=1, 


(n+l)(n  +  2)...(n  +  I) 
(l)(2)...(i) 


(l)(2)...(lm); 


PF,-- 


j(t+l))™  (im+1) 
1  (1)  J  (1)  ' 


PF_l(l+1)<l_+2J)-    (lm+1)  f(l  +  l)(-  (lm)(tm+l) 

— (ijrp  I  ~  "or"  I  a)  )      a)(2)  ' 


j(l+l)(i+2)(l  +  3)|™    (lm+1)  ((I+l)(I  +  2) 


(1)  (2)  (3)        j  (1) 


f(t+l)(l  +  2)]™ 
I      (1)(2)  J 


(lm)(Im  +  1)      +  ^  (Im-l)(Im)([m  +  l) 


(±+iit 

(1)(2)      1  (1)  j      "  (1)(2)(3) 
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458.  As  an  example  put  Z  =  m  =  2,  so  that 

PF(2  2  *>)-{l)  <2)(3)(4)_<3M4). 
*  '    '     '       KDW  "(1)(2)' 

v  is  here  2  and 

P*  IfDf  "(I)' 

»F     ((3)(*)|'    (5)  ((3),;'.    (4)  (6) 
1   1(1)  (2)f    (\)\(\)\  +J(Dm' 

leading  to  the  identity 

<3-Ui>  =  h  +  pt'  +  J<?H4>!'1  _  (6)  r  tann 

<1)<2)    L      1(1)1  +t(l)(2>lj    (1)L   +  WJ 

459.  Again  putting  I  =  m  =  3,  so  that 

pj,,g.ft.mW(l)(2).  (9) 

we  find  the  identity 

(1)(2)...(9) 
1(1)  (2)  (3)j» 

=  i  +  i<4>r  4.  {(IMS))'    f(4)  (5)  (6)l»    ((5)  (6)  (7))' 
1(1)1     1(1)  (2))  +  1(1)  (2)  (3)(  +l(l)(2)(3)f 
{(6)  (7)  (8))'  f(7)(8)(9)l» 
1(1)  (2)  (3)f  +l(l)(2)(3)f 
(10) 
(1) 


+    (1)  (2) 


L      Id))  l(D(2)(3)fJ 
(9)  (10)  r 1(4)1 »         .  f(5)  (6)  j7))«l 
(1)(2)  L      1(D)  +l(l)  (2)(3)f  J 


^(8)  (9)  (10) 


(1)(2)(3)  L      1(1)1  +  +l(l)(2)(3)tj 

+  

.  (6)  <7>  <8>  (9)  d°) 

(1)  (2)  (3)  (4)  (5)  (6)  ' 

indicating  clearly  that  the  identities  that  arise  from  this  theory  are 
noticeable. 

460.  There  is  a  remarkable  simplification  when  m  ■  2,  for  then  it  can  be 
shewn  that 

leading  to  the  identity 

(1)  (2)  (21)  v/^i(JHl^i)^IJ-»  +  lH, 
(1)  (2)  .  .(!)]'   .r0^l      (1)  (2)  ...w  r 
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which  may  be  also  written 

GF(l;l;l)  =  *$  x*2  {GF  (I  -  s ;  1 ;  s)\K 

In  fact,  more  generally,  it  will  be  found  that 

PF  (n  „  .  x  v  _  a-  <Pi)  (Pi  -  !)  -  (Pi  -  8  +  1)  •  (P2)  (P,  -  1)  -  (P,  -  b  +  1) 
•<(^2'X)-*  {(1)(2)..»}« 

It  has  been  shewn  elsewhere  (Vol.  I,  Sect.  IV,  Art.  146)  that  the  number 
of  permutations  of  the  assemblage  ap>fipi  which  possess  s  major  contacts 
is  given  by  the  coefficient  o{\saPi/3p*  in  the  product 

From  this  product  we  can  derive  a  function  of  x,  viz. 
(a  +        (a  +  \/3x2)  . . .  (a  +  \0x*>)  .  0  +  a)  (/S  +  *»)  . . .  (J3  +  axp^), 
and  herein  the  coefficient  of\8ap>/3p*  is 

-  (Pi)  (P!  "  1)  •  (Pi  -  B  +  1)    (P2)  (p2  -  1)  . . .  (Pz  -  S  +  1) 

{<l)(2)...(s)}» 

For  the  first  pl  factors  of  the  function  of  x  may  be  written 

4-  Va^Wt)  (Pi)(Pi-D  -(Pi-B+D  + 
+  *       ^  (l)(2)...(s)  +  •"' 

and  the  last  p2  factors 

p,  +  a0P*  g  +  ct^.-^(Pa)fe-l>  +  ... 

+  aP      *  (l)(2)...(s) 

so  that  the  coefficient  of  aPl/3p*  is  seen  to  be 

1  X  XX  MJPi  .  (Pl)  (Pl-l)    (P2)(P2-l)  , 

+  >  ^  W  •  •  •  (Pl-B+l).(P2)...(p2  "  B  +  1) 

461.  For  the  complete  lattice  the  functions  PFS  possess  further  elegant 
properties.    Thus  starting  with  the  relation 

f(n+l)(n  +  2)...(n  +  I)|™ 
(         (l)(2)..(i)  J 
(n+ 1)  „.  (n+Im)P^0+  (n) . . .  (n+lm-  1)PF,  + . . .  +  (n+ 1  -Im+1) . . .  (n+l)PFlm. 
(l)(2)...(lm) 
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if  in  the  left-hand  side  we  substitute  —  n  —  I  —  1  for  n  we  find  that  the  effect 
is  merely  to  multiply  it  by 

^-Imn-^lm  (l  +  l) 

whilst  on  the  right-hand  side  the  coefficient  of  PF,  is  multiplied  by 
^-lmH  +  \lm(lm~2l-it-l) 

An  identity  thence  arises  and,  putting  therein  n  =  0, 1, 2,  ...  in  succession, 
we  find  the  relations 


giving  noteworthy  algebraic  identities. 

462.  We  can  find  an  expression  for  the  sum 

!      (n+  l)...(n  +  p1).(n+l)...(n  +  pa)  (n+  1) . . .  fo  + 

o  9  (l)(2)...(p1).(l)(2)...(p8j         (1)  (2)  .  .  (Pm) 

for  this  is 

»  fr*1*  (n^l^)P^+(n)...(n  +  l»--l)PF1->-...->-(n-»+l)...(ii-»-|-  Zp)  PF, 
9  (l)(2).(Sp) 

Now  for 

5  fI(n-s+l)(n-s  +  2)  •  (n-s+Zp) 
ff  (1)(2)  .(Sp) 

we  have  only  to  sum  from  n=«  to  n  =  x  and  the  result  is 

 tfPF.  

(1  -g)  (1  -gx)  (1  -gx*) ...  (1  -  gx*i) ' 

Hence  the  sum  required  is 

\+gPFl+g*PFt+...+g'PF. 
(l-g)(l-gj)(l-gx>)...(l-gx*P)- 

463.  The  foregoing  investigation  establishes  the  identities 

(i)(J)_(i+l)(j  +  D       +  j  + 
(1)'  (1)'  (1)  ' 

(i  -  1)  (1) .  (J  -  1)  (J) 

WW 

(i + 1) (i  +  2)  (j  + 1) _ j+i+i) (n-i)q-t-i) 
<i)»(2)«        ~    (i)  or 

14—2 
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a„A  .(i-2)  (i-l)(i).(j-2)  (j-1)  (j) 

ana  x  (1)*(2)2(3)2 

(i+l)(i  +  2)(i+3).(j  +  l)(j  +  2)  (j  +  3) 
(I)2  (2)2  (3)2 
+  (i+l)(i  +  2).(j  +  l)(j  +  2) 

(1)  (1)»(2)2 

,     (i  +  3)(i+3  +  l)(i+l).(j+l) 

(i)(2)  (iy 

(i+j  -  1)  (i  + j)  (i  + j  +  1) 

a)  (2)  (3) 

etc. ; 

and  thence  denoting 

<i+l)(i  +  2)...(i  +  8).(j+l)  (j  +  2)     (j  +  s) 

(i)M2)2-.  (s)2  by^' 

and         gt(«-i)^  +  3-»+2)  (|  +  ^+3)        +  i  +      by  Bgt 

we  obtain 

(j  +  1)  (j  +  2)...(j+i) 
(1)  (2)...(i) 

=  1  +  A2  +  A4  +  A6  +  . . .  +  A2V 
-B1(l+A2  +  Ai+...  +  A2V_2) 
+  B2(1  +  A2  +  A4  +  ...  +  A2V_4) 


(-)"  B*> 

where  v  is  the  smallest  of  the  numbers  i,  j. 


SECTION  X 


COMPLETION  OF  THE  THEORY  OF  SECTION  IX 


CHAPTER  I 

PLANE  PARTITIONS  WITH  UNRESTRICTED  PART  MAGNITUDE 

464.    In  this  Section  we  determine  the  actual  algebraic  form  of 

L(PiP»,>  .pm',n). 
We  first  consider  the  particular  case 

L(plpi...pm;  oo ), 

the  lattice  derived  from  the  most  general  incomplete  lattice.  These  deter- 
minations will  of  course  lead  to  the  expressions  of 

OF(plp,...pm,n)  and  OF(p,p, ...  pm;  oo). 

An  incomplete  lattice  is  the  graph  either  of  the  partition  of  a  unipartite 
number  or  of  a  multipartite  number.  The  partitions  we  enumerate  are  such 
that  the  parts,  limited  in  magnitude  to  n,  are  placed  at  the  nodes  in  such  wise 
that  there  is  a  descending  order  of  magnitude  in  each  row  and  in  each 
column.  It  is  the  most  general  case  of  plane  partition  as  defined  in  this 
book. 

As  leading  up  to  the  method  employed  we  will  commence  by  determining 
the  lattice  function  derived  from  two  unequal  rows,  say 

The  first  step  is  to  establish  the  relation 

L  (Pijh ; » ) 

=L(pupt-l;ao)  +  xK+to-lL(pi-l,pt-l,x)  +  x*+H-*L(pl-2,p,-l ;  ») 
+  .,.  +      L  (p,,  p,  -  1 ;  oo  ). 
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Consider  the  lattice  permutations  of  the  assemblage 

aPifiPi  where  jt)i>_p2. 

By  reason  of  the  fundamental  property  of  a  lattice  permutation  the  letter 
a  cannot  occur  more  than  p1  —  p2  times  repeated  at  the  end  of  the  permutation. 
Every  permutation  must  terminate  in  one  of  the  following  ways : 

yS;  /3\a;  /3|a2;  ...  /3|a^s 

the  dividing  line  as  usual  marking  a  major  contact  in  the  permutation.  From 
these  terminations  components  of  the  greater  index  arise,  viz. : 

0 ;  Pi  +  p2  -  1 ;  Pi  +  p2  -  2 ;  . . .  2p2 

respectively. 

These  give  rise  to  factors  in  the  power  of  x  associated  with  a  permutation, 
viz. : 

1;  fcfHtf»r-»;  tfpM+nr**  ...x2?* 

respectively. 

In  particular  when  the  terminating  letters  are 

the  factor  arises ;  the  remaining  letters  are 

and  they  may  appear  in  any  lattice  permutation  and  produce  a  lattice 
function 

L  (pY  —  s,  p2  —  1 ;  oo  ). 

Hence  all  permutations  which  terminate  with  f3as(s  >0)  contribute 

xv>+p^s  L(p1-s,p2-l;  oo  ) 

to  the  lattice  function  L{p1,  p2;  oo  ). 

When  s  =  0  the  contribution  is  simply  L  (pu  p2  —  1 ;  oo  )  since  the  power 
of  x  which  is  the  factor  is  x°  or  1. 

We  therefore  have  the  relation 

j>i-p» 

L(p1}p2;  cc)  =  L(p1,pa-l;  oo  )  +   £  a^i+ft-*  L  (pl  -  s,  p2  -  1 ;  oo  ). 

i 

465.    Now  assume  that 

T  f «   n  -  1   oo  ^  -  WW  •  •  (Vi  +  P2  -J)  .  (Pl+1)-*(P2  -J) 

(^,P2      '     j     (2)  (3)...(p1+l).(l)(2)...(p2-l)-  (1) 

for  all  values  of pl. 
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Then  the  functional  equation  leads  to  the  relation 
L(PiP%  ;  *>) 

tl)(2)...(Pl  +  p1-l)  (Pg  +  l)-*(p,-l) 

<2)(8)...(pl+i).(i)(2)...(pi-i)-      a) ; 

(l)(2)..(Pl  +  ps-2)  (pj-sfr,-!) 
(2)  (3)    .(Pl)  (l)(2)...(pa-l)'  (1) 

.^M*-,   U)(2)...(p1+p2-2)  (Pi-l)-^(Pt-D 

(2)(3)...(p1-l).(l)(2)...(pl-l)-  (1) 

+  

<l)(2)...(2p,-l)  (p,+  l)-*(P,-D 

(2)(3)...(p1+l).U><2)...(p1-l)'  (1) 

The  right-hand  side  has  p,  —  p,  +  1  terms ;  assume  that  the  sum  of  the 
last  k  terras  may  be  written 

(l)(2)_.^j2pJ+k-l) 
(l)(2)...(p2  +  k).(l)(2)...(p2)< 

an  assumption  which  it  is  easy  to  see  is  justified  when  k  =  1. 

The  (k  +  l)th  terra  from  the  end  is  the  (p,  -j^—k  +  l)th  from  the  begin- 
ning and  this  is 

(1)  (2)...(2p2  +  k-l)  fo  +  k-H)-^,-!) 

(1)  (2)  ...  (p1+  k  -  1) .  (1)  (2) ...  (ps  -  1)  *  (1) 

Adding  this  to  the  sum  of  the  last  k  terms  we  find  on  simplification 

^  (lM2L.J2p,  +  k) 

(l)(2)...(p,  +  k+l>.(l)(2).  ..(vr 

a  result  which  justifies  the  assumption. 
Hence  putting  k  =  pl—p7we  find 

£(p,/).;») 

(lXfl  .  fo  +  p,-!)  (Pq+1)  -  1) 

(2)  (3)  ..(p1+l)  .(l)  (2)  ...(p,-l)'  (1) 

+  ^(l)(2)  ...(Pl)  .(l)(2)  ...(pJ)  (Pl  Ps) 

(1)(2)  •  (Pl  +  P2)  (Pl+1)~  (P:) 

(2){3)    .1pl+l).{l)(2)..(pJ  (1) 

This  result  being  true  when  p,  =  0  is  established  universally. 

466.  It  must  reduce  when  a;  is  put  equal  to  unity  to  the  number  which 
enumerates  the  lattice  permutations  of  the  assemblage 
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This  number  is 

and  the  resemblance  between  the  algebraic  function  and  the  enumerating 
number  at  once  strikes  an  observer. 

467.  We  therefore  seek  in  the  general  case  to  always  have  this  resem- 
blance in  evidence.  This  idea  leads  to  a  very  interesting  arrangement  of 
the  work. 

The  number  which  enumerates  the  lattice  permutations  of  the  assemblage 

«J" 

may  from  Sect.  Ill,  Ch.  v  be  written 

 (l)(2)...(Sj>)  

(m)...(p1  +  m-l).(m-l)  ...(pt  +  m-2)  (1)  ...  (pm) 

n  (ps-pt+ t-s) 

x±l  ' 

U(t-s) 

s,  t 

wherein  t  >  s  and  the  continued  product  has  reference  to  every  pair  of 
numbers  that  can  be  selected  from  the  first  m  natural  numbers. 
We  now  say  that  we  shall  express  the  lattice  function 
L  {pxp2  ...pm;ao) 

in  the  form 

 (1)  (2)  -£p)  

(m) ...  (pj  +  m-  1) .  (m-  1) ...  (p2  +  m-  2)  (1) ...  (Pm) 

X  IL  (pip2  '--Pm',  00  ), 

where  the  algebraic  fraction  first  written  is  a  fixed  factor  of  the  lattice 
function  and  the  remaining  factor  has  to  be  determined. 

The  fixed  factor  before  us  is  called  the  Outer  Lattice  Function  and 
written 

0X(^p2  ...pm]  oo  ). 
The  remaining  factor  is  called  the  Inner  Lattice  Function  and  is  written 

■IL{p,pi...pm;  oo  ). 
The  expression  of  the  outer  lattice  function  is  in  every  case  known. 
That  of  the  inner  function  is  unknown  and  has  to  be  determined. 
We  have 

L(prp2  ...pm',  oo  )  =  OLfap* ...  pm;  x  )  x  7X(_p,p2  ...pm;  cc). 
Above  we  have  arrived  at  our  first  result 
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468.  A  principal  object  of  this  Section  is  the  determination  of  the 
algebraic  expression  of  the  inner  lattice  function  for  the  general  incomplete 
lattice.  A  particular  object  is  to  prove  that  in  the  case  of  the  complete 
lattice  the  inner  lattice  function  is  unity,  viz. : 

IL(l  ;  m  ;  x  )=  1. 

In  that  case  the  outer  lattice  function  is  identical  with  the  lattice  function. 

It  has  been  already  proved  that  if  we  substitute  for  a  lattice  the  con- 
jugate lattice,  the  lattice  function  as  well  as  all  of  the  sub-lattice  functions 
are  unchanged.  This  is  only  true  of  the  outer  and  inner  lattice  functions  in 
special  cases.  As  a  general  rule  they  both  change  when  such  a  change  is 
made  in  the  lattice.  The  product  of  the  outer  and  inner  lattice  functions, 
being  equal  to  the  lattice  function,  necessarily  remains  unchanged  under 
the  circumstances  stated. 

We  have  as  a  consequence  of  the  new  arrangements 

g^...^;.)-g£fc^;)./J(W...^.;.X 

where  OL  ( ptpu  ...p,n,co) 

m  (1)(2)  CP)  

(m)...(p1  +  m-l).(m-l)...<p,  +  m-2)  <1>  ...  (Pa)' 

so  that  GF(p1pa  ...pm  \  oo  ) 

_   IL(plpt...pm;  co)  

(m)  ...  (P!  +  m-  l).(m-l)...(pa  +  m-2)  (1)...  (Pm) 

The  only  general  fact  we  at  present  know  about  the  inner  lattice 
function  is  that  the  sum  of  its  coefficients  is  equal  to 

np.-Pt  +  t-8 
,,t  t-a 

When  this  question  has  been  completely  answered,  the  next  step  will  be 
to  consider  the  problem  when  the  part  magnitude  is  restricted. 

469.  So  far  we  have  established  the  formula 

<pi+i)-*(pj 

"F' X'  =  (2)(3)  ..(p1+(l1)).(l)(2)...(pj' 

and  its  particular  case 

by  considering  the  derivation  of  the  lattice  function  from  lattice  permu- 
tations. We  found  a  functional  equation  connecting  lattice  functions  and 
we  might  have  then  proceeded  to  form  a  functional  equation  connecting  the 
corresponding  inner  lattice  functions.    We  might  adopt  the  same  procedure 
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in  the  further  study  of  the  subject,  but  there  is  an  alternative.  We  may 
proceed  from  the  solid  graph  of  a  plane  partition  to  form  a  functional  equation 
between  the  generating  functions  which  enumerate  plane  partitions  and 
thence  deduce  equations  connecting  the  lattice  and  inner  lattice  functions. 
This  is  the  more  convenient  course.  Suppose  that  the  lattice,  at  the  nodes  of 
which  the  parts  of  the  partition  are  placed,  has  three  unequal  rows  com- 
prising plt  p2  and  ps  nodes  respectively,  where  of  course  p1  ~^p2^Ps- 


For  a  moment  we  suppose  the  part  magnitude  to  be  restricted  by  the 
number  n. 

Subject  to  the  parts  being  in  descending  order  of  magnitude  in  each  row 
and  in  each  column,  in  every  plane  partition  each  node  is  either  occupied  by 
zero  (that  is,  is  unoccupied)  or  by  some  number  greater  than  zero  and  not 
greater  than  n. 

In  certain  partitions  every  node  is  occupied ;  such  partitions  may  be  con- 
structed by 

(i)  placing  a  unit  at  each  node, 

(ii)  superposing  every  partition  enumerated  by  GF(p1p2ps;  n  —  1). 
Such  partitions  will  be  termed  "  full-based  "  partitions. 

They  are  clearly  enumerated  by 

ccp>+pi+p*  GF(p,p2p3  ;n-l), 
the  factor  arPi+^+ft  arising  from  the  presence  of  the  base  which  has  every  node 
occupied  by  a  unit. 

Every  lattice  that  can  be  formed  from  a  given  lattice  by  obliterating 
nodes  may  be  said  to  be  "  contained "  in  the  given  lattice.  Among  such 
contained  lattices  is  reckoned  the  given  lattice  itself. 

Now  suppose  that  a  lattice  having  rows  containing  p/,  p2',  ps'  nodes  is 
contained  in  the  given  lattice  ;  it  is  obvious  that  some  of  the  plane  partitions 
we  seek  to  enumerate  will  be  full-based  upon  such  contained  lattice  and  will 
be  enumerated  by 

xPi'+P2+Ps'  GF  (pi'pJp3'  ■  n  _  1). 

Speaking  of  lattices  contained  in  a  given  lattice  is  equivalent,  since  a 
lattice  is  the  graph  of  a  line  partition,  to  speaking  of  line  partitions  con- 
tained in  a  given  line  partition. 

We  thus  find  that 

GF(Plp2ps;  n)  =  XxPl'+P2'+P3'GF  (p^'p/;  n-l), 
the  sign  of  summation  indicating  every  lattice  ptpipl  contained  in  the 
lattice  pxp2pz. 
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470.  This  relation  shews  the  derivation  of  the  generating  function  when 
the  highest  part  is  n  from  generating  functions  when  the  highest  part  is  n-1. 
When  there  is  no  restriction  upon  the  part  magnitude 

GF(Plp.lPs;  *  )  =  GFipfa'p,';  oo  ), 

and  generally 

GFfa p2 . . .  />,„ ;  oo  )  =  Xfi +  ■  • +"'-  GFfa'p;  . . .  />'..;  x), 

leading  to 

L(PiP*~Pm',*>)_*3j/L(pl'pJ  ...p'm;  oo) 
(l)(2)...(Sp)      ^         (l)(2)...(2p0  ' 

 ILjjhPt  ...Pm;cc)  

(m)  ...(pj  +  m-  l).(m-l)...(p1  +  m-2)  .  (1).  .  (Pm) 

~      (m)...(p1'  +  m-l).(m-l)...(p1'  +  m-2)  (l)...(pV) 

It  must  not  be  overlooked  that  in  these  relations  the  lattice  pxp^  ...pm  i8 
included  under  the  sign  of  summation  on  the  right-hand  side.  Also  in  using 
the  last  formula  that  m  may  be  1,  2, ...  m  —  1  orra,  according  to  the  number 
of  rows  in  the  contained  lattice.  Also  that  unity  arising  from  the  absence 
of  nodes  is  included  under  the  sign  of  summation  as  usual  in  all  partition 
formulae. 

As  an  example  we  find  that 

{l     '    <1)(2)  (3)  -      (1)(2)<3)  +        (1)(2)     +  (1)(2) 

+  x      (1)  +1. 

and  since 

IL  (21;  oo  )=l+x>,    IL  (11;  x)  =  /Z(2;  x)  =  iX(l;  x)  =  l, 
we  verify  that 

7Z(22;  oo)  =  1. 
In  this  case  the  lattices  contained  in 


and  the  zero  lattice  counting  as  unity  under  the  summation  sign. 
If  from  the  plane  partitions  enumerated  by 
GFfaptp,;  n), 
we  subtract  those  enumerated  by 

xH+to+KGFip&p,  ;  n-l), 
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we  have  remaining,  in  the  case  of  three  unequal  rows,  partitions  which  include 
those  enumerated  by  each  of  the  three  generating  functions 

GF(Pl  - 1  p2p3;  n),    GF  (p,  p2-l  p3;  »),    GF(p1p2  ps-l;  n), 
and  these,  by  a  well-known  principle  of  the  combinatory  analysis  (see  Whit- 
worth's  Choice  and  Chance,  Fourth  Edition,  pp.  73  et  seq.),  are  enumerated  by 
GF(p1  -  1  p2p3;  n)  +  GFip.p., -  1  p3;  n)  +  GF (ptp2 p3-l\n) 
-GF(Pl-l  p2-l  p3;  n)-GF(px-lp2p3-l;n)-GF(pY  p2-lp3-l;n) 
+  GF{p1-lp2-  1  p3-  1;  n). 

The  reader  will  see  without  difficulty  that  in  the  functions  of  the  first  line 
of  this  expression  the  partitions  enumerated  by  each  of  the  functions  in  the 
second  line  are  enumerated  twice  over.  We  therefore  subtract  these  functions 
each  once,  but  in  doing  so  we  find  that  the  partitions  enumerated  by  the 
function  in  the  third  line  have  been  omitted  altogether.  We  therefore  add 
once  the  function  in  the  third  line. 
Hence  the  functional  equation 

GF(Plp2p3;  n)  -  GF(Plp2p3;  n-1) 

=  GF(Pl  -  1  p2p3;  n)  +  GF{p1  p2-l  p3;  n)  +  GF(pxp2  p3-l;n) 
-  GF{px  -Ipt-lp^n)-  GF(Pl  -  1  p2  p3  -  1;  n)  -  GF(p,  p2-lp3-l;  n) 
+  GF(p1-lp2-lp3-l;  n). 

471.  In  the  general  case  of  m  unequal  rows  we  have  the  functional 
equation  which  is  elegantly  expressed  in  the  following  manner : 

Let  6S  be  a  symbol  such  that 

68  GF  (p,p2  ...pt...pm;n)=  GF(ptp2 ...  pg-l  ...  pm;n), 

then 

(1  -  6X) (1  -  62) ...  (1  -  6m)  GF (Plp2  ...pm;  n)  =      GF (Plp2  ...pm;n-l). 

472.  The  formula  may  be  modified  in  the  direction  of  simplification 
when  the  rows  are  not  all  different. 

For  suppose  p3  =p2 


we  must  see  how  many  nodes  may  be  singly  obliterated  so  as  to  leave  a 
contained  lattice.  It  is  clear  that  in  this  case  the  right-hand  nodes  of  the 
first  and  third  rows  may  be  detached  but  no  other  node.  Reasoning  as 
before  we  are  led  to  the  functional  equation 

GF(Plp2p2;  n)  -  xPl  +  2p*  GF(Plp2p2;  n-1) 

=  GF(p1  -  1  p2p2;  n)  +  GF (pxp2  p2-l;n) 

-  GF(pi  -  1  p2  p2  -  1;  n), 
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which  may  be  compared  with  the  equation  appertaining  to  a  lattice  of  two 
unequal  rows : 

GF(pipi;  n)  -a*x+p*  GF(plPt;  n-1) 
=  GF(p1-lp%;n)+GF(p1p,-l,n)-GF(p1-lpt-l;n). 
Similarly  we  derive  the  equations 

GF{plplp%\  n)-x2px+p*  GFipiptf,; 
=  GF(Pi  pl-lp%,n)  +  GFifrptpt-  1 ;  n)-GF(Pl  px  -  lft-  1;  n); 
GF(plPlPl;  n)         GF(p,plPl;  n  - 1)  =  GF(plPi  ft  -  1;  n) ; 

and  also 

GF(pT',  n)  -  x»*>  GF(pT;  n  -  1)  =  GF(p?~l  ft  - 1 ;  n). 

473.  When  the  part  magnitude  is  unrestricted  we  have 

(Pi  +  P2)  GF(plPi;  oo  )  =  GF(p1  -lp9foo)  +  GF(p,  ft  -  1 ;  ao  ) 
-G.F(ft-lft-l;  x); 

(Pi  +  P2  +  Pa)  GF(Plp2pt;  oo  ) 
=  GF(pt-  1  ftp,;  oo)+  GF(ftft-lft;  oo)  +  GF(p1p2pt-l;  oo  ) 
-GF(ft-lft-lft;  (ft- lp.ft-1;  />,-lp,-l;  oo) 

+  (?J'(ft-lft-lft-l;  x); 

(Zp)  GF(Plp2...pm;  x  )  =  {1  -(1  -  ft  (1  -  0,)...(1  -  O)  GF(plPi...pm;  oo  ). 

In  general  when  a  lattice  has  some  equal  rows  so  that  pj*  appears  in  the 
specification  of  the  lattice  the  symbol  6t  acts  in  the  manner 

0tGF(Pl         ...  pm;  x  )  =  ftf(ft  ...pr,_1p.-  1  •••  ft*;  oo  ), 
so  that  whatever  equalities  of  rows  may  exist  the  symbolic  expression  is 
available. 

474.  The  next  step  is  the  deduction  of  the  corresponding  relation 
between  lattice  functions. 

Substitution  from  the  relation 

gives 

L(pp,oo)     =L(pp  —  l;x); 
L(jhP*><*>)    =L(pl-lpt;  x)+Z(p,ft-  1;  x  ) 
-(Pi  +  Pt-l)^(Pi-lp1-l;oo); 
L(ppp;oc)  =  L  (ppp—  1;  x  ); 

£(ftftftl  oc)  =  Z(ftft-lft;  x)  +  Z(ftftft-l;  x) 
-  (2P!  +  Pj- !)£(;>,/>,-  lft- 1;  oo); 
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L  {p,p2p2;  oo  )  =  L  (jh  - 1  p2p2\  oo  )  +  L  (p,p2  p2  -  1 ;  oo  ) 
-  (P!  +  2p2-  1)  Lip,-  1  p2p2-  1;  oo); 

£  oo  )  =  X  (^i  - 1  £>2£>3;  oo  )  +  L  (px  p2  -  1  p3 ;  oo  )  +  L  (p,p2  p3-l;  oo  ) 

-(P1  +  P2  +  P3-  !)  {L(p1-lp2-lp3;  00) 
+  Z      - 1  p2  p3  - 1 ;  00  )  +  L  (p,  p2  -  1  ps  -  1 ;  00  )] 

+  (Pi  +  p2  +  p3  - !)  (Pi  +  p2  +  Ps  -  2)  L(Pi  -1  v*  -l  jp»-i ; ■ » )• 

In  the  case  of  w  unequal  rows  if  #g  be  the  symbol  before  denned  and  X 
a  new  symbol  such  that 

(2p)(Zp-l)...($p-s  +  l)=X°, 

we  have  in  general 

(1  -  X)L(p1p2...pm;  cc) 
=  (l-d1X)(l-6.2X)  ...  (l-0mX)L(p1p2...pm;  00). 

475.  We  now  proceed  to  the  equation  satisfied  by  the  inner  lattice 
functions.    Substituting  from  the  relation 

L(pxp2  ...pm;  00) 

=  (1)  (2)...(SP).J£(W..,j)m;x)  

(m)  ...  (Pl  +  m  -  1) .  (m-  1)  ...  (p2  +  m-  2)  (1)  ...  (pm) ' 

we  find 

(2p)  IL(pp;  cc)={p)IL(p  p-1;  cc); 

(Pi  +  V2)  IL(PiP*>  00  ) 
=  (p1+l)IL(p1-lp2;  cc)  +  (p2)IL(Plp2-l;  00) 

-(Pi+i)(p2)^(P:-i^-i;*0; 

(3p)  IL  (ppp  ;  00  )  =  (p)  IL  (pp  p  -  1 ;  00  )  ; 
(2p2  +  p2)  IL  (p^p, ;  00  ) 
=  (px  +  1)  IL  (p,  p,  -  1  pt;  cc  )  +  (p2)  IL         p2-l  ;cc) 

-  (Pi  + 1)  (p2)  it  (pi  Pi  -      1 ; 00 ); 

(p1  +  2p2)/Z(^)1^2;  00  ) 
=  ft?!  +  2)      (p,  -  1  p2p, ;  x  )  +  (p2)  IL  (jhfr  p.2-l  ;cc) 

-  (Pi  +  2)  (Pz)  /X  (Px  -  1  p2  p2  -  1 ;  00  )  ; 

(Pi  +  p2  +  p3)  IL  (Pip2p3 ;  oo ) 
=  (p1  +  2)IL(p1-  1  p2p3;  00)+  (p2+  l)IL(Pl  p2-lp3;  ») 
+  (p3)  JZ  (p^  p3  -  1 ;  oo  )  -  (px  +  2)  (p2  +  1)  IL  (Pl  -  1  p2  - 1  p3 ;  oc  ) 
-(Pi  +  2)(p3)  IL  (Pl-l  p2p3-l  -  x)-(p2+l)  {p3)  IL(p1p2-lp3-l;  cc) 
+  (Pi  +  2)  (p2  +  1)  (p3)  IL(p1-lp.2-lp3-l;cc). 


CH.  I]     INNER  LATTICE  FUNCTIONS  OF  THE  SECOND  AND  THIRD  ORDERS  223 


476     In  general,  for  m  unequal  rows,  if  <f>,  be  a  symbol  such  that 
4>, IL  (p,p9 ...  pm ;  x  )  =  (ps  +  m  -  s)  //,  (plP.2 . . .  p,  -  1  . ..  pm ;  oo  ), 
***  IL  (plPi . . .  pm ;  x  )  =  (1  -  6)  (1  -      •  • .  (1  -  <M  IL  {pfr  . . .  pm ;  x  ). 
When  the  specification  of  the  lattice  involves  repetitions  of  letters  the 
equations  satisfied  by  the  lattice  and  inner  lattice  functions  are 

il -X)L(lPpP  ...jC*;  oo) 
=  (1  -        (1  -  02*) ...  (1  -  0mX)  L  {pV&  ...  J*-;  oo  ), 

where 

0. L (pilP? &m ;  » )  «  L V. - 1 ... Km;  oc ), 

and  a**  7X  (pr^T* . . .  p«m ;  x  ) 

=  (1  -  fc)  ...  (1  -<f>m)  IL(tfp?  ...  pl«;  oo  ), 

where  Z»  (pVp?  •  •  •  Pmm ;  x  ) 

=  (p» + ws+i + +  +  *m)  (pr,p?8.--i>r,~1p«- 1  •••/>«"';  *  )• 

The  reader  should  verity  the  validity  of  the  general  formulae  in  the  case 
of  the  particular  examples  m=l,  wi  =  2  and  m  =  3  given  at  length  above. 
He  may  be  reminded  also  that  throughout  the  investigation  we  employ  the 
notation  1  -  of  =  (s),  the  letters  or  figures  in  the  bracket  being  in  Clarendon 
type. 

477.  The  following  investigation  into  the  form  of  the  inner  lattice 
function  has  reference  in  the  first  instance  to  lattices  with  unequal  rows. 
Later  the  results  will  be  shewn  to  be  applicable  to  lattices  in  general.  In 
the  case  of  the  lattice  of  two  unequal  rows  we  have  established  the  theorem 

the  sum  of  the  coefficients  of  this  integral  algebraic  function  is  visibly 
Pi  —  Pi  +  1  as  it  should  be. 

Now  we  know  that  the  sum  of  the  coefficients  in  IL  (pip,p, ;  x  )  is 
(pi-p,+  1)  (Pi  —p3  +  2)  (j),  —  p,  +  1)  and  it  might  be  conjectured  that  the 
form  of  IL  (pip^p, ;  x  )  is 

i(Pi+l)      (P2)     (Pi +  2)  _#,<P3).  (P2+1)_  X1PJ\ 

but  this  function  is  quickly  seen  neither  to  satisfy  the  functional  equation 
nor  to  be  verifiable  in  simple  cases. 

It  must  also  be  noticed  that  the  lattice  function  L  (p,p,  . .  •  pm °°  ) 
becomes  equal  to  L  (p,p,  •  •  •  Pm-i ;  x  )  on  putting  pm  =  0,  but  that  we  have 
no  reason  to  conclude  that  the  inner  lattice  function  IL  (pxp%  . . .  Pm ',  x ) 
becomes  IL  (/^p, . ..  p»_i ;  x  )  on  putting  pm  =  0. 
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In  fact  it  does  not  do  so,  as  can  be  verified  at  once  by  comparing 

(i) 

the  expression  of  IL  (pip2;  x  ),  with  unity  which  is  the  expression  of 
IL(Pl;  oo). 

Now  we  know  also  that  GF(p1p.1  ...pm;  x  )  becomes  GF(p1p2 . . . pm_! ;  oo  ) 
on  putting  pm  =  0  and  we  find  that  if  we  take  the  formula 

GF(vr>v  •  x)-  IL(Plp2p3;x>)  

{PlMh '     }  "  (3)  (4)  . .  (Pl  +  2) .  (2)  (3)  . . .  <p2  +  1) .  (1)121^7©  ' 

and  substitute  for  IL  (p^pa;  oo  )  the  product  of  three  factors  above  written, 
the  putting  of  p3  =  0  does  produce  the  correct  expression  of  GF{pip2;  oo  ). 
We  gather  from  this  fact  that  we  are  justified  in  concluding  that  we  may 
put 

IL  (p}p2p3 ;  oo  ) 

_j(Pi+l)     r(P2)lJ(Pi  +  2)      .2(P3)}  t(P2+l)  ^txfejp/ii.*^ 

because  p3  =  0  causes  (p3)  to  vanish. 

^(p!^^;  oo  )  is  a  function  to  be  determined. 

We  further  conclude,  by  working  out  a  few  particular  cases,  that  a  probable 
result  is 

F  (pifkpt ;     )  =  ±  {xP^  (Pl  -  P2)  -        (p2  -  p3)}, 

and  on  trial  it  is  found,  the  work  being  too  tedious  to  reproduce  here,  that 
the  expression 


does,  as  a  fact,  satisfy  the  functional  equation. 

478.  The  actual  forms  of  the  inner  lattice  functions  for  the  cases  of  two 
and  three  rows  will  prove  of  much  advantage  in  the  investigation  to  which 
we  now  proceed. 

In  the  equation  (Pl  +  p2)  IL  (p^ ;  x  ) 

=  (Pi+  1)  J-L(Pi  ~  ljP»;  *)  +  {$£IL{p1p2-\  ;  x) 
-(Vi+l)(V^IL(Pl-lp2-l;  x) 

put 

[IL  {p.p, ;  x  )  -  (Pl  +  1)  IL  (p,  -  1  p2 ;  x  )]  =  V,  (Plp2 ;  x  ), 


CH.  I]  INNER  LATTICE  FUNCTION  OF  SECOND  ORDER  225 

then  (Pi  +  Pj)  Vl(plpt;  ao) 

=  (px  +  l)  VApi-lp*;  oo)  +  (p,)  oo) 

-(Pl+l)(P2)  V^pt-lp,-!-*), 

an  equation  of  the  same  form  as  that  satisfied  by  IL  (pxp%\  oo  ). 

Hence  we  conclude  that  if  IL  (pxp2 ;  oo  )  is  a  solution  of  the  equation, 
x~p>  {IL(p1pi;cc)-{p1+l)IL(p1-lpt;*>)} 
is  also  a  solution. 

It  is  convenient  to  exhibit  the  new  solution  by  means  of  an  operation 
performed  upon  the  original  solution. 

We  therefore  write 

0Pl  IL  (plP, ;  oo  )  -  F,  (/>,/), ;  oo  ). 

479.    Again  put 

«T*  {IL  (p^fr  ]  oo  )  -  (p,)  IL  (/>,  p%  -  1 ;  oo  )}  =  V^{pxp%\  <x>  ), 
and  we  find  that 

(Pi  +  Pa)  V*{PW>  00  ) 
=  (Pi+l)  ViiPt-lpui  »)  +  (p,)  V2(plPi-l;x>) 

again  an  equation  of  the  same  form  as  that  satisfied  by  IL  {pip,  \  oo  ). 
Therefore  another  solution  is  V2  (pxp2 ;  ao  )  which  we  may  represent  by 

Opt IL  (PiP*  i  00  )• 

Further  suppose  that  Op,,,  is  an  operation  such  that 
0PlPiIL{pxpt;  oo) 
{ILiw, 00  )  -  (Pi  + 1)  IL  (pi  -  1      co  )  -  (p,)  /Z,  (p,  p,-  1 ;  oo  ) 

+  (Pi  +  i)(p8)^(pi-i/>a-i;°o)}. 

so  that  from  the  functional  equation  itself 

OmI£(A?b;  oo)  =  /Z(/>1pi;  oo ), 
0^  =  1. 

Moreover  if  we  operate  with  Op,  upon  Vt  (p^ ;  oo )  we  reproduce 
IL  (pip3;  oo ),  as  may  be  verified  in  two  lines;  so  that  we  have  the  relations 

0^=0^=1. 

We  now  apply  these  operators  to  the  known  solution  of  the  functional 
equation  which,  discarding  the  non-essential  factor  ~  ,  we  may  take  to  be 

(P!+1)-*(P,) 

M.A.  II.  15 
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We  find 

0Pl  {(Pi  +  1)  -  f  (p2)}  =  (Px  +  1)  -  (Pa), 

giving  us  another  solution  (p2  +  1)  -  x1  (pg) ;  we  can  now  operate  again,  and 
operating  s  -  1  times  successively  we  obtain 

osP; 1  kpi + 1)  -  x  (P2)i  =  (Pl  + 1)  -  «■  <P2). 

Similarly  operating  with  0P2  we  find 

^2{(P1+1)-^(P2)}  =  (P1+1)-(P2), 

and  operating  s  +  1  times  successively 

o;t 1  kpi + 1)  -  *  <p2>} - (pi + 1)  -  (Pz)- 

It  is  therefore  abundantly  clear  that  two  fundamental  solutions  of  the 
functional  equation  are 

(P!+l)  and  (p2); 

and  we  still  obtain  a  solution  if  we  multiply  by  any  function  of  x  which  does 
not  involve  px  or  p2. 

Putting  the  fundamental  solution  in  evidence  we  find  that  we  have  the 
expression  of  IL  (Plp2 )  oo  )  given  by  the  formula 


IL  (p,p2 ;  qo  )  = 

in  determinant  form. 


(Pi  +  1)  (Pj 
(1)     '  (1) 

x      ,  1 


In  the  above  investigation  we  have  only  been  concerned  with  integer 
values  of  p1}  p2  such  that  pi^p2  because  only  in  that  case  is  IL  (pip2'}  oo  ) 
an  inner  lattice  function  according  to  definition ;  but  the  investigation  is 
equally  valid  as  regards  the  functional  equation  when  p, ,  p2  are  any  numerical 
magnitudes ;  they  need  not  be  integers  and  there  is  no  necessity  for  them  to 
be  in  descending  order  of  magnitude. 

If  in  the  functional  equation 

(Pi  +  Pss)  IL  (p,p2 ;  oo  ) 
=  {p1+l)IL(p1-lp2;oc)  +  {p2)IL(Plp2-l;oo) 

-(Pi+i)  Mii  *>) 

we  put  p2  =p1  we  find 

(2pj)  IL  (plPl ;  oo  ) 
=  (Pl+ 1)7X0,-1^;  oo)  +  (Pl)  IL(plPl  -1 ;  oo  ) 
-{p1  +  l)(V>1)IL(p1-lp1-l:^)) 
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wherein  IL  {px  —  1  px ;  x )  is  not  an  inner  lattice  function,  but  still  the 
solution  we  have  obtained  is  valid.  Combining  the  equation  just  written 
with 

(2pj)  IL  (Plpx ;  oo  )  =  (pj  IL  (pxpt  - 1 ;  oo  ), 
we  find  IL  (px  —  1  px ;  oo  )  =  (p^  IL  (Pl  —  1  px  -  1 ;  oo  ), 

which  is  true  as  a  result  of  the  formula 

7X(Plpa;x)  =  ij  {<!>!  + 

Hence  our  investigation  implies  the  formula 

(2p1)/L(p1p1;  x)=(p1)  IL(plPi-l  ;  x) 

and  we  see  that 

IL(plPl;  oc)=^{(p1  +  l)-o;(p1)}  =  unity. 

480.  Passing  to  the  Third  Order,  the  functional  equation  is  written  in 
the  form 

IL  (/>,/>2/>8 ;  x  )  -  (p,  +  1)  IL  (p,pt  - 1  j>, ;  oo  )  -  (p3)  IL  (pxptpt  -  1 ;  x ) 
+  (p2+  1)  (P3)  IL(plPt  -  lp,-  1 ;  x  ) 
=  xp^p.  IL  (pxp,pt ;  x  )  +  (pj  +  2)  IL  (Pl  -  1  p,p,  ;  oo  ) 
-(p2+l)  /£<*i- ljfc-ljVi  «> ) 
-  {pJIL(Pl  -  lp2  p,  -  1 ;  x  )+  (p,+  1)  (p,)  IL  {Pi  -  lPi- lps-  1 ;  x  ). 
Writing 

v (lhP*P* ;  «  )  =  ar*-*  {iX  ;  x )  -  (p2  +  1)  IL  (p,    - 1  p, ;  x ) 

-tPjIL  (/>i j»»  />3  -  1 ;  x  )  +  (p2  +  1)  (p,)  //,  (;>,    -  1  />,  -  1 ;  x  )}, 

we  derive  the  relation 

(Pi  +  Pj  +  Ps)  ») 

=  (Pi  +  2)  Vr(^-lp,/>,;«))  +  (ps+l)  r(p1p,-lpI;x) 

+  (p3)  ^(/>ii>«Pi  - 1; ») 

"(Pi  +  2)(p2  +  l)  lA(^-l^-lps;oo)-(p1  +  2)(pJ  K^-lft^-ljx) 
-(Pi+l)(Ps)  V(Plp,-lPi-l;<x>) 
+  (Pi  +  2)(p2+l)  (P3)  K^-l/),-  1/>S-1;  x). 

Comparing  with  the  functional  equation  it  is  clear  that  V(piptpi  ;  x  )  is 
a  solution  if  IL  (p^p* ;  x  )  be  one. 

481.  Proceeding  similarly  we  find  six  solutions  which  are  exhihited  as 
operations  performed  upon  IL  (piPip3 ;  x  )  as  follows : 

(0  0Px  IL  (win;  00) 

=  x-p>  [IHjfrw,  x)-  to  +  2)  /£(/>,- ljfcft;  oo)); 

15—2 
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(ii)  OpJLip^h;  oo) 

=  arP*  {IL  (PiPtf* ;  oo  )  -  (p2  +  1)  IL  {Plp2  -lp3;cc)}; 

(iii)  O^ILip^ps;  oo) 

=  x-p*  [IL  (p1pip3 ;  oo  )  -  (p3)  IL  (p,p2p3  -  1 ;  oo  )} ; 

(iv)  0PxP2  IL  (piPtfs ;  oo  ) 

=  ar^-P.  |7Z  (^^^3 ;  oo )  -  (Pl  +  2)     (Pl  -  1  p2p2  ■  oo ) 

-  (p2  +  1)  IL  (p,p2  -  1  p3 ;  oo  )  +  (px  +  2)  (p2  +  1)  7X  (Pl  - 1  jp,  - 1^ ;  op  )} ; 

(v)  0npJL{p1p2pz-,cc) 

=  #-p.-j>3  {/X  (^j^ ;  oo  )  -  (pj  +  2)  IL  (Pl  -  1  ^2p3 ;  oo  ) 

-  (P3) IL  (PiP*  p3  -  1 5  oc  )  +  (Pl  +  2)  (p3)  IL  (Pl  -  1  p2  p3  -  1 ;  co  )}  ; 

(vi)  0P2P3  IL  (p1p2p3 ;  oo  ) 

=  X-Pz-P3  [IL  (p1p2p3 ;  oo  )  -  (p2  +  1)  IL  {p,p2  -  1  p3 ;  oo  ) 

-  (P3) IL  (P1P2P3  -1;  oo)+(ps+l)  (p3)      (p,  p2  -  1  p:i  -  1 ;  oo  )}. 
To  these  may  be  added  for  the  sake  of  symmetry 

OpiPzPs 

IL  (Plp2ps ;  oo  ) 
«  arJh-^-ft  {/Z  (plJW ;  x  )  -  (Pl  +  2)  IZ  (p,  -  1  p2p3 ;  oo  ) 

-  (p2+  1)  IL  fa  p2  -  1  p3 ;  oo  ) 

~{Vz)IL{p,p2  p3-l\ oo)+  (p1  +  2)(p2  +  l)  IL{Pl-lp2-lp3;  oo) 

+  (Pi  +  2)  (p3)  /X      - 1  p2  p3  -  1 ;  oo  )  +  (p2  +  1 )  (p3)  IL  (Pl  p2  - 1  p3  -  1 ;  oo  ) 

-  (Pi+  2)  (p2+  1)  <p3)  IL(Pl  -  lp2  -  lp3-  1 ;  oo  )], 
and  it  is  easy  to  establish  the  operator  relations 

oPloPioP3  =  i, 

0Pl  0P2  =  0PlP.2 ,    0Pl  0^  =  0Pl  Ps ,   0P2     =  0P2Ps , 
0Pl0P2P3  =  0P20PlP3 m  0P30PlP2  =  0PlP2P3  =  1. 

482.  We  now  perform  these  operations  upon  the  known  solution  of  the 
functional  equation.  Clearing  it  of  fractions,  by  multiplying  throughout  by 
(l)2  (2),  this  may  be  written  : 

(1)  -  x^  (2)  (p2  +  1)  -  xP^  (Pl  +  1)  +  xP*+>  (p2)  +  (Pl  -  P2) 

-  *  {(2)  +  xp>+*  (1  +  x)  (Pl  -  p2  -  1)  -  x*p>+*  (2Pl  -  2P2)}  (p3) 
+  *  {(1)  +  x**»  (Pl  -  p2)}  (p3  -  1)  (p3). 
Operating  s  times  successively  with  0Ps  we  obtain  the  function 
(1)  -        (2)  (p2  +  1)  -        (Pl  +  1)  +  xp^  (p2)  +  ajft-^vN  (Pl  -  p2) 
-  a?+*  {(2)  +  x**+*  (1  +  x)  (Pl  -  p2  -  1)  -        (2Pl  -  2P2)}  (p3) 

+  +      (Pl  -  p2)}  (p3  -  l)  (p3), 
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and  since  s  is  any  integer  at  pleasure  we  conclude  that  the  functions 
P,  -  (1)  "  ft?*!  (2)  (p2  +  1)  -  *P'+I  (Px  +  1)  +  *Mf  (Pj)  +  Of '+*'+«  (Pa  -  pj, 
P8  -  {(2)  +  fff  (1  +  »)  (Px-Pi-1)- **'+s  (2Pl  -  2Pj)!  (p,), 
^={(l)+x^'(p1-Pi)}  (P3-IXP3), 

are  solutions  of  the  functional  equation. 

These  results  are  easily  verified  by  shewing  that 

We  now  operate  with  0P„  *  times  successively  upon  P,,  when  we  obtain 

(Pi  +  1)  (Px  +  2)  <p2  +  1)  -  *-*  {pj  (P*  +  1)  (Pi  +  2), 

leading  to  the  conclusion  that  the  functions 

(Pi  +  1)  (Pi  +  2)  (p2  +  1),    (P2)(p2+l)(Pi  +  2) 

are  solutions  of  the  functional  equation,  and  moreover  they  are  fundamental 
solutions  since  no  simpler  functions  can  be  produced  from  them  by  means  of 
the  operations. 

Again  operate  with  0Pt  s  times  successively  upon  P2  and  we  find 
*•  (Pi  +  1)  (Pi  +  2)  (Ps)  -  *"'+a  (P2>  (P,  +  1)  (p,), 

and  we  conclude  that  the  functions 

(Pl+l)(Pl  +  2)(P3),  (P2)(P2+1)(P3) 

are  fundamental  solutions. 

Finally  operating  with  Op,  upon  Ps  we  obtain 

-  x  (p3  -  1)  (P3)  (P2  +  1)  +  *  (p3  -  1)  (P3)  (P!  +  2), 

establishing  that  the  functions 

(P3-l)(Ps)(P2+l).     (P3-l)(Ps)(Pl  +  2) 

are  fundamental  solutions. 

We  have  thus  six  fundamental  solutions 

(Pl  +  l)(Pl  + 2)^+1),  (pj  (p^l)^  2),  (P|)  (?,-!)(!>!+ 2). 
(Pi  +  1)  (Pi  +  2)  (Ps),  M  (P2  +  1)  (Ps).         (Ps)  (Ps "  1)  (Pi  +  1), 

and  no  more  are  obtainable. 

483.  The  known  solution  of  the  functional  equation,  which  is  the  inner 
lattice  function  we  require,  can  now  be  expressed  in  terms  of  these.  Since 
it  has  been  found  that 

0P,  (1)'  (2)  IL  (p&p, ;  x  )  =  P,  -  *»+>P,  +  *-+«P„ 
by  putting  *  =  0  we  find 

(1)'  (2)  IL  (p^ ;  x  )  =  P,  -  xPt  +  *»P, ; 
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also  putting  s  =  0  in  the  results 

OH*  =  (Pi  +  1)  (Pi  +  2)  (P2  +  1)  -         (Pa)  (p2  +  1)  (Pl  +  2), 
0*2P2  =  of  (Pl  +  1)  (Pl  +  2)  (p3)  -  iH*  (Pz)  (P2  +  1)  (P3), 
OsP2P3  =  -  x  (Ps  -  1)  (P3)  (P2  +  1)  +  a?  (V3  -  1)  (p3)  (Pl  +  2), 
it  appears  that 

pi  -  (Pi  +  1)  (Pi  +  2)  (P2  +  1)  -  x  (P2)  (P2  +  1)  (Pl  +  2), 
A  -  (Pi  +  1)  (Pi  +  2)  (P3)  -  x-  (P2)  (P2  +  1)  (P3), 
P3  =  -x{ip3-  1)  (Ps)  (pa  +  1)  +  (Pa  -  1)  (P3)  (Pl  +  2) ; 
whence,  substituting, 

W(2)IL(Vlp2p3-v) 
=  (Pi  +  1)  (Pi  +  2)  (P2  +  1)  -  x  (P2)  (P2  +  1)  (Pl  +  2)  -  x  (Pl  +  1)  (Pl  +  2)  (P3) 
+  ^  (P2)  (P2  +  1)  (P3)  +  *  (Pa  "  1)  (Ps)  (Pi  +  2)  -  ar*  ft),  -  1)  (P3)  (P2  +  1), 

(Pi+1)  (Pi  +  2)    (pj  (P2+l) 
(1)  (2)       (1)  (2) 

r(Pi  +  2)  (P2+1) 

*~W  "IT" 

Xs  X 

an  elegant  expression  of  the  inner  lattice  function  in  determinant  form. 

Reasoning  as  in  the  case  of  the  second  order  it  is  not  difficult  to  see  that 
this  expression  of  the  inner  lattice  function  is  valid  whatever  equalities 
exist  between  the  numbers  p1}  p2>  p3. 

It  is  to  be  noticed  that  if  it  is  convenient  for  any  purpose  we  may  take 
out  the  factor  ^fT^  5  an(^  since 

1  1 


iL(piP*p»;  <*>)  = 


(l)2 (2)  = 


x     1  1 

Xs     X  1 


we  may  express  the  inner  lattice  function  as  the  quotient  of  two  deter- 
minants. 

484.  Passing  now  to  the  Fourth  Order  IL  {piP%p»Pt ',  °°  )  and  guided  by 
the  foregoing  results  put 

A,=  \,  ^HPi  +  3),  ^I2  =  (Pl+2)(Pl  +  3),  ^3=(Pi+l)(Pi  +  2)(Pl+3), 
B0  =  l,   A  =  (p2+2),   £2=<P2+l)(P2+2),   J53=(P2)(P2+l)(P2  +  2), 

0,-tPb+l),     ^=(P3)(P3+1),  Ca=(P3-l)(P3)(P3+l), 

D0  =  l,  A  =  (pJ,       A  =  (P4-i)(P4),  A=(p4-2)(p4-1)(P4). 
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and  consider  the  twenty-four  products 


AtBxC%Dt 

AXB0C2D3 

A2B,CxDt 

A3B0CXD3 

A0BXC3D2 

AxB.CtDt 

AtB0CtDx 

a3b0c2dx 

A1BtCtDt 

A2BxC0Dt 

A3BXC0D2 

A0B%C3DX 

AtBlC9D, 

A3BXC2D0 

A0BSCXD2 

AxB3C0D2 

A.B.CD, 

A0B3C2DX 

AxBt&Do 

AtB&D, 

A3B2CXD0 

in  which  every  permutation  of  the  numbers  0,  1,  2,  3  is  in  evidence. 

We  shall  shew  that  each  of  these  products  is  a  solution  of  the  functional 
equation 

a2"  IL  (pxp^p, ;  oo )  =  (1  -  ft)  (1  -  fa)  (1  -  fa)  (1  -  fa)  IL  (p&ptft ;  qo  ) 
where,  as  above, 

<l>,IL(p1pi...pm;  x)  =  (pB  +  m-s)/Z(p1pJ...^,-l  ...pm;  oo), 
for  if  itj,  k,  I  be  any  permutation  of  0,  1,  2,  3 


and  similarly  faAiBjCkDl  =  (p2  -  j  +  2)  AiBjCkDi, 

^AiBjCtDt  =  (p3  -  k  +  1)  AiBjCkDi, 
faA{  BjCtDt  =  (p4  - 1)  AiBjC'uDt. 
Hence  (1  -  fa)  (1  -  fa)  (I  -  fa)  (1  -  fa)  AiBjCkDi 

=  {l-(Pl-i  +  3)}  {l-(p2-j  +  2)}{l-(p,-k+l)}{l-(p4-I)}  AiBjCM 
=  a?P,-i+»4*,-^+t+p,-fc+i+p4-«  AiBjCkDi 
=  x*p  AiBjCtDt, 
since  •  +j  +£+£=0+1  +  2  +  3  =  6. 

485.  It  is  thus  established  that  each  of  the  twenty-four  products  is  a 
solution  of  the  functional  equation.  Hence  the  determinant  which  is  a  linear 
function  of  these  products,  viz. : 


faAiBjCtD^BjCtDifaAi. 


Now 

Mi 

and  in  general 


(Pl  +  4  -  1)  (Pl  +  2)  =      +  2)  Ax  =  (P!  -  1  +  3)  A , , 
<Mi=(Pi-i  +  3M„ 
faAiBjCtDt  =  (p,  -  i  +  3)  AiBjCuDu 


so  that 


A3  Bt  Ct  A 
xA2  B2  Ct  xD2 
a* A,   xB,    Ct  D, 


232  THE  DETERMINANT  EXPRESSION  [SECT.  X 

is  also  a  solution  ;  and  we  shall  shew  that  when  divided  by  (l)3  (2)2  (3),  which 
in  determinant  form  is 

1  1  x  x3 
x     1    1  x 

Xs  X  1  1 
X6     Xs     X  1 

it  is  the  actual  expression  of  IL  (pip2p3Pi ;  <*>  )• 
The  expression  is 

(Pl+l)(Pl  +  2)(Pl  +  3)     (P2)(P2+l)(p2+2)    *(P3-1)(P3)(P3+D  ^(P4-2)(P4-1)(P4) 

(1)(2)(3)  '        (1)(2)(3)       '        (1)(2)(3)        '  (1)(2)(3) 

^(Pi  +  2)(Pi  +  3)        (P2+l)(p2  +  2)  (p3)(p3+l)  ^(P4-1)(P4) 


(1)(2)  '  (1)(2)  '  (1)(2)  '  (1)(2) 

^(Pi  +  3)  *?(p2  +  2)  (p,+  l)  (P4) 

(1)  '  (1)  '  (1)  '  (1) 

X6  ,  X3  ,  X  ,  1 


486.    We  first  take  the  test  of  the  sum  of  the  coefficients. 
Putting  x  =  1  it  becomes 

(p1+i)(p1+2)(Pl+s),  p2(p2+i)(P2+2),  (p3-i)(p3)(p3+n  (fr~m*-vm 

0*  +  2)(fh+3)    ,    (^  +  1)^  +  2),      (Ps)(p3  +  l)    ,  (P4-IXP4) 

(ft +  3)         ,         (p2  +  2)       ,         (p3  +  l)       ,  (Pt) 

1,1,  1  1 

wherein  of  course  (jp,  +  1)  denotes  the  number  jp,  +  1  and  not  1  — 

Now  if,  herein,  we  put  separately 

P1-P2+I,   Pi-ps+%,   Pi-pt+3,    p2-p3+l,   p2~Pi+2,   p3-pt  +  l 

equal  to  zero,  we  find  that  in  each  case  two  columns  become  identical  and  the 
determinant  vanishes.  Each  of  these  numbers  is  therefore  a  factor  of  the 
determinant  and  the  expression  is  easily  seen  to  be 

tV  (Pi  -  Pt  + 1)  (Pi  ~P*  +  2)  CPi  ~P4  +  3)(p2-p3+l)  (ft  -pt  +  2)  (p3  -ft  +1) 

which  we  know  otherwise  to  be  the  sum  of  the  coefficients  in  the  inner 
lattice  function. 
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487.    Also  on  putting  p,  =  p,=  p^  =  pA  =  p,  the  function  ought  to  become 

equal  to  unity.   Apart  from  the  factor  .  - .     the  expression  becomes 

I1)  I2)  I3) 

(p+l)(p+2)(p+3))    (p)(p+l)(p+2),  .r(p-l)<p)(p  +  l),  .^(p-2)(p-l)(p) 

«(p  +  2)(p  +  3)  ,    (p+l)(p+2))  (P)(P+1)      ,  *(p-l)(p) 

^(p+3)       ,       a(p  +  2)       ,  (p+1)        ,  (p) 

#           " ,  4       0?           ,  a;            ,  1 
Transform  this  by  taking — 
For  fJew  First  Row  : 


(i) 

For  New  Second  Row 


1st  Row  +  a?  J-?  x  2nd  Row  +        Jfj  x  3rd  Row  +  x*+*  x  4th  Row 


,(2), 


2nd  Row  +  a?      x  3rd  Row  +        x  4th 


For  New  Third  Row  : 


and  it  becomes 


3rd  Row  +  a?  x  4th  Row  ; 


1  1  x  x> 
x     1     1  x 

X»  X  1  1 
X8     X*     X  1 

which  is  an  expression  of  (1)  '  (2)2  (3). 

Hence  the  value  of  the  determinant  expression  for  1L  (pppp;  oo )  is 
unity. 

It  can  also  be  shewn  that  putting  p,  =p2  =p3  =p,  pt=p  —  1  makes  the 
expression  equal  to  l  +  a^+a^  +  a^  an(j  this  can  be  verified  in  particular 


488.  All  of  the  above  processes  are  valid  when  applied  to  the  functional 
equation  of  order  m  and  lead  to  a  determinant  expression  of  IL  (pipt . .  .pm ;  oo  ). 
The  constituent  of  the  determinant  which  is  in  the  rth  row  and  cth  column 
apart  from  the  power  of  x  which  appears  explicitly  is 

(Po  +  r-e  +  1)  (Pe 4-  r-c  +  2) ...  (pc  +  m-c) 
(l)(2)...(m-r) 

The  part  which  involves  x  explicitly  presents  exponents  of  x  which  are 
figurate  numbers  of  the  third  order. 
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It  is  exhibited  in  the  determinant 
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1  1 

X 

x* 

....(V) 

X  1 

1 

x 

...*("-> 

Xs  X 

1 

1 

,,.„(?) 

a>(*)    x(  2^         2  )         2  )  . 


489.  The  results  obtained  for  the  second  and  third  orders  are  now  set 
forth : 

(Pi+l)  (P2) 

IL(Plp2;  cc)=      (1)  (1) 
x  1 


GFiptfz;  00)  = 
IL(p1p2p3;  00)  = 


(1)  (2)...(p1  +  P2) 


(1)  (2)...(p1+l),{l)  (2)...(P2) 

 1  

(1)  (2)...(p1+l).(l)  <2)...(P2) 

(Pi+1)  (Pi +  2)  (P2)(P2+1)  , 


(1)  (2) 
JPi  +  2) 

ar8 


(1)  (2) 
(P2+1) 
(1) 


I  (Pi+  1)  (P2) 

I       0  1 

(Pi+1)    (P2)  I 

!  «  1  I 
(P3-1HP3) 

(1)  (2) 
(Pj) 
(1) 

1 


L  (piP2p3 ;  00 ) 


(1)  (2)...(Pl  +  p2  +  p3) 


(l)(2)...(p1  +  2).(l)(2)...(p2+,l).(l)  (2). 

<Pi+l)(Pi  +  2)   (p2)(p2+l)  tf(p3-l)(P3) 
^(Pi  +  2)  (p2+l)  (p3) 

Xs  X  1 

1 


■  (1)  (2)  . . .  (Pl  +  2) .  (1)  (2)  . . .  (p2  +  1) .  (1)  (2)  . . .  (p3) 

I  (Pi+l)(P!+2)   (P2)(P2+1)  tf(p3-l)(P3) 
x       *<Pi+2)  <p2+l)  (P3) 

I         x*  '  x  1 

The  results  for  the  fourth  order  are  similarly  written  down. 
In  particular  GF  (pm ;  00  ) 

 1  

-(m)(m+l)  ...(p  +  m-l).(m-l)  (m) ...  (p  +  m  -  2)  ...  (1)  (2)  .  .  .  (p) ' 

the  inner  lattice  function  being  unity. 
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490.  When  the  part  magnitude  is  restricted  not  to  exceed  the  number 

n  we  have  the  formulae 

rv,  „  „  .  v  Ljp^...  pm,n) 
GF(Plp2...pm,n)=   (1)(2)     (sp)  > 

L  {pxp2  ...pm;n)  =  (n  +  1)  (n  +  2)  ...  (n  +  2p)  L0 

+  (n)  (n+  1)  ...  (n  +  Zp-  1)  £  + 

wherein  for  brevity  Lg  ( pxp2 ...  pm;  oo  ),  the  sub-lattice  function  of  order  a, 
is  written  L„. 

The  inner  lattice  function,  for  a  restricted  part  magnitude,  is  defined 
by  the  relation 

L(plp%...ptn;n) 

(n  +  m)(n  +  m+  l)...(n  +  p1  +  m-  l).(n  +  m-  l)...(n  +  p8+m- 2)  (n  +  l)...(n  +  Pn 

(m)(m+l)...(p1  +  m-l).(m-l)  (m)  ...  (p,  +  m  -  2)  (1)  (2) 

IL(p1p*...pn;n) 
<l)(2)...<Zp) 

=  OL  (p1p2...pm;n).IL(plp2  ...pM\  n\ 

where  the  outer  lattice  function,  for  a  restricted  part  magnitude,  is  of  fixed 
form,  and  we  have  before  us  the  inner  lattice  for  investigation. 

We  are  guided  in  fixing  the  form  of  the  outer  function  by  analogy 
with  the  case  n  =  oo .  We  have  not  the  sum  of  the  coefficients  in 
L{plp% ...  pm  \  n)  before  us. 

491.  We  take  as  the  point  of  departure  the  functional  equation  of 
Art.  471, 

(1  -  0,)  (1  -  02)  ...  (1  -  0m)  GF(plPi  ...pm  \n)  =  a?P  GF(plP2  ...pm  ;n-l), 
where  0,  is  a  symbol  which  operates  as  explained  above. 
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Converting  this  into  a  functional  equation  for  the  lattice  function  we 
find  for  the  order  two 

L  (ptp2 ;  n)  -  xPt+v*  L  {pxp2 ;  n  -  1) 
=  (Pi  +  P2)  \L  (Pi  -lp2-,n)  +  L(Plp2-l;  n)} 
-  (Pi  +  P2~  l)(Pi  +  P2)  L(Pl-lp2-l  ;  n), 
and  for  the  order  three 

L  (P1P2P3 ;  n)  -  xVi+v*+v*  L  (pip2p3 ',  n  -  1) 
=  (Pi  +  P2  +  P3)  iL  iPi  ~  1 »;  n)  +  L  (p,  p2- lp3 ;  n)  +  L  (p^Ps-l ;  n)\ 
-(P1  +  P2  +  P3-  l)(Pi  +  P2  +  P3)  \L  (Pi-lpz-lps;  n)  +  L(p1-lp2p3-l;n) 
+  L  (p,  p2  -  1  p3  - 1 ;  n)} 

+  (Pi  +  p2  +  p3-2)  (p1  +  p2  +  p3-  l)  (Pi  +  p2  +  p3)£Oi-i2>2-ii>3-i; n), 

and  in  general  for  the  order  m 

(l-01X)(l-d2X)...(l-$mX)L(p1p2...pm;  n)  =  x*PL(p1p2...pm;  n-1), 
where  symbolically 

X'=(2p)(Zp-l)...(2p-s+l). 

Also  passing  to  the  inner  lattice  function  we  have,  for  the  order  two, 

xp&p*  (n)  (n  +  1)  IL  (ptp2 ;n-l) 
=  (n  +  px+  1)  (n  +  pg)  ILiprft;  n)- {p1+  1)  (n  +  pg)  IL  (p.-l p2;  n) 
-  (n  +  Pl  +  1)  (P2)  IL  (Plp2  -  1 ;  n)  +  (Pl  +  1)  (P2)  IL  (Pl  -lp2-l;n). 
For  the  order  three 

atPiWp,  (n)  (n  +  1)  (n  +  2)  IL  (p1p2p3  ;n-l) 
=  (n  +  px  +  2)  (n  +  p2+  1)  (n  +  pg)  IL  (p1p2p3 ;  w) 

-  (Pl  +  2)  (n  +  p2  +  1 )  (n  +  pg)  IL  (Pl  -  1  p2p3 ;  w) 

-  (n  +  Pl  +  2)  (p2  +  1 )  (n  +  Ps)  ^  -  1  p3 ;  n) 

-  (n  +  Pl  +  2)  (n  +  p2  +  1)  (Ps)  IL  (Plp2  p3-l;n) 
+  (Pl  +  2)  (p2  +  1)  (n  +  P3)  IX  (Pl  - 1  p2  - 1  p3 ;  n) 
+  (px  +  2)  (n  +  p2  +  1)  (p3) IL  (Pl-lp2p3-l;  n) 
+  (n  +  Pl  +  2)  (p2  +  1)  (P3)  JZ     p2  -  1  p3  -  1 ;  n) 

-  (Pi  +  2)  (p2  +  1 )  (p3)  IL(Pl-lp2-lp3-l;  n). 
In  general,  if  Xs  be  a  symbol  such  that 

Xs  IL  (Plp2  ...pm)n)  =  ^^±^j-  //,  (p^2 . . .  ^  -  1  . . .  pm ;  n), 

then  (n)  (n  +  1)  ...  (n  +  m  -  1)  IL  (pip,  ...pm;n-l) 

=  (n  +  Pl  +  m-  l)(n  +  p2  +  m-2)  ...  (n  +  Pm)  {(1  -  %1)  (1  -  %2) ...  (1  - Xm)} 
xIL(p1p2...pm;n). 
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492.  Taking  first  the  order  two,  it  is  convenient  to  examine  several 
particular  cases  in  order  to  find  the  probable  form  of  the  inner  lattice 
function.    Doing  this,  the  conclusion  is  that  the  function  is  probably 

l+*     (l)(n  +  Pl+l)- 

Observe  that  this  reduces  to  the  right  expression  when  n  =  oo .  Also  it 
is  found  to  satisfy  the  functional  equation.    Moreover,  it  may  be  written 

TT<  \  1  (P1+1)  W 

/X(„8;n)  =  (1Mn  +  pi+1)j  ^ 

which,  in  the  light  of  previous  results,  is  very  suggestive  of  truth. 

To  obtain  the  fundamental  solutions  we  recall  the  case  of  n  =  oo  ,  and  seek 
solutions  of  the  form 

(Pi+1)    F  W  p 

(n  +  p^l)   n'     (n  +  Pl  +  l)  n' 

where  Fn  is  a  function  of  n  to  be  determined  in  each  case. 

We  substitute  (Pi  *)  p  for  iX  (»,»,;  n)  in  the  functional  equation 
and  find 

=  (n  +  ft  +  1 )  (n  +  P^J^y,  F.  -  (ft  +  1 )  (n  +  p  J  ^  A 

-  <n  +  ft  +  1 )  M  jj^jj  A + (ft  + 1)  (ft)  ^  A. 

which  is  equivalent  to         (n)  Fn  =  (n  +  1)  Ihi 

from  which  we  deduce      =  (n  +  1),  and  we  have  a  fundamental  solution 

<Pi+l)(n+l) 
(n  +  pj+1)  * 

Similarly,  when  we  substitute      .  Fn  in  the  functional  equation, 

(n+pj+1) 

we  find 

(n-l)Fn  =  (n)Fn_u 

giving  us  Fn  =  (n)  and  the  fundamental  solution 

(pjfr) 
(n  +  pj+l)' 

and  in  terms  of  these  we  find 

m  K     1   ((Pi-H)(n-H)     r     (Pi)fo)  ) 

IL  (PlP9 ;  n)  =  {T)  \%  +  Pi+1)   -  *  (n  +  Pl+l)} ' 
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493.  This  simple  exposition  for  the  order  two  points  out  the  path  of 
investigation  for  the  order  three ;  for,  guided  by  the  six  fundamental  solutions 
when  n  =  oo ,  it  is  natural  to  seek  for  solutions  of  the  functional  equation  of 
the  six  types  : 


(Pi+1)  (Pi  +  2)(P2+1) 


(Pi+l)(Pi  +  2)  (P3) 


(n  +  Pl+l)(n  +  Pl  +  2)(n  +  p2+l)    n'  (n  +  Pl+ 1)  (n+Pl+2)(n+p2+l) 


(Pis)  (p2+l)(P!  +  2) 


(n  +  Pl+l)(n  +  Pl  +  2)(n  +  p2+l)  1 
(P3-l)(P3)(Pi  +  2)  F 


(P2HP2+IHP3) 
(n  +  Pl  +  1)  (n+Pl+2)  (n+Pz+ 1) 

(P3-IHP3HP2+I) 


Fn, 


(n  +  Pl+l)(n  +  Pl  +  2)(n  +  P2+l)   w'   (n  +  Pl+ 1)  (n+Pl+2)(n+P2+l) 

where  Fn  is  a  function  of  n  to  be  determined  in  each  case. 

Substituting  these  successively  for  IL  (P1P2P3 ',  »)  in  the  equation  we  find 
for  the  six  cases  respectively : 


_(n+l)  (n  +  2) 
(n)2 


Fn  = 


Fn  = 


(n  +  2)  F 
(n-1) 

(n)Jn+l) 
(n-1)2  ^ 

The  solution  of  the  functional  equation 

Fn^fnF^ 

is  clearly  Fn  =fnfn^fn^ 


(n  +  2) 
(n-1) 
(n)(n  +  2) 
(n-2)(n+l) 

(n+1) 
(n-2) 


Fn-u 


(n+1)  (n  +  2) 
/-  (n)2 


so  that  if 
then 

=  (n+1)  (n+2)  (n)(n+ir  (n-l)(n)  (n-2)  (n-1) 
(n)2        '  (n-1)2      (n-2)2  (n-3)2 

and  similarly ;  so  that  we  have  the  six  results : 

F»  =  (n  +  l)2  (n  +  2),        F9  =  (n)  (n  +  1)  (n  +  2), 

Fn  =  (n)  (n  +  1)  (n  +  2),    Fn  =  (n  -  1)  (n)  (n  +  2), 

Fn  =  (n)2  (n  +  1),  Fn  =  (n  -  1)  (n)  (n  +  1), 

respectively. 

We  are  thus  led  to  the  six  fundamental  solutions : 

(i)     (Pi  +  1)  (Pi  +  2)  (P2  +  1)  (n  +  l)2  (n  +  2) 
w        (n  +  Pl+l)(n  +  Pl  +  2)(n  +  P2+l)  ' 

(Pi+1)  (Pi  +  2)  (P3)  (n)  (n+1)  (n  +  2) 
(n  +  Pl+l)(n  +  Pl  +  2)(n  +  P2+l)  ' 


=  (n+l)2(n+2) 
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(p2)  (p2+l)  (Pl  +  2)  (n)  (n+l)(n  +  2) 
(n  +  p1+l)(n  +  p1  +  2)(n  +  p,+  l)  ' 


(iv) 
(v) 


(P2)(P2-H)(P8)<n-l)(n)(n4.2) 
(n  +  pl+l)(n  +  p1  +  2)  (n  +  p2+  1)' 

(Ps-l)(P»)(Pi  +  2)  (n)'(n+l) 
(n  + p^lMm-p^  2)  (n  +  p,+  l)' 


fa"1)  <P3)  <Pl  +  1)  <n  "  1)  <n>  <n  +  1) 

v   '       (n  +  p1+l)(n  +  p1  +  2)(n  +  ps+l)  ' 

Guided  by  previous  work  we  form  /Z(pip2p,;  n)  by  taking  a  fraction 
with  numerator 

(Pi+1)  (Pi +2)  (p2+l)  (n+l)'(n  +  2) 

-  * (Pz)  (P2  +  !)  (Pi  +  2)  (n)  (n  +  1)  (n  +  2) 
-*  (Pi+  1)  (Pi  +  2)  (p3)  (n)  (n+  1)  (n  +  2) 
+  ^(p3-l)(P3)(Pi  +  2)  (n)J(n+l) 

+  *»  (P2)  (P2  +  1)  (P3)  (*  -  1)  (n)  (n  +  2) 

-  *<  (p3  -  1)  (P3)  (p2  +  l)(n  -  1)  (n)  (n  +  1), 
and  with  denominator 

(1)'(2)  (n  +  pj  +  1)  (&  +  ]>!  +  2)  (n  +  p,+  l), 
and  we  find  that  we  may  write 

(l)M2)(n  +  p1+l)(n  +  p1  +  2)  (n  +  p2  +  1)  IL  (^p, ;  n) 
(p1+l)(Pl  +  2)      (P2)(p2+1)  ^(P3-1)(PJ) 
x(p1  +  2)(n)      (p2+l)(n+l)      (Ps)  (n  +  2) 
a?(n-l)(n)        a;(n)(n+l)      (n  +  l)(n  +  2) 
an  elegant  result  which  suggests  the  general  formula. 
494.    We  may  also  take  the  following  view : 
Recalling  a  previous  notation  for  the  order  four 

^3  =  (Pi  +  1)  (Pi  +  2)  (ft  +  3),  etc. 

and  taking  a  product 

AiBjCkDi .  Fn, 

where  k,  I  denote  some  permutation  of  the  numbers  3,  2,  1,  0  and  Fn  is 
a  function  of  n  to  be  determined,  we  substitute 

 AiBjCkDl.Fn  

(n  +  p1+l)(n  +  p1+2)(n  +  p1  +  3).(n  +  p1+l)(n  +  p1  +  2).(n  +  ps+l) 
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for  IL  {pip^P*  J  n)  m  the  functional  equation  and  find  a  result  which 
on  reduction  is 

(n)(n+l)  (n  +  2)  (n  +  3) 


Fn    (n  +  i-3)(n  +  j-2)(n  +  k-  l)(n+I)J 

so  that  Fn=fnfn_1fn_2.... 
Now  write 

(n)  (n-1)  (n-2) 


=fn  Fn- 


(n  +  i-3)   (n  +  i-4)   (n  +  i-5) 

(n+1)  (n)  (n-1) 

(n  +  j-2)   (n  +  j-3)   (n  +  j-4) 


(n  +  2)  (n+1) 


(n  +  k-  l)  (n  +  k-2)  (n  +  k-3) ' 


(n  +  3) 
(n  +  I) 


(n  +  2)  (n+1) 
(n  +  l-1)  (n  +  I-2)' 


•  =  <f>ai, 
-=<t>bj, 

•  =  <f>ck, 

•  =  <j>dl, 


Fn  =  4>aij>bj$ck<\>dl- 

We  then  have 

(l)3(2)2(3)(n  +  Pl+l)(n  +  Pl  +  2)  (n  +  Pl  +  3) .  (n  +  p2+  1)  (n  +  p2  +  2) 

x  (n  +  p3  +  1)  IL  (p1p2p3pi ;  to) 

As4>a3        -S3  <f>M     xG3(f)cs  VPDsfyds 

x  A2<f>a2     B2<f>i,2     (?2^>c2  **^i$a» 

afA0cf>a0    afBofoo    ccC0<j>c0  D0<f>do 
where 

<f>a$  =  <f>b3  =  <£c.i  =  4>dR  =  1) 

<£a2=(n),  </>62=(n+l),  ^2=(n  +  2),  <f>d.2  =  (n  +  3), 

(/>ai  =  (n-  l)(n),  ^ta  =  (n)(n+l),  cf>cl  -  (n  +  1)  (n  +  2),  fo-  (n+  2)  (n  +  3), 
<£a0  =  (n  -  2)  (n  -  1)  (n),  <f>b0  =  (n  -  1)  (n)  (n  +  1), 

</>c0  =  (n)  (n  +  1)  (n  +  2),  <£d0  =  (n  +  1)  (n  +  2)  (n  +  3), 

so  that  the  determinant  is 

(Pl+l)(Pl+2)(Pl+3)     (P2)(P2+1)(P2+2)    ^(P3-1)(P3)(P3+1)  ^(P4-2)(P4-1)(P4) 

x  (n)  (Pl  +  2)  (Pl  +  3)     (n  +  l)(Pa  +  l)(P2+2)    (n  +  2)  (Ps)  (Ps  +1)     *  (n+3)(P4-  1)(P4) 
^(n-l)(n)(Pl+3)     #(n)(n+l)(P2+2)    (n+ l)(n+2)(P3+ 1)    (n+  2)  (n  +  3)(P4) 
^(n-2)(n-l)(n)      x3  (n  -  1)  (n)  (n  +  1)     x  (n)  (n  +  1)  (n  +  2)    (n+ l)(n+2)(n+3) 
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This  is  evidently  a  general  process  and  suffices  to  establish  that  a  solution 
of  the  functional  equation  of  order  m  is  a  determinant  of  order  in  in  which, 
to  a  power  of  x  prte,  the  constituent  in  the  rth  row  and  cth  column  is 

(pc  +  r-c  +  l)...(pc  +  m-c).(n-r  +  c+  1)...  (n  +  c-  1), 

the  associated  power  of  x  being  2  >  when  the  constituent  is  below  the 
principal  diagonal  and  x  (V) 

when  above ;  the  determinant  being  divided  by 
(iyn-i  (2)-2 ...  (m-  1)  (n  +  Pl+  1) ...  (n  +  Pl  +  m  -  1) 
x  (n  +  p2  +  1)  . ..  (n  +  p2  +  m  -  2)  (n  +  pm_!  +  1). 

This  is  the  expression  of  IL  {pip2  ...pm]  w). 

It  clearly  reduces  to  IL  (pxpt  ...pm  \  oo )  as  previously  found  when 
n  =  oo . 

To  illustrate  the  properties  of  the  determinant  we  will  consider  either 
the  determinant  of  order  three  or  that  of  order  four. 

If  we  put  Pi  =  p9  =  ...  =pm  =  I,  the  expression  of  IL  (pxp, ... pm;  n) 
should  become  unity.    It  is  then  in  fact 

IL(l  ;  m;  n), 

and  is  concerned  with  a  lattice  in  which  the  nodes  in  the  directions  of  the 
axes  x,  y,  z  do  not  exceed  I,  m,  n  in  number  respectively. 

G F(l ;  m ;  n),  L(l  ;  m  ;  n)  and  IL  (I  ;  m  ;  n)  are  each  of  them  symmetrical 
as  regards  the  numbers  I,  m,  n.  In  particular  the  determinant  portion  of 
IL  (I  ;  m  ;  n)  is  symmetrical  in  the  numbers  n. 

In  the  determinant  of  order  three  put  px  =  p2  =  p3  =  b,  and  we  find 

<l+l)(l+2)      <l)(l+l)  (I) 

x(n)([  +  2)     (n+l)(l+l)      (n  +  2)(l)  , 

*Mn-l)(n)     *(n)(n+l)    (n  +  l)(n  +  2) 

which  must  be  symmetrical  in  I,  n. 

The  associated  denominator  is 

(1)  (2)(n  +  I+l)Mn  +  l  +  2), 

and  we  have  to  shew  that  the  determinant  is  equal  to  it. 

If  we  put  n  =  oo  ,  the  determinant  becomes  (l)2  (2) ;  that  is  to  say,  n  and 
I  disappear  together.  It  follows  from  this  remark  that  the  determinant  must 
be  a  function  of  n  + 1.  We  therefore  put  /  =  0  in  the  determinant  in  order 
to  find  it  as  a  function  of  n.  If  then  we  substitute  n  + 1  for  n,  we  must  get 
the  expression  of  the  determinant. 
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For  example,  putting  I  =  0,  the  determinant  becomes 
(1)  (2)  0  0 

*(n)(2)        (n+l)(l)  0 
^(n-l)(n)    a;(n)(n+l)  (n+l)(n+2) 
which  is  (l)2  (2)  (n+l)2(n  +  2). 

Thence  writing  n  +  I  for  n,  we  see  that  the  former  determinant  is 
<1)2  (2)<n+i+l)2(n  +  l  +  2), 
and  thus  IL(l;3;n)=l. 

The  reasoning  is  general,  and  establishes  the  result 
IL  (I ;  m;  n)  =  1. 

This  may  be  verified  in  numerous  special  cases,  and  suffices  to  confirm 
the  expression  obtained  for 

IL (pip2  •■•Pm',n). 

495.  The  results  that  have  been  established  may  now  be  set  forth  as 
follows : 

1   (Pi+1)       (P2)  f- 

/x(w;w)  =  (1)(n+pi  +  1)    §M  (n+1)|> 

L (Plp2 ;  n)  =  (1)  (2) ...  (p*  +  ft) .  (2)  ...  (Pl  +  1) .  (1)  ...  (p2)  

1  (Pi+l)      (P2)  |. 


(l)(n  +  Pl+l)  I    x{n)  (n+1) 


GF{pxp2*  n) 


-  (n+2)  •••  (n  +  P!+  l)  (n+  1)  ...  (n  +  Pa) 
(2)...(p1  +  l).(l)...(P2) 


1  j  (Pi  +  1)  (P2) 

X(l)(n+Pl+1)  j    ^(n)  (n+1) 

IL(ll;  n)  =  IL(l;  2;n)=l; 

2;W)-W  (2)...(21)  .'n  +  2»  ^±g^^  fe±  "  ; 

GF  (11  ;„)  =         ;  2  ;»)  =  <"  +  2>  '  £  +  *  j  g :  ^  ^ :  <P  +  9 . 

Observe  that  we  may  also  write 

flF(V„     ,_(n  +  2)...(n  +  p1).(n  +  l)...(n  +  p8)  (pj  I 

Wto'">-        (1)...^,+  !).  (1)7763  *<n)      (n+1)  j' 

a  form  which  has  some  advantage. 
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We  have  yet  another  form,  viz.: 

»)-  - — W-fr  +  Ptf 


(l)...(n  +  P2) 


(1)     (n+  1).  (1) ...  (pj+  1)  (1)   .(nj.d)  ..'^ 

l(Pi+D  M  I. 
I   *(n)     (n+1)  I' 

8T(f*M*;») 

(i)...(n  +  Pl)  ji)...(m.Pl)  (i)..(n  +  P]t) 


"(l)...(n  +  2).a)...(p1  +  2)  (l)...(n+l).(l) 
(Pi+l)(Pi  +  2)      (PaMPa  +  l) 
*  (n)  (Pi  +  2)     (n  +  1)  (pa  +  1) 
*Mn-l)(n)  #(n)(n+l) 


<Ps+l)<l)...<n).(l)...(pJ) 

*<P8-1)(P3) 
(n  +  2)(p3) 
(n  +  1)  (n  +  2) 


ftp(/.3.Tt)_(n  +  3)...(n  +  I  +  2)  (n  +  2)...(n  +  l+l)  (n  +  1)  ...  (n  +.1) 
'   '  '         (3)...  (1  +  2) 


(1)  fl) 

(n+l)...(n  +  I) 
'     (1)   .(I)  ' 


OF  (I  ;  oo  ;  oo  )  = 


(2)  ...  (1+  1) 

GF(l;  m;  n) 

(n  +  m)...(n+t  +  m-l)  (n+m-  l)...(n+I  +  m- 2) 
(m)...(l  +  m- 1)      '    (m-l)...(l  +  m-2) 

GF(l;m;  oo)=   -  -r  5  . 

(m)  ...  (l  +  m-  l).(m-  1) ...  (I  +  m-2)  ( if^J) ' 

1 

(1)  (2) ...  (I)  (2)  (3)  ...  (I  +  1) .  (3)  (4) ...  (I  +  2)  ad  inf. ; 

GF  (oo  ;  oc  ;  oo  )  =   

V         '     >    P)WWW  ad  inf.' 

496.  The  expression  of  GF(p,p2  ...pm;  n)  is  not  altered  by  substituting 
for  />,/>,  ...  pm  the  partition  conjugate  to  it;  though  the  form  is  changed. 
Interesting  identities  therefore  present  themselves. 

In  general,  the  solid  graphs  with  which  GF(plPi  ...  pm;  n)  deals  are  those 
contained  in  the  graph 

0  x 

n  n  n    n  nodes  in  breadth 

n  n  n   p\  „ 

n  n  n   p\  n 

n   V* 


where  n  denotes  a  pile  of  n  nodes  in  direction  of  the  axis  of  z. 
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This  graph  has  six  aspects  which  may  be  exhibited  in  the  following 
manner,  so  as  to  put  in  evidence  the  numbers  I,  m,  n. 

Instead  of  the  partition  pxp2 ...  pm  adopt  the  notation 

and  let  mxm2 ...  mi  be  the  partition  conjugate  to  it,  so  that 
lx  =  /,    m1  =  m. 

If  we  rotate  the  above  graph  about  the  axis  of  y  through  a  right  angle 
we  get 

lx     Z,     lx     lx     li   n  nodes  in  breadth 

^2        ^2        ^2        ^2         ^2    ?> 

^3         ^3        ^3        ^3         ^3    )J 

l4    l<    k     h  lA   

lm    lm    lm    lm  lm  

which  is  a  graph,  uniformly  n  nodes  in  breadth,  parallel  to  the  axis  of  x,  and 
standing  on  a  plane  graph,  m  nodes  long,  parallel  to  the  axis  of  y ;  the  sth 
row  being  uniformly  of  height  l8,  parallel  to  the  axis  of  z.  Rotating  to  obtain 
the  other  aspects  we  find  that 

GF(lxl2...lm;n) 
enumerates  plane  partitions  specified  by 

(i)  rows  llf  l2,  ...  lm  in  length  respectively  with  a  limit  of  part  magni- 

tude n  ; 

(ii)  rows  m1}  m?,  ...  mt  in  length  respectively  with  a  limit  of  part 

magnitude  n  ; 

(in)  n  columns  and  m  rows,  the  part  magnitudes  in  the  rows  being 
limited  by  the  numbers  llt  l2,  ...  lm  respectively  ; 

(iv)  n  columns  and  I  rows,  the  part  magnitudes  in  the  rows  being 

limited  by  the  numbers  ml}  m2,...mi  respectively; 

(v)  m  columns  and  n  rows,  the  part  magnitudes  in  the  columns  being 

limited  by  the  numbers  lx,  l2,  ...lm  respectively; 

(vi)  I  columns  and  n  rows,  the  part  magnitudes  in  the  columns  being 

limited  by  the  numbers  mu  m2,  ...mi  respectively. 
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497.  Valuable  information  concerning  line  or  one-dimensional  partitions 
is  furnished  by  putting  n  m  1  in  the  general  formula. 

The  partitions  which  are  then  enumerated  are  those  in  which  every  part 
is  unity,  there  being  not  more  than  pr  units  in  the  rth  row  : 
11111 
1    1  1 
1  1 
1 

•   In  fact  each  partition  is  derived  from  the  graph  of  a  unipartite  line 
partition  by  substituting  units  for  nodes,  and  the  number  of  units  in  each 
row  is  limited  not  to  exceed  a  certain  number  appertaining  to  the  row. 
If  we  add  up  the  units  in  each  row  we  obtain  a  line  partition 

(PlP»&  ■■■Pm), 

in  which  p,  ^p„, 

Pi,  p%,  ...pm  being  given  numbers  in  descending  order  of  magnitude.  The 
partition  (pi'p,'  >..pm')  may  be  said  to  be  "contained"  in  the  partition 
(pip3 ...  pm),  and  the  formula  shews  how  many  partitions  of  given  content  are 
contained  in  the  given  partition  (pxp2 ... pm). 

Putting  n  =  1  in  the  expression  of  GF(pip2p3;  n)  we  find  after  a  slight 
reduction 

(Pl+1)  (P2)(P2+1) 


GF(plPtPs;  1) 


and  denoting 


.  (P3+1) 

"(1)(2)  (3) 


U)(2)...(p) 


(1) 


*(P3-  !)(P3) 
(2)  (3) 


(l)(2)  ...(q).(l)  (2)...(p-q) 


(1)  (2) 

by  XM  or  XPtP_q, 


we  may  write 


GF(plPi;  1) 


GF(Plp2p3;  1) 


(Ps+l) 
(1)  (2)  (3) 


(Pj±l)| 
"  U)(2)  I 

i  (Pi+1) 


(Pi+1) 


M 
(P2)  (P2+1) 

Xn  (p2+l) 


^(P3-l)(Ps) 


(1)(2)  (3)  (4) 


GFipipzptPt;  1) 

(Pl+1)     (P2)(P8+1)    ^(P3-l)(Ps)(P3+l)  ^'(P4-2)(P4-1)(P4)(P4  +  1) 

X         X^pj+l)       Z31(P3)(P3+1)  ^«(P4-1)(PJ(P4+1) 

0             x              *„(P3+1)  ^(P4)(p4+1) 

0             0                   x  A'w(p4+1) 
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In  this  formula  of  the  order  four  the  factor  (p4  +  1)  has  been  entered 
in  the  last  column  of  the  determinant  so  that  the  law  may  be  the  more 
apparent  to  the  reader,  x  appears  in  each  constituent  in  the  minor  diagonal 
which  lies  below  the  principal  diagonal.    In  the  minor  diagonals  which  lie 

above  the  principal  one  the  powers  of  x  are  x°,  x,  x^ ,  x (*),...  etc.,  the 
figurate  numbers  of  the  third  order  appearing  as  exponents. 

1  _  #J»a+l 

Ex.  gr.    OF  (plP2 ;  1)  =  ^— — — ^  (1  +        _  xpi+i  _  ,»*+«), 

and  we  find  particularly  that 

GF(4>2;  1)  =  1  +  x  +  2a?  +  2a?  +  So?  +  2a?  +  a?, 
the  partitions  enumerated  by  the  coefficients  being 

zero;  1;  11,  2;  21,  3;  22,  31,  4;  32,  41;  42, 
viz.  all  those  that  are  contained  in  42. 

498.  To  enumerate  the  partitions  contained  in  {pip2...  pm)  is  the  same 
as  to  find  the  sum  of  the  coefficients  in  the  expanded  expression  of 

GF(Plp2...pm;  1). 

We  have  therefore  to  put  x  =  1  in  the  above  formula.    This  is  done  by 

putting  every  bracketed  number  (s)  equal  to  s  and  Xvq  =  {^j  . 

Thus  for  the  order  two  we  find  the  number  \  (p2  + 1)  {2p1  —p2  +  2). 

These  results  are  unchanged  when  for  (p^  . . .  pm)  is  substituted  the 
conjugate  partition. 


CHAPTER  III 


PARTITIONS  IN  SOLIDO 

499.  In  this  chapter  we  make  a  preliminary  investigation  concerning 
solid  partitions  where  the  parts  are  placed  at  the  nodes  of  a  solid  graph  and 
descending  order  of  magnitude  is  insisted  upon  in  the  directions  of  the  three 
axes  of  the  graph. 

The  remark  may  be  made  that  if  a  unit  be  placed  at  each  node  of  a  solid 
graph  and  the  graph  be  projected  upon  either  of  the  coordinate  planes  by 
addition  of  units  we  thus  obtain  a  plane  partition  in  the  plane  of  projection. 
In  fact  plane  partitions  are  in  theory  coincident  with  solid  partitions  in 
which  the  part  magnitude  is  restricted  not  to  exceed  unity.  It  will  be 
remembered  that  similarly  it  was  found  that  plane  partitions  in  which  the 
part  magnitude  is  restricted  not  to  exceed  unity  are  coincident  in  theory 
with  line  partitions. 

The  enumeration  of  solid  partitions  is  also  connected  with  permutations 
derived  from  a  solid  lattice  and  with  lattice  functions.  If  we  consider  the 
three-dimensional  system  of  nodes  we  regard  it  as  a  system  of  layers  of 
nodes  parallel  to  the  ay-plane,  each  layer  being  the  graph  of  a  unipartite 
partition.  If  a  particular  layer,  the  sth  from  the  sy-plane,  be  the  graph 
of  the  partition       ...  *w)  we  associate  with  it  the  assemblage 

Thus  taking  the  whole  of  the  layers  we  get  an  assemblage  of  Greek  letters 
involving  as  many  suffixes  as  layers.  Of  such  an  assemblage  we  form  lattice 
permutations.  These  are  such  that  (i)  looking  merely  at  a  particular  suffix  * 
the  permutation  must  be  a  lattice  one,  (ii)  looking  merely  at  a  particular 
Greek  letter,  say  6,  the  permutation  must  be  a  lattice  one.  In  forming  the 
lattice  functions  from  these  permutations  we  note  (i)  a  letter  which  comes 
immediately  before  another  which  is  prior  to  it  in  alphabetical  order,  (ii)  a 
suffix  which  comes  immediately  before  a  suffix  prior  to  it  in  numerical  order 
provided  that  both  suffixes  are  attached  to  the  same  Greek  letter. 
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500.  If  we  restrict  attention  to  the  cases  in  which  not  more  than  two 
nodes  appear  in  the  direction  of  either  axis  the  distinct  solid  graphs  are 

©.  0©  0©  ©0  0  © 
•  •  ..©.©© 

otherwise  denoted  by  plane  partitions 

21  22  22  22  22 

1  1  11  21  22 

Taking  the  first  of  these  we  have  four  nodes,  shewn  in  the  diagram 
in  perspective,  at  which  numbers  are  to  be  placed  so  as  to  obey  the 
inequalities  indicated.  The  two  layers  parallel  to  the  ^y-plane  have  the 
specification  21  and  1  read  parallel  to  the  #-axis.    We  associate  with  the 


solid  graph  the  assemblages  fyaxfti,  a2  for  the  layers  respectively  and  con- 
sider the  lattice  permutations  of  the  assemblage  a^fi^.  The  lattice  law 
must  be  obeyed  by  each  of  the  triads  a^^,  a^a^.  We  find  that  the 
permutations  are  six  in  number,  viz. : 


leading  to  the  lattice  function 

1  +  (2a2  +  2a?)  +  afi, 
the  sub-lattice  functions  being  indicated. 


Index 

3 
2 
0 
5 
2 
3 
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601.    Denote  by  OF (21 ;  1 ;  n) 

the  function  which  enumerates  the  partitions  when  the  part  magnitude 
is  restricted  by  the  number  n.  Then  the  principles  established  in  preceding 
chapters  give  the  results : 

OF  (21;  I;  *  +       +  * 

^1,1,*)        (1)<2)(3)(4)  ' 

GF(21;  1 ;  n) 

(n+ 1)  (n+2)  (n+3)(n+4)  +  (2^+2^)(n)(n+l)(n+2)(n+3)+^(n-l)(n)(n4-l)<n4-2) 

(1)  (2)  (3)  (4) 

la»GF(21-  V  n)  =  l+g(2*+g*)  +  0*» 

9       V     '    '    }  {l-g){l-gx)(l-gx*){l-gx*)(l-gx*)' 

502.  In  fact  the  assemblage  of  Greek  letters  must  be  regarded  as  con- 
nected with  the  solid  lattice  in  the  manner  shewn 
in  the  figure,  and  the  property  of  a  lattice  permu- 
tation of  the  assemblage  is  that  if  a  line  be  drawn 
between  any  two  letters  the  nodes  which  corre- 
spond to  the  letters  to  the  left  of  the  line  con- 
stitute a  complete  or  incomplete  lattice.  Thus 
the  permutation  cannot  commence  with  j8,  or  Og 
because  neither  of  the  nodes  corresponding  thereto 
constitutes  a  lattice.    The  letter  or,  must  be  at 

the  origin  of  the  lattice.  In  the  present  instance  every  permutation  which 
commences  with  a,  forms  progressively  a  system  of  nodes  which  always  con- 
stitutes a  lattice.  It  is  clear  that,  fixing  the  attention  upon  the  nodes  which 
lie  in  any  plane  parallel  to  one  of  the  coordinate  planes,  the  corresponding 
letters  must  occur  in  a  lattice  permutation  of  those  letters.  If  the  nodes  lie 
in  £  planes  parallel  to  the  yz-plane,  17  planes  parallel  to  the  zar-plane,  and 
£  planes  parallel  to  the  <ry-plane,  the  whole  assemblage  of  letters  must 
satisfy  £  + 17  +  f  conditions ;  for  that  number  of  collections  of  letters  drawn 
from  the  assemblage  must  be  in  a  lattice  permutation.    In  the  above  simple 

case 

£  =  2,    9-9,  £=2, 

but  the  six  conditions  practically  reduce  to  one  only,  viz.  that  associated 
with  either  of  the  planes  xyt  zx.  It  is  easy  to  see  that  in  any  solid  lattice 
each  layer  of  nodes  parallel  to  a  coordinate  plane  must  be  a  plane  lattice  and 
that  if,  in  proceeding  from  left  to  right  of  the  permutation  of  the  assemblage, 
at  any  moment  any  such  plane  lattice  be  deficient,  then  the  solid  lattice  will 
be  deficient  and  cannot  be  in  correspondence  with  a  lattice  permutation  of 
the  assemblage.  The  full  number  of  conditions  for  a  lattice  permutation, 
viz.  £  -l- 1)  +  f,  will  most  frequently  suffer  some  reduction,  as  those  conditions 
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may  be  either  trivial  or  not  independent.  In  the  above  case  the  planes 
which  contain  the  single  nodes  a,,  «2  give  three  trivial  conditions  and  the 
planes  yz,  xy  conditions  implied  by  that  given  by  the  plane  zx. 

The  lattice  permutations  are  then  connected,  as  in  the  case  of  plane 
partitions,  with  non-overlapping  Diophantine  inequalities  and  the  investi- 
gation proceeds  with  the  results  given. 

503.    Passing  now  to  the  solid  graph 

©  ©    ■  22 
"  1 

we  consider  the  system 


and  in  forming  the  lattice  permutations  of  the  assemblage  a1a1oua;tj31  we  have 
only  to  take  care  that  the  letters  in  the  plane  zx  are  in  lattice  permutations. 
There  are  eight  lattice  permutations : 


Index 

«i«2aia2/3i       2  Oia2Aaia2 
«>!   ffa&ag       4  ai/3iaia2a2 
Oi«2ai/3i02       6  *%&\<*%*i*t 
and  the  lattice  function  is 

1  +  (2a?  +  2a?  +  x4)  +  a?  +  x6, 

yielding  the  results 

GFm.  2.     ,     l  +  (2^  +  2^+^)  +  (^  +  ^) 
2'  ^  (D(2)(3)(4)(5)  ' 

GF  (21;  2;  n) 

(n+1)  ...(n+5)+(2x*+2a?+xi)(n)  ...(n+4)+(s»+a?)(n-l)  ...  (n  +  3) 
(1)(2)...(5) 

 1  +  g  (2x*  +  2a?  +  x*)  +  g*  (x5  +  x6)  

(1  -  g)  (1  -  gx)  (1  -  go?)  (1  -  go?)  (1  -  go?)  (1  -  go?) ' 


Index 

3 

3 
2 
5 


$gnGF  (21;  2;  n)  = 
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504.    Next  we  come  to  the  solid  lattice 


©  © 


22 
11 


and  consider  the  system 


:> 


A 


The  lattice  permutations  of  the  assemblage  a1a,a2a2#1/9i  must  involve  the 
collections  a^AA*  0^0^02  in  lattice  permutations  and  we  do  not  attend 
to  other  conditions.    We  have  sixteen  permutations  : 


When  we  come  to  examine  these  permutations  we  find  that  those  which 
terminate  with  A  give  rise  to  a  portion  of  the  lattice  function  which  is 
equal  to  the  whole  lattice  function  derived  from  the  permutations  of  the 
assemblage  MMfctfcAi  anfl  necessarily  so  because  no  component  of  the  index 
can  arise  by  the  contact  of  any  letter  with  the  terminating  A-  Also  as 
regards  those  which  terminate  with  «,  the  permutations  are  of  two  kinds. 
Those  lattice  permutations  of  the  collection  a^AA^  which  terminate  with 
a,  pass  on  the  same  index  when  another  a,  is  added,  but  those  which  termi- 
nate with  A  add  the  number  5  to  it  when  aa  is  added. 

The  reader  will  now  have  no  difficulty  in  realising  the  relation  which 
follows  from  these  observations,  viz. : 


Index  Index 


a^iAA0^  4  ot1a,&a2a2j91  3 

«iA«iA«««a  6  aifta1a2a2#1  2 

«i«iA««fta»  8  «!«!«.  A  a*  A  4 

aiA«iaaA«2  7  «iA«i«i«aA  5 

OjOjC^AA^  5  a^ffiA^A  6 

«iA«2«iA««  1°  3 

a,Oja,AAa2  7  aiai^AA  0 

0i«,AaiA«»  8  «i«2«i«2AA  2 


and  the  lattice  function 

1  +  (2a*  +  2a*  +  2a*  +  a*)  +  (a*  +  2a*  +  2a?  +  2a*)  +  a?0. 


L(22;  2;  oo)  =  Z(21;  2;  oo)  +  «,X(21;  1;  «)  +  ar«Z(22;  oo  ), 
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because  those  permutations,  written  out  above,  which  terminate  with  /^c^, 
are  the  whole  of  the  lattice  permutations  of  the  assemblage  a^fi^;  and 
those  which  terminate  with  a2a2  are  the  whole  of  the  lattice  permutations  of 
the  assemblage  Pk*kPv&\*  the  factor  xl  appearing  because  of  the  conjunction 
of  /3X  with  the  penultimate  oc2. 

The  formula?  for  OF  (22  ;  2  ;  oo  \  QF  (22  \  2  ;  n)  and  tgnGF  (22 ;  2  ;  to) 
are  written  down  as  in  the  other  cases  and  need  not  be  particularly  given. 

505.    The  remaining  cases  for  consideration  are  the  solid  lattices 

0  ©  =  22  ©  ©  =  22 
©     •   ~  21  '       ©    ©  "  22' 

and  they  are  so  intimately  connected  that  it  is  convenient  to  consider  them 
together. 


The  assemblages  of  letters  are  aiai/31/?1or2a2£2  and  a1a1/81&a8a2/S2#!  re- 
spectively. If  we  write  down  any  lattice  permutation  of  the  first  of  these  we 
can  obtain  a  lattice  permutation  of  the  second  by  the  addition  of  (3t  as  last 
letter,  and  since  every  lattice  permutation  of  the  second  must  end  with 
&  it  is  clear  that  each  assemblage  has  the  same  number  of  lattice  permu- 
tations. Moreover  the  addition  of  /32  to  the  lattice  permutations  of  the  first 
introduces  no  new  component  to  the  index.  Hence  the  two  solid  lattices  we 
are  considering  lead  to  the  same  lattice  function  and  we  have 


506.  There  is  a  one-to-one  correspondence  for  a  solid  lattice  of  w  nodes 
between  the  arrangements  of  w  different  integers  placed  at  the  nodes  so  as 
to  satisfy  the  inequalities  marked  between  adjacent  nodes  and  the  allied 
lattice  permutations.  We  will  illustrate  this  in  the  case  of  the  seven  nodes, 
which  form  seven  out  of  eight  summits  of  a  cube,  shewn  in  the  left-hand 


Z(22;  21;  oo)  =  Z(22;  22;  oc ). 
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diagram  of  the  two  above  given.  We  will  at  the  same  time  determine  the 
lattice  function.    One  arrangement  of  integers  is 


3^2 

where  it  will  be  observed  that  the  inequalities  are  satisfied. 

We  write  down  the  corresponding  lattice  permutation  by  writing  under- 
neath the  numbers,  which  are  arranged  in  descending  order,  the  corre- 
sponding suffixed  Greek  letters  as  depicted  in  the  first  seven-node  diagram. 
Thus  in  the  present  example 

7  6  5  4  3  2  1 
o,  o,  (tj  or2  fa  fa  fa 

and  a  lattice  permutation  of  zero  index  is  derived.  In  the  following  scheme 
the  lower  layer  and  upper  layer  of  numbers  are  given  on  the  left  and  on 
the  right  respectively : 


7     6     5  4 

7     4     6  2 

3     2  1 

5     3  1 

ft,  a,  cr2  Oj  fa  fa  fa 

7     5     6  4 

7     4     6  2 

3     2  1 

5      1  3 

a,  ara^        fa  fa 

«!     /9,1a,  &  a,  ft 

7     5     4  3 

7     5     4  3 

6     2  1 

6     1  2 

a,  ftja,  a2  a2  fa  fa 

a,  £,;«,  a2  a2  fafa 

7     6     4  3 

7      5     4  1 

5     2  1 

6     3  2 

a.a.fa^a^fa  fa 

«i  fa«i*tfafa*, 

7     4     6  3 

7     6     4  3 

5     2  1 

5      1  2 

a,  a,  fa  a,  a2  & 

a.  a,  faoko^fafa 

7     6     5  3 

7      6     4  1 

4     2  1 

5     3  2 

a,  a,  st2  ft  a2 

a.  «!  fa«,  fa  fa*. 
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7  6  3  2 
5     4  1 

«i  «i  A  ft|a8  «2  A 

7     3     6  2 

5  14 

7     6     5  2 
4     3  1 
«i  «!  a2  A  /3i|a2  & 
7     6     5  2 
4  13 

«,AAMi 
7     6     5  4 

3  12 

oti  »i  «2  a2  /Si  &|  A 
7     6     5  1 

4  3  2 

«i  «i  a2  ^  A  ^a, 

7     4     5  3 

6  2  1 

«i  AW«i  a2  &  A 

7  5  6  3 
4     2  1 

«i  a^eti  &!««  A  A 

7     5     3  2 

6  4  1 

«]  ft|ai  A|«2  a.  A 

7  3     5  2 

6  14 

7  5  6  2 
4     3  1 

«i«2i«ift&i««& 

7     5     6  2 

4  13 

a,  a^O,  A  /32ja2  ft 

7     5     4  2 

6     3  1 

Oj  /8,1a!  a2  A 


7  4  6  3 
5  12 

«1«2A|«1««A|A 

7     4     6  1 

5     3  2 
*«,ft|«,  A&|«2 
7     6     5  3 

4  12 

M^jiAKAIA 

7     6     3  1 

5  4  2 

^  «i  A  A|«2  A|«« 

7     3    6  1 

5  2  4 

a,  a2  A  AK  AK 
7     6     5  1 
4     2  3 
a,  a,  a2  A  A|AI«i 

7     4     5  2 

6  3  1 

«i  AW«i  AkA 

7  4     5  2 

6  1  3 

a,  /3,Ja2|a,  A|a2  A 

7  4     5  3 

6  12 

a,  Ai«2!«i  a2  Ap, 

7  4     5  1 

6  3  2 
aiAKKAAK 

7  5  6  3 
4     1  2 

«i«2|«iAI«2AIA 

7     5     3  1 

6  4  2 
«iA|«iAI«2AI«2 

7  3  5  1 
6     2  4 

«1  A|«2  AK  AK 
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7     5     4  2 

7     5     6  1 

6     1  3 

4     2  3 

7     6     4  2 

7     5     4  1 

5     3  1 

6     2  3 

«! 

a,  /8,|o1o,/8,|Aio, 

7     6     4  2 

7     6     4  1 

5  13 

5     2  3 

7     5     6  4 

7     4     6  1 

3     1  2 

5     2  3 

aia*!«i«2ft&|ft 

7     5     6  1 

7     4     5  1 

4     3  2 

6     2  3 

0,0,1a,  A  fr&a. 

507.  There  are  48  permutations.  The  dividing  lines  shew  the  order  of 
the  associated  lattice  function.  Forming  the  lattice  function  in  the  ordinary 
way  we  find  that 

Z(22;  22;  ») 
=  l+(2tfa  +  2tf»  +  3ar*  +  2*5  +  2«8) 
+  (a?  +  So?  +  4a?  +  8a*  +  4s9  +  So?0  +  a?1) 
+  ( 2a?°  +  2a?1  +  &c»  +  2x»  +  2x")  +  <t» 
=  Z(22;  21;  oo); 


and  thence  writing 
we  obtain 


Z  (22 ;  22  ;  oo  )  =  Z0  +  Z,  +  Za  +Z3  +  Z, 
GF  (22;  22;  »)  = 
GJP(22;21;oo)  = 
GF  (22  ;  22  ;  n)  = 
GF  (22;  21 ;  n) 
V1  (?^(22;  22  ;n) 
%gnGF  (22;  21;  n)  = 


Z  (22 ;  22  ;  oo  ) 
(1)(2)...(8) 

Z  (22 ;  21 ;  oo  ) 
(1)(2)  .  .(7)  ; 

SZ«  (n  - 1  +  1)  (n  - 1  +  2)  ...  (n  - 1  +  8) 
(1)(2)...(8)  ; 

_  lLt  (n  -  t  +  1)  (n  - 1  +  2) ...  (n  -  t  +  8) 
(1)  (2)  .(7) 

Z.  +  gLx  +  g*Lt  +  g*L%  4-  g*Lt 
(1  -g)  (\-gx)  (1  -  go?)  ...  (1  -  go?)  ' 

Z,  4-  ffZ,  4-  g'Z,  +  g*L^g*Lt 
(\-g)(\-gx)(\-ga*)...(\-ga>)' 
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508.  This  completes  the  results  up  to  the  point  where  the  number  of 
nodes  along  each  axis  does  not  exceed  two.  It  suffices  to  establish  that  by 
the  method  pursued  we  have  potentially  the  complete  solution  of  the  problem 
of  Solid  Partitions.  The  discovery  of  the  algebraic  form  of  the  lattice 
function  in  the  general  case  has  not  been  made.  It  appears  to  be  a  com- 
plicated and  difficult  question.    A  short  discussion,  however,  may  be  given. 

When  we  were  speaking  of  solid  lattices  it  was  shewn  that  such  a  lattice 
might  be  read  in  either  one,  two,  three,  or  six  different  ways,  according  to 
the  degree  of  symmetry  possessed  by  the  lattice.  It  follows  that  the  speci- 
fication of  a  lattice  by  layers  of  nodes  may  be  in  one,  two,  three,  or  six 
different  forms.  Thus  the  notation  GF  (21 ;  1  ;  n)  is  unique  ;  but  the  three 
forms 

6^(22  ;l;n),    GF (21 ;  2;  *),    6^(21 ;  11 ;  ») 
are  equivalent  because  each  is  associated  with  the  same  graph 
©  ©  _  22 
1  ' 

which  has  three  aspects. 

In  particular  the  equivalence 

GFijhpt ;  qxqr ;  n)  =  GFip.q, ;  p2q2 ;  ») 

should  be  noted. 

We  have  already  met  with  one  or  two  instances  of  relations  between 
lattice  functions  of  the  new  kind,  so  that  it  is  not  surprising  to  find  that 
lattice  functions  and  generating  functions  are  connected  by  functional 
equations.  By  the  same  reasoning  as  was  employed  in  a  previous  chapter 
we  establish  equations  of  the  type 

(Vi  +  V2  +  ^i)  GF(Plp2;  qi;  cc) 

=  GF(p1-lp2;q1;  oo )  +  GF(p1  p2-  1 ;  qx ;  oo )  +  GF  (p1p2 ;  g,  -  1 ;  oc  ) 

-  GF  (p,  -  1  p2  - 1 ;  q, ;  oo  )  -  GF  (Pl  - 1  p2 ;  qx  - 1 ;  oo  )  -  GF  (p1  p2  - 1 ;  qt  - 1 ;  oo ) 

+  GF(pl-lp2-l;ql-l\oo), 

and  transforming  to  lattice  functions 

L  {p,p2 ;  q1 ;  oo ) 

=  L(p1-lp2;q1;<x>)  +  L(p1p2-l;q1;cc)  +  L  {pxp2 ;  q,  -  1 ;  co  ) 

-  (Pi +p2+ qi  - x)  iL  (pi  -  1P2  - 1 ;  ?i ; 00 )  +  L  (p*  -  lP»  5  ft  - 1 ;  °° ) 

+  L(p1p2-l;  q1-l;  oc)} 
+  (Pi  +  P2  +  <h  -  2)  (Pi  +  P2  +  <h  "  J.)Z(pi-l&-l  i^-l;  oo), 
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with  the  usual  modifications  when  there  are  equalities  between  the  numbers 
Px,Pt,qx.    As  a  particular  case  Un,Dere 

Z(/l;l;x)  =  Z(/-ll;l;xK2Z(n.wM(  +  1){2/^_11;oc)  +  ^;uc)i 
+  tf+l)Z(/-l;oo). 

Since  Z(n;x)=l+,ia-y;    £(/;3c)  =  1) 

we  find  that 

Z(n;l;x)  =  Z(/-ll;l;oo)+^(1+,)(L+l)_^+a 
and  now  it  is  readily  shewn  that 

WX(n;l;oo)-CI+l,  (I  +  2)-2.(l,  d+at+*(lj  (2) 
I  (f  +  2)  ((  +  2)-*(2)  I 


M.  A.  II. 
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CHAPTER  IV 


THE  SYMMETRY  APPERTAINING  TO  PARTITIONS 

509.  It  has  already  been  observed  in  Art.  428  that  the  three-dimen- 
sional graphs  of  plane  partitions  have  either  one,  two,  three,  or  six  aspects, 
leading  to  one,  two,  three,  or  six  different  readings.  There  are  thus  four 
classes  of  graphs  and  partitions,  and  although  their  complete  theory  has  not 
yet  been  discovered,  the  subject  may  be  usefully  discussed  up  to  a  certain 
point.  Taking  an  origin  and  three  coordinate  axes,  the  graphs  which  permit 
of  only  one  reading  are  symmetrical  about  the 
line  through  the  origin  equally  inclined  to  the  * 
three  coordinate  planes  (or  axes).  Upon  that 
line,  which  may  be  called  the  diagonal  of  the 
solid  graph,  there  must  be  one  node,  at  the 
origin,  and  there  may  be  any  number.  First 
consider  the  symmetrical  graphs  which  have 
only  the  origin  node  upon  the  diagonal.  Then 
the  whole  of  the  nodes  must  lie  in  one  or  other 
of  the  three  coordinate  planes.  For  every  node 
upon  the  axis  of  x  there  must  be  corresponding 
nodes  upon  the  axes  of  y  and  z.  For  every  node,  not  upon  an  axis,  that  lies 
in  the  plane  xy  there  must  be  corresponding  nodes  in  the  planes  yz  and  zx. 
The  nodes  that  lie  in  any  one  of  the  three  coordinate  planes  constitute  a 
self-conjugate  graph  in  two  dimensions.  We  thus  obtain  three  perfectly 
similar  self-conjugate  graphs,  but  they  are  not  quite  distinct,  because  there 
is  overlapping  due  to  the  circumstance  that  the  origin  node  lies  in  each  of 
the  three  planes,  while  every  node  which  lies  upon  one  of  the  coordinate 
axes  necessarily  lies  in  each  of  two  of  the  coordinate  planes.  We  may 
therefore  separate  the  nodes  into  three  lots :  (i)  the  origin  node,  (ii)  nodes 
which  lie  upon  the  axes,  the  origin  node  excepted,  (iii)  the  nodes  which  do 
not  lie  upon  an  axis.  The  nodes  in  (ii)  occur  in  threes.  The  nodes  in  (iii) 
constitute  in  each  coordinate  plane  the  same  self-conjugate  graph,  and 
therefore  these  nodes  also  occur  in  threes.  The  whole  number  of  nodes  must 
consequently  be  of  the  form  3m  +  1. 
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510.  Let  us  now  enumerate  the  graphs  which  have  t  nodes  along  each 
axis  (the  origin  node  included  on  each  axis).  We  have  then  as  a  minimum 
3i  —  2  nodes.  In  the  plane  xy  we  may  have  any  self- conjugate  graph  which 
involves  exactly  I  nodes  in  the  direction  of  each  of  the  axes  of  x  and  y,  or,  if 
we  omit  those  nodes  which  lie  upon  those  axes  in  the  plane  xy,  we  have  any 
self-conjugate  graph  which  involves  t  —  1  or  fewer  nodes  in  the  direction  of 
tfce  axes  of  x  and  y.    These  graphs  are  enumerated  by  the  function 

(1  +  x)(l+x*)(l  +*»)...  (1 +**-*). 
since  we  have  seen  that  the  nodes  may  be  separated  into  angles  of  nodes, 
symmetrical  about  their  origin,  which  involve  numbers  of  nodes  which  are 
unrepeated  uneven  numbers.    Clearly  the  external  angle  of  nodes  involves  a 
maximum  of  2i  —  3  nodes. 

Hence,  since,  as  remarked,  the  nodes  occur  in  threes,  and  there  are  3t  —  2 
nodes  upon  the  axes,  we  find  that 

j£*  (1+  x*)  (1  +  x9)  (1  +  ^») . . .  (1  +  xM~9) 

is  the  function  which  enumerates  the  solid  graphs  which  have  only  one 
aspect,  %  nodes  along  each  axis,  and  every  node  upon  one  of  the  coordinate 
planes.    This  leads  us  to  the  function 

1  +x  +  x*(l  +  x3)  +  x7(l  +x*)(l+xt)  +  ...+x*i-*(l+x*)(l+x*)...(l+x*i-*), 
to  enumerate  the  graphs  when  there  are  i  nodes  or  fewer  upon  each  axis. 
Also  when  i  =  x  to  the  function 
l+x  +  x*(l+af)  +  x7(l+x')(l+x9)  +  xl0(l  +  x»)(l  +  a*)  (1 +#»)+...  ad  inf. 

511.  By  viewing  the  matter  in  another  manner  we  can  obtain  another 
form  of  the  function  which  gives  an  interesting  identity. 

Suppose  that  in  the  plane  xy  we  have  four  nodes  along  the  diameter  OA. 
This  implies  that  the  square  OA  is  full  of  nodes,  and,  by  symmetry,  also  each 
of  the  squares  OB,  OC  must  be  full  of  nodes.    (For  diagram,  see  p.  260.) 

Altogether  we  must  have  at  least  4  x  3*  +  1  or  37  nodes,  and  37  =  4*  -  3*. 

Without  increasing  the  number  of  nodes  upon  the  diameter  OA,  we  may 
add  nodes  in  the  plane  xy  which  constitute  a  plane  graph  made  up  of  rows 
which  do  not  exceed  four  nodes  in  length,  the  rows  being  taken  parallel  to 
the  axis  of  y  and  terminating  in  the  axis  of  x.  But  if  we  do  this,  symmetry 
demands  that  we  add  a  similar  graph  in  the  plane  xy,  the  rows  being 
parallel  to  the  axis  of  x  and  terminating  in  the  axis  of  y  \  similar  graphs 
also 

in  the  plane  yz,  with  rows  parallel  to  the  axis  of  y,  and  terminating  in 
the  axis  of  z  \ 

in  the  plane  yz,  with  rows  parallel  to  the  axis  of  z  and  terminating  in 
the  axis  of  y ; 
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in  the  plane  zx,  with  rows  parallel  to  the  axis  of  z,  and  terminating  in 
the  axis  of  x ; 

in  the  plane  zx,  with  rows  parallel  to  the  axis  of  x,  and  terminating  in 
the  axis  of  z. 

These  six  graphs  are  not  quite  distinct ;  there  is  overlapping  due  to  the 
nodes  that  are  added  upon  the  axes.  Thus  a  row  of  four  nodes  added  in  each 
of  the  six  half-planes  adds  not  6  x  4  or  24  nodes,  but  24  —  3  =  21  nodes.  So 
rows  of  three,  two  and  one  add  6  x  3  —  3  =  15,  6  x  2  —  3  =  9,  and  6x1-3  =  3 
nodes  respectively. 

z 


zz 


xxx 


The  case  of  a  row  of  four  nodes  is  indicated  by  crosses  in  the  diagram. 
Hence  our  addition  resolves  itself  into  lots  of  21  nodes,  15,  9,  3  nodes 
each  any  number  of  times  repeated.    We  see  then  that  if  there  are  exactly 
four  nodes  along  the  diameter  OA  we  have  an  enumerating  function 



(1  ~  a?)  (I  -  x9)  (1  -  x16)  (1  -  x21) ' 
and  generally,  if  we  have  exactly  k  —  1  nodes  along  the  diameter  OA,  we 
have  an  enumerating  function 

r<*- 1)3- #-2)3 


(1  -  a?){\  -  x9)  (1  -  x15)  ...  (1  -  a/*-9)' 


512.  Thence  we  conclude  that  the  graphs  which  have  one  reading  only 
and  every  node  in  one  of  the  coordinate  planes,  are  enumerated  by  the  series 


1  + 


1-a 


(1  -0(1  -Xs)     (1  - 

T(k-l)S-(k-2)3 

+ 


a8) (I  -  a?) (!-«") 


(1 -*»)...(!- 
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which,  on  expansion,  must  be  identically  the  same  as  that  previously  found, 
viz.: 

1  +  ar +  *«(l+s»)  +  ar7(l  +a*)(l+a*)+  ...  +  +  a?)  ...  (1  +  .... 

We  thus  establish  an  interesting  identity. 

513.  These  partitions  the  nodes  of  whose  graphs  lie  all  upon  the 
coordinate  planes  are  represented  by  solid  angles  of  nodes  which  are  perfectly 
symmetrical  in  respect  to  the  three  coordinate  planes.  All  other  partitions 
which  possess  this  xyz-symmetry  are  formed  by  fitting  into  one  another  two 
or  more  symmetrical  solid  angles  of  nodes  so  as  to  produce  a  regular  solid 
graph.  So  far  we  have  merely  enumerated  the  external  solid  angles  of 
nodes  or  boundary  partitions.  It  is  not  difficult  to  construct  a  crude  gene- 
rating function  arising  from  a  number  of  Diophantine  inequalities,  but 
effectively  the  enumeration  has  not,  up  to  the  present  time,  been  carried 
any  further. 

One  further  remark  however  may  be  made.  From  any  one  of  these 
graphs  we  can  immediately  derive  an  infinite  number  of  others  of  the  same 
symmetrical  nature;  for  if  we  take  a  square  of  nodes  having  i  nodes  in 
a  side  and  form  a  symmetrical  three-dimensional  graph  in  the  left-hand  top 
corner,  we  may  conceive  the  square 

2  1  

1  


completed  into  a  cube  of  i*  nodes.  The  graph  in  the  corner  if  now  sub- 
tracted from  the  cube  leaves  a  solid  graph  which  if  rotated  through  180° 
presents  a  symmetrical  graph.  The  two  graphs  are  in  fact  supplementary 
the  one  of  the  other  qud  a  cube  of  t*  nodes.  Hence  a  symmetrical  graph  of 
i*  —  w  nodes  in  the  general  case  where  the  graph  of  weight  w  has  t  or  fewer 
nodes  along  each  axis. 

In  the  case  above  the  graph  of  weight  4  gives  rise  to  the  graphs  whose 
generating  function  is 

a*  +  af'~*  +  a?-*  +  a?-+  +  ...  +  if-*  +  . . . . 

Exceptionally  in  this  case  when  » =  2,  the  graph  itself  is  reproduced. 
Thus  from  the  partition 

321 

21 

1 
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we  produce 


332 

4444 

55555 

321 

4443 

55555 

21 

4432 

55554    etc.  ad  inf. 

4321 

55543 

55432 

514.  Certain  graphs  possess  symmetry  in  relation  to  the  axes  of  x  and  y 
and  do  not  possess  symmetry  in  regard  to  the  three  coordinate  planes.  If 
we  enumerate  all  the  graphs  which  possess  ^-symmetry  we  include  those 
which  possess  ^^-symmetry.  Those  which  possess  #y-symmetry  only  have 
three  aspects  and  give  rise  to  plane  partitions  which  read  the  same  by  rows 
as  by  columns.  We  therefore  attempt  the  enumeration  of  plane  partitions 
which  have  this  property  and  understand  that  those  which  are  perfectly 
symmetrical  are  included.  Each  layer  of  nodes  parallel  to  the  «y-plane 
is  a  self-conjugate  graph.  We  may  regard  the  whole  graph  as  arising  by 
superposing,  when  possible,  such  layers.  This  would  be  one  method  of 
attacking  the  problem,  but  it  gives  rise  to  Diophantine  inequalities  which 
are  not  easy  to  deal  with.  The  method  now  given  is  preferable.  Every 
plane  partition  possessing  #y-symmetry  naturally  has  successive  rows  of 
numbers  of  the  same  lengths  as  the  successive  columns  of  numbers.  It  is  of 
the  form 

an    ai2    ai3  ••• 

^21  aZi  ••• 

a31       «32       a33  ••• 

where  ast  =  att. 

Consider  the  portion  of  the  partition 

«n    a«    *is  ••• 

0t22       a23  ••• 


where  the  numbers  are  subject  to  the  inequalities 
otu  ^  a12  ^  a13  ^  ... 
V  V 
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and  seek  the  sum 

2#n"    *ii     *is  ••• 

X  Xff  •  •  • 

x  x£  ... 

for  all  systems  of  such  numbers. 
We  are  led  to  the  crude  function 

o  -_2  .  , 

>a_w,,)(i-^,,a)(1-^,,.)... 

wherein  the  auxiliary  X™  refers  to  are>ar.c+1,  and  fire  refers  to  ar.e+i^^+i.e+i- 
Since  in  the  enumeration  in  order  to  obtain  the  content  or  weight  of  the 
partition  we  have  to  double  the  parts  which  lie  above  the  principal  diagonal, 
to  obtain  an  enumerating  function  we  must  put  =  x  for  all  values  of  r 
and  xrc  =  x3  whenever  or. 

We  thus  find  the  function 

n  I  , 

>(1_^)(1_^.v)(i-^v)... 

(l -£;)••• 

the  crude  expression  of  the  sum 

£a;«ii  +  »S2  +  «33  +  •••  +  2  (ou  +  O13  +  ...  +  OJJ+  ...) 

The  coefficient  of  xw  in  the  sum  is  equal  to  the  number  of  plane  partitions 
of  content  w  which  possess  xy-symmetry. 

Suppose  that  the  first  row  of  the  partition  involves  t  numbers.  We 
then  have  only  to  consider  the  first  i  columns  of  factors  in  the  denominator 
of  the  crude  function. 

For  i  =»  1,  we  have  y\x'  w^i°n  m  clearly  correct,  for  the  partition  consists 

for  each  weight  of  a  single  number  (equal  to  the  weight)  at  the  origin  of  the 
graph  or  partition. 
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515.    For  *  =  2,  we  have 

n   , 

as  the  crude  function  which  enumerates  partitions  of  the  form 


Eliminating  fin  it  is 

n- 


>(i.-»*>(l-M.(4-jW 


and  this  is 


{l-x){l-a*){\-x*)  (l)(3j(4)' 
the  correct  enumerating  function. 

516.  If  we  had  required  a  real  generating  function  we  should  have  dealt 
with 

n  !  ,  , 

>  (1  -  Xn*n)  (l  -  ^  xnx^  (l  -  i  x^ 

and  have  found 


(1  -  #li)  (1  -  ^11^12^21)  (1  -  xnx12x2lx^)  ' 
shewing  that  the  partitions  can  all  be  obtained  from  the  partitions 

1    •      1    !.  11 
.  1  11' 

A  •  B  B 

by  adding  A  times  the  first  or  /  ^  to  B  times  the  second  or  -  and 

G  C 

to  G  times  the  third  or  ^  ^;  thus  producing  the  partition 

A+B  +  C,  B+G, 
B+G   ,      C  , 

A,  B,  C  being  arbitrary  positive  integers.  This  is  the  general  form  of  plane 
partition  of  the  nature  considered  and  there  is  no  overlapping.  There  are 
no  syzygies. 

517.  If  we  wish  to  restrict  the  part  magnitude  we  proceed  as  on  a 
former  page,  Art.  431,  and  write  gxn  for  xu,  at  the  same  time  introducing  the 
additional  denominator  factor  1  —  g.    The  generating  function  for  a  part 
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magnitude  not  exceeding  n  is  then  equal  to  the  coefficient  of  gn  in  the 
expanded  function.    We  are  thus  led  to  the  algebraic  fraction 

 1  

{\-g){\-gx)(l-gx*)(\-gx*y 
and  herein  the  coefficient  of  gn  is  readily  found  to  be 
(1  -  *»+')  (1  -        (1  - 
{l-x)(\-ot*)(\-a*) 

518.    Proceeding  to  the  case  i  =  3,  we  find  the  crude  function 

n  !  , 

*  -         (i  - 

which  successively  exhibits  the  forms  which  follow,  in  which  for  brevity  and 
convenience  xrex„  is  written  iw: 

i 

n- 


and  thence 


and  thence 


(1  -  \t\nXnXmXv)  (l  —  ^m^) 


>  (1  -  a-u)  (1  -  \19  (l  -  ^  *m) 

(1  —  Xja^Cn^aiCia)  (1  —  ^n^ia^s^in^tt) 

(]  -  a-u^m^«^in«m^») 
and  finally  by  the  formula  given  in  Art.  348, 

 1  —  fljl^H^M^W  

((1  -*n)0  -*n*i«)(l  -XuXmxin)(l  -x„*i«*tt*i«i)l 

1  X  (1  -  XuX^nX^Xm)  ( 1  -  X^aX^X^X^Xn)  J 
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This  result  shews  that  the  fundamental  products  are 

Ax  =  Xu,       B3  =  XnX12X21,       C4  =  #u#i2#21#22.       A  =  #11#12#21#13#S1> 

Ee  =  X-^X^X^X^X^X^ ,     F8  =  XnX12X21X22X13  X31X23  X&,  G^X^^X^X^X^X^X^X^X^, 

connected  by  the  syzygy 

C4DB  =  B3E6  =  ^i^2^l«22«13«31- 

The  associated  fundamental  partitions  from  which  all  others  can  be 
derived  by  addition  are 

1  •  •  11.  11.  Ill 

A1  = . . .  ,    B3  m  1  . . ,    c4  =  1  1  . ,    n5  =  1  . . , 

•  ••  •••  •••  I   •  • 

111        111  111 

Ee=l  1        F8  =  l  1  1  ,    G9=l  1  1  . 
1 • •  11.  Ill 

These  are  connected  by  the  simple  syzygy 

2  2  1 

C4  +  A  =  B3  +  E6  =  2  1  .  . 

1  .  . 

The  general  form  of  ^-symmetrical  plane  partition  of  order  3  is  therefore 
A+B+C+D+E+F+G      B+C+D+E+F+G  D+E+F+G 
B+G+D+E+F+G  C      +E+F+G  F+G 

D+E+F+G  F+G  G 

where  A,  B,  G,  B,  E,  F,  G  are  arbitrary  positive  integers. 

519.    The  derived  enumerating  function  is 
1 


(1  -  x)  (1  -  a?)  (1  -  x5)  .  (1  -  x*)  (1  -  O  (1  -  a?) ' 
the  numerator  term  disappearing. 

Proceeding  to  restrict  the  part  magnitude  in  the  usual  manner,  we  find 
the  algebraic  fraction 

 1  -g*x»  

(1  -  9)  (1  -  9*)  (1  -  W)  (1  "  9*)  (1 "  9*)  C1  ~  9<*)  (!  "  9<*)  i1  ~  9*) ' 
in  which  we  have  to  seek  the  coefficient  of  gn. 

This,  with  some  little  trouble,  is  found  to  be 

(1  -  xn+1)  (1  -  xn+3)  (1  -  xn+s)  .  (1  -  a?w+4)  (1  -  x2n+6)  (1  -  xM+s) 
(1  -  x)  (1  -  x3)  (1  -  of)  .  (1  -  ar4)  (1  -  O  (1  -  of) 
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520.    If  we  were  to  proceed  to  the  next  case,  %  =  4,  we  should  find  the 
work  very  laborious ;  too  much  so  to  be  given  here  in  detail ;  but  the  result 
that  would  emerge  would  be 
( 1  (1  -xn+i)  (1  -xn+')  (1  -s"+7) .  (1  -a*"*4)  (l-xM+*)  ( 1  -aP'+'ya  -a*"*10)  (1 

(1  _  as)  (1  -  x*)  (1  -  a*)  (1  -  a:7)  .  (1  -  if)  (1  -  «•)  (1  -  Iff  (1  -  tf10)  (1  -  *») 
Guided  by  the  circumstance  that  for  the  tth  order  the  generating 
function  must  reduce  for  n  —  l  to  the  function  which  enumerates  self- 
conjugate  partitions  in  the  Theory  of  Line  Partitions,  we  may  construct 
the  enumerating  function  for  the  order  i  It  is,  written  in  Cayley's  notation 
1  -  W  =  (s),  an  algebraic  fraction,  of  which  the  numerator  is 


(n+l)(n  +  3)(n  +  5)    (n+2i-l) 

x  (2n  +  4)  (2n  +  6)  (2n  +  8)  (2n  +  4i  -  4) 

x  (2n  +  8)  (2n  +  10)  (2n  +  12)    (2n  +  4i  -  8) 

x  

x  (2n  +  4s)  (2n  +  4s  +  2)  (2n  +  4s  +  4)  (2n  +  4i  -  4s) 

x  


wherein  if  $  be  even  there  are,  omitting  the  first  row,  $i  rows  the  last  of 
which  is 

(2n  +  2i); 

and  if  i  be  uneven  there  are       —     rows,  the  last  of  which  is 
(2n  +  2i  -  2)  (2n  +  2i)  (2n  +  2i  +  2) ; 

and  the  denominator  is  obtained  from  the  numerator  by  putting  n  =  0,  viz. 


(1)(3)(5)  (2i-l) 

x  (4)  (6)  (8)    <4i  -  4) 

x  (8)  (10)  (12)    (4i-8) 

x  

x  (4s)  (4s  +  2)  (4s  +  4)  (4i  -  4s) 

x  


the  last  row  being  (2i)  or  (2i  -  2)  (2i)  (2i  +  2)  according  as  i  is  even  or 
uneven. 

521.  The  reader  must  be  warned  that,  although  there  is  little  doubt 
that  this  result  is  correct,  its  truth  at  present  rests  upon  the  fact  that  it 
represents  faithfully  every  particular  case  that  has  been  examined,  and  that 
some  consequences  deduced  from  it  also  appear  to  be  correct.  The  result  has 
not  been  rigorously  established.  Nor  has  the  expression  when  multiplied  by 
gn  been  summed  into  the  form  of  an  algebraic  fraction.  Further  investiga- 
tions in  regard  to  these  matters  would  be  sure  to  lead  to  valuable  work. 
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522.    We  proceed  to  deduce  some  consequences  from  the  result. 

When  the  number  of  layers  of  nodes  is  unrestricted  we  put  n  =  <x> ,  and 
then  the  numerator  becomes  equal  to  unity.  The  function  in  that  case  may 
also  be  written 

(l  +  s)(l+fl»)(l+aB)   

(2)  (6)  (10) ...  (4i  -  2) .  (4)  (6)  (8)'  (10)*  (12)*  (14)' ... ' 

the  last  factors  in  the  denominator  being  determined  from  the  formula. 
Here  the  numerator  is  precisely  the  enumerating  function  of  self-conjugate 
line  partitions  of  at  most  t  parts.  It  is,  in  fact,  precisely  what  the  whole 
expression,  in  the  general  formula,  becomes  when  n  is  put  equal  to  unity. 
It  is  at  once  seen  to  be 

(2)  (6)  (10)...(4i-2) 
<l)(3)(5)...(2i-l)  ' 

which  is  (l+#)(l+ar*)...(l+^-1). 


523.    On  putting  n  =  2  we  obtain  a  very  interesting  result. 
We  find 

(2i+l)  (2i  +  4)  (2i  +  6)...(4i-2)(4i) 
(1)    *  (4)(6)...(2i-2)(2i) 

which  may  be  written 

(2i  +  2)  (2i  +  4)...(4i-2)  (4i) 
(2)  (4)...(2i-2)  (2i) 

(2i  +  4)  (2i  +  6)...(4i-2)  (4i) 
+  X'  (2)(4)(6)...(2i-2) 

This  expression  enumerates  plane  partitions  which  possess  the  properties : 

(i)  they  have  #y-symmetry ; 

(ii)  the  part  magnitude  does  not  exceed  2  ; 

(iii)  there  are  not  more  than  i  parts  in  the  direction  of  either  axis. 

For  an  even  weight  2w  we  have  to  take  the  coefficient  of  a?™  in 

(2i+2)  (2i  +  4)...(4i-2)  (4i) 
(2)(4)...(2i-2)(2i) 

,  „.  (i+l)(i+2)...(2i-l)(2i) 
°r0f*Win   (D(2)...(i-l)(i)  • 

This  function,  as  we  have  seen,  enumerates  in  the  Theory  of  Line 
Partitions  those  partitions  of  the  number  w  in  which  both  the  part  magni- 
tude and  the  number  of  parts  are  limited  so  as  not  to  exceed  i. 
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524.  Hence  a  correspondence  between  the  plane  partitions  of  2w,  for 
which  there  is  ;ry-symmetry,  the  part  magnitude  does  not  exceed  two,  and 
there  are  not  more  than  i  parts  in  the  direction  of  either  axis ;  and  the  line 
partitions  of  w,  for  which  the  part  magnitude  and  the  number  of  parts  are 
both  limited  so  as  not  to  exceed  i. 

Or  we  may  state  the  correspondence  in  another  manner. 

It  is  between  the  at  most  two  layer  xy-sym metrical  graphs,  of  weight  2w, 
restricted  as  to  nodes  along  the  x  and  y  axes  by  the  number  t;  and  the 
graphs  in  two  dimensions  of  weight  w  restricted  as  to  nodes  along  the  axes 
by  the  number  i. 

Ex.  gr.  for  w  =  4,  I  =  3,  the  correspondence  is 


111 

11 

11 

221 

22 

111 

1 

11 

1 

2 

22 

111 

1 

1 

11 

525.  For  an  uneven  weight  2w  + 1  we  similarly  take  the  coefficient  of 
a;"  in 

(i  +  2)  (i  +  3)...(2i-l)(2i) 
<l)(2)<3)..(i-2)(i-l)  ' 

and  this  enumerates  partitions  of  w  limited  as  to  part  magnitude  by  i+  1, 
and  as  to  number  of  parts  by  i  -  1. 

526.  Hence  a  correspondence  between  the  plane  partitions  of  2u'  +  l, 
for  which  there  is  #y-symmetry,  the  part  magnitude  does  not  exceed  two, 
and  there  are  not  more  than  i  parts  in  the  direction  of  either  axis ;  and 
the  line  partitions  of  w,  limited  as  to  part  magnitude  by  i  +  l,  and  as  to 
number  of  parts  by  i  —  1. 

As  before,  we  have  the  alternative  statement  of  the  correspondence. 
Ex.  gr.  for  w  =  5,  t  =  4,  we  have  the  five-to-five  correspondence 


11111 

1111 

111 

111 

11 

1 

11 

1 

11 

1 

1 

1111 

2111 

2211 

221 

222 

111 

111 

21 

211 

21 

111 

11 

1 

11 

2 

1 

1 

1 

When  i  is  infinite  the  generating  function  becomes 

 1+x  

(1  -a?)(l-^)(l-^)  ...ad  inf.' 
This  result  shews  that  the  whole  number  of  plane  partitions  of  w  which 
possess  a-y-symmetry  and  no  part  greater  than  two,  is  equal  to  the  whole 
number  of  partitions  of  %w  or  \{w—  1),  according  as  w  is  even  or  uneven. 
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Ex.  gr.  Since  the  number  5  has  seven  line  partitions  we  must  have 
precisely  that  number  of  plane  partitions,  of  the  nature  considered,  of  the 


number  fifteen. 


'hese  are 

111111 


111111 

11111 

1111 

111 

1111 

1111 

111 

111 

1111 

1 

11 

111 

1 

1 

1 

211111 

21111 

111 

1111 

11 

11 

1 

11 

1 

1 

1 

2111111 
11 
1 
1 
1 
1 
1 

527.  There  is  one  circumstance  which  gives  a  high  probability  to  the 
conjectured  enumerating  function  of  ^-symmetrical  graphs.  It  will  have 
been  remarked  in  a  previous  chapter  that  the  function  which  enumerates 
plane  partitions  in  which  no  particular  symmetry  is  in  question  is  composed 
of  factors  of  the  type  (n  +  s)/(s)  when  the  corresponding  lattice  of  nodes  is 
complete.  Further  it  was  seen  that  one  such  factor  being  placed  in  regular 
order  at  each  node  the  whole  function  was  the  product  of  such  factors. 

Now  in  the  present  case  take,-  not  a  complete  lattice  of  nodes,  but  that 
portion  which  involves  the  principal  diagonal  and  all  nodes  to  the  right  of  it. 
If  %  is  the  number  which  limits  the  part  magnitude  and  the  number  of  parts, 
the  successive  rows  of  such  a  triangular  lattice  involve  i,  i  —  2, ...  ]  nodes. 
The  factors  of  the  enumerating  function  can  be  placed  at  these  nodes  in  the 
following  manner: 


(n+1) 

(2n  +  4) 

(2n  +  6) 

(2n+8) 

(2n  +  2i) 

(1) 

(4) 

(6) 

(8) 

(2i) 

(n+3) 

(2n  +  8) 

(2n+10) 

(2n  +  2i  +  2) 

(3) 

(8) 

(10)  • 

'      (2i  +  2) 

<n  +  5) 

(2n+12) 

(2n  +  2i  +  4) 

(5) 

(12)  ' 
(n  +  7) 
(7) 

*     (2i  +  4) 

(2n  +  2i  +  6) 
'  (2i+6) 

(2n  +  4i  -  4) 
(4i-4) 

(n  +  2i-  1) 
(2i-l) 
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Proceeding  from  the  left-hand  node  always  to  the  right  or  downwards 
till  we  arrive  at  (say)  the  sth  node,  we  place  a  factor  ^n*8^  or  ^-n*^8^ 
according  as  the  node  is  on  or  not  on  the  principal  diagonal. 

In  ary-symmetry  a  node  not  on  the  diagonal  represents  (or  may  be  taken 
to  represent)  the  two  nodes  which  are  symmetrically  situated  in  regard 
to  the  diagonal.  In  this  case  we  see  that  the  letters  in  the  factor  are 
doubled. 

This  property  of  the  enumerating  function  is  of  great  beauty  and  mathe- 
matical elegance. 

528.  There  is  one  more  nature  of  symmetry  that  occurs  in  solid  graphs. 
We  have  seen  in  a  previous  chapter  (Art.  428)  that  graphs  may  have  two 
aspects  and  be  therefore  capable  of  supplying  two  readings.  Such  occur  for 
the  first  time  at  weight  13.    They  are  in  plane  partition  form 

322  331 

31  211 

11  2 

the  first  reading  by  rows  as  the  second  does  by  columns. 

We  have  two  distinct  plane  partitions  associated  with  two  solid  graphs 
which  are  in  reality  the  same  graph  under  different  aspects. 

The  graphs  are 

(©)    0     0  (§)   (©)  • 

jg)  t  ©   •  • 

© 

However  they  be  viewed  they  invariably  give  one  of  these  two  aspects. 

The  fundamental  property  which  is  possessed  by  the  corresponding  plane 
partitions  is  this.  The  line  partitions  which  constitute  the  successive  rows 
are  the  conjugates  of  the  line  partitions  which  constitute  the  successive 
columns,  and  also  the  line  partitions  in  question  are  not  all  self-conjugate, 
so  that  the  plane  partition  does  not  read  the  same  by  rows  as  by  columns. 
The  latter  condition  is  necessary,  for  if  it  were  not  complied  with  the  plane 
partition  would  possess  ar^-symmetry  and  the  associated  solid  graph  would 
have  only  one  aspect. 
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O  O 

-e  e- 


We  now  construct  the  solid  graph  of  the  left  hand  of  the  two  partitions 
above  written.  Projecting  perpendicular 
to  the  plane  xy  we  obtain  the  parti- 
tion. 

The  reader  will  observe  that  every 
node  is  in  one  of  the  coordinate  planes. 
This  fact  follows  as  a  matter  of  course 
from  the  circumstance  that  in  the  par- 
tition the  second  number  along  the 
principal  diagonal  is  less  than  2. 
Further  make  the  observation  that 
the  plane  graphs  in  each  of  the  three 
coordinate  planes,  if  suitably  read,  are 
graphs  of  the  line  partition  322  which 
is  the  first  row  of  the  plane  partition. 

In  the  plane  xy  we  read  parallel  to  the  axis  of  x, 

„    yz      „  „  „  y, 


It  thus  appears  that  the  whole  plane  partition  is  dependent  upon  the  first 
row  of  parts. 

This  first  row  has  a  highest  part  which  also  designates  the  number  of 
parts  in  the  row.  Moreover  the  first  row  partition  is  not  self-conjugate. 
If  we  treat  in  this  manner  a  partition  having  i  parts  and  a  highest  part 
equal  to  i  we  obtain,  so  long  as  the  partition  is  not  self-conjugate,  a  plane 
partition  associated  with  a  solid  graph  which  has  jDrecisely  two  aspects. 
To  make  this  evident  take  the  line  partition 

4332 

and  form  a  solid  graph  by  placing  the  corresponding  plane  graph  in  each 
of  the  coordinate  planes  according  to  the  above  rule : 

*    :  r  1  ;    •. . 

(b 

o  <>    o  o 


o  o    o    o  o 
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This  solid  graph  denotes  the  plane  partition 
4332 
411 
311 
11 

and  if  we  had  started  with  the  line  partition  4431  we  should  have  arrived  at 
4431 
3111 
311 
2 

It  thence  appears  that  we  can  at  once  enumerate  all  plane  partitions 
which  are  derived  from  solid  graphs  which  have : 

(i)  two  aspects, 

(ii)  every  node  in  one  of  the  coordinate  planes. 

Because  we  can  derive  such  a  plane  partition  uniquely  from  every  line 
partition  which  has  the  two  properties: 

(i)  the  highest  part  is  equal  to  the  number  of  parts, 

(ii)  it  is  not  self-conjugate. 

529.  Consider  the  case  where  the  highest  part  and  number  of  parts  are 
both  equal  to  i. 

If  the  highest  part  and  number  of  parts  are  both  conditioned  not  to 
exceed  t  the  enumerating  function  is 

(1)  (2)  .  (2i) 
{(1)  (2)..  (I)!'* 
Hence  the  enumerating  function  we  require  is 
(1)  (2)  ...  (2i)     0         (1)<2)...(21-1)         +  (1)  (2). ..(21-2) 


{(1)  (2)  pj  (2) ...  (i)  (1)  (2)  ...  (i  -  1)  T  ((1)  (2)  ...  (i-  1)}" 

which  reduces  to  ^  ^      *2i  ~  2* 

which  reduces  to  mT    {(1)  (2)  ...  (i  -  l)j« 

We  must  subtract  from  this  the  function  which  enumerates  the  partitions 
which  are  self-conjugate.    This  is 

a*"1  (1  +  x)  (1  +  x»)  (1  +  a*)  . . .  (1  + 
Hence  the  required  enumerating  function  is 

^'{'uVpV.' (i-"i)r(1 + J)(1 +*'><l+*>-<1  +j"->]  • 

and  summing  for  t  we  obtain 
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530.  The  function  enumerates  for  a  given  weight  of  first  row  all  the 
plane  partitions  derived  from  solid  graphs  with  two  aspects  and  having 
every  node  upon  one  of  the  coordinate  planes. 

Thus  for  i  =  2,  the  enumerator  for  a  given  value  of  i  gives  zero. 

For  i  =  3,  we  get 

«  a*  (1  +  x  +  2af  +  &  +  a>*  - 1  -  so  - &^&) 
=  2x\ 

verifying  the  two  line  partitions  (322),  (331). 

531.  So  also  for  i  =  4,  we  arrive  at  the  expression 

2(af  +  x10  +  a;n  +  xn+x13  +  xu)   or   2x°  9 , 

verifying  the  partitions 

4221  4311  4222  4411  4322  4421 
4332       4431       4333       4441       4433  4442 

and  establishing  that  each  is  the  first  row  of  a  plane  partition  which  enjoys 

the  stated  properties.    These  are  in  fact 


4221 

4222 

4322 

31 

41 

411 

11 

11 

21 

1 

11 

11 

4332 

4333 

4433 

411 

411 

4111 

311 

411 

411 

11 

111 

211 

and  the  six  others  formed  by  taking  the  columns  of  these  as  rows. 

532.  Similarly  for  i=5  the  function  which  enumerates  the  first  rows  is 
found  to  be 

2,,,,  (g)  (0) 

iW 

It  will  be  clear  on  consideration  that  if  w  be  the  weight  of  the  first  row, 
the  weight  of  the  associated  plane  partition  is 

S(w-i)+l. 
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We  now  derive  the  function  which  enumerates  the  plane  partitions  of 
given  weight  from  that  which  enumerates  the  first  rows  of  given  weight  by 
performing  successively  the  operations : 

(i)  multiply  by 

(ii)  write  x*  for  x, 

(iii)  multiply  by  x, 
and  we  obtain 

and  in  particular  for  i  =  3,  4,  5  the  functions 

*    (3)'    -X     (3)  (6)  • 

533.  These  plane  partitions  which  possess  the  peculiar  symmetry  we 
are  investigating  form,  from  the  graph  point  of  view,  solid  angles  since 
every  node  is  upon  one  of  the  coordinate  planes.  Every  partition  must 
involve  one  of  these  solid  angles  in  its  graph.  In  other  words  these  solid 
angles  of  nodes  constitute  the  boundaries,  so  far  as  the  coordinate  planes  are 
concerned,  of  the  graphs  of  all  of  the  partitions  under  examination.  From 
these  boundary  partitions  we  can  construct  others  by  fitting  into  the  solid 
angles,  when  possible,  graphs  which  have  either  one  or  two  aspects.  Thus 
from  the  boundary  partition 

322 
31 


we  can  derive  the  partition 


11 

322 

32 

11 


by  fitting  into  the  solid  angle  graph  a  single  node  which  of  course  is  a 
one-aspect  graph.  We  of  course  could  not  fit  in  the  next  most  simple 
graph,  viz.: 

©  •      21  ' 

■      ot  one  aspect, 


because  that  would  make 


which  is  not  a  partition  at  all. 


322 
331 
12 


The  Reneral  expression  appears  to  be  2x^4  <">  .  •  •  . 

(3)  (6)  (9)... (31  — 9) 


276 


ONE  GRAPH  GIVING  RISE  TO  AN  INFINITE  NUMBER         [SECT.  X 


So  if  we  choose,  of  the  order  four,  the  boundary  partition 
4442 
4111 
3111 
31 

we  can  fit  into  the  solid  angle  either  of  the  graphs  of  nodes  equivalent 
to  the  partitions 
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tructing  the  partitions 
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33 

33 

each  of  which  possesses  the  symmetry  we  are  examining. 

We  thus  see  that  the  enumeration  of  the  solid  angle  or  boundary 
partitions  is  only  the  first  step  towards  the  enumeration  of  the  partitions 
before  us.  The  enumeration  has  not  yet  been  carried  any  further.  The 
relation  of  the  graphs  to  a  cube  of  is  nodes  is  the  same  as  that  which  we 
found  in  the  case  of  ^^-symmetrical  graphs.  The  supplementary  graph  also 
has  exactly  two  aspects.    Thus  from 

322 

31 

11 

we  immediately  deduce 

322  4444 
32  4433 
11  4431 
4221 

and  an  infinity  of  others. 

This  fact  must  be  of  importance  in  an  investigation  into  the  form  of  the 
complete  enumerating  function. 
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534.  It  is  necessary  to  make  some  further  remarks  upon  the  different 
aspects  of  regular  graphs  in  three  dimensions.  Consider  first  of  all  the 
graph  in  two  dimensions  of  the  partition  (31) 


and  construct  it  in  another  manner  by  means  of  four  square  plates  fastened 


together  so  as  to  form  one  piece.  Suppose  that  the  two  faces  of  the  piece 
are  lettered  A  and  B.  Observe  that  the  piece  cannot  be  made  to  represent 
the  conjugate  partition  (211)  so  long  as  the  face  A  is  exposed  to  view,  but 
that  if  it  be  turned  over  so  as  to  expose  the  face  B  we  can  place  it  in  the 
required  manner,  viz.: 


Because  we  can  expose  either  face  of  the  graph  at  pleasure  the  graphs 
are  not  essentially  different.  If  we  are* restricted  to  the  face  A  of  the  graph 
we  can  only  represent  the  partition  (211)  by  regarding  the  reflection  of  the 
graph  last  depicted  about  its  left-hand  edge  as  a  proper  representation.  Thus 
we  may  agree  to  so  regard  the  piece  with  the  A  face  exposed  as  under : 


When  we  come  to  graphs  in  three  dimensions  we  may  similarly  construct 
the  graph  in  another  manner  by  means  of  cubes  fastened  together.  Instead 
of  vertical  piles  of  nodes  we  have  vertical  piles  of  cubes  raised  upon  the 
plane  xy.  If  the  graph  be  also  a  graph  in  two  dimensions  we  may  treat  the 
piece,  composed  of  blocks  all  in  one  plane,  as  above,  and,  by  turning  it  over, 
cause  it  to  represent  one,  three,  or  six  multipartite  partitions  as  the  case 
may  be.  Thus  a  single  cube  may  be  placed  in  one  position ;  two  cubes 
joined  together  in  three  positions,  viz.,  with  the  greatest  length  along  either 
of  the  three  axes ;  the  piece  above  depicted,  when  composed  of  four  cubes,  in 
six  positions,  viz.,  in  two  positions  in  each  of  the  planes  xy,  yz,  zx. 
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When  however  the  graph  is  essentially  three-dimensional  the  case  is 
different.  Consider  the  graph  of  the  partition  (31,  10)  of  the  bipartite 
number  (41): 

O  x 

0     •  • 


y 

where  at  the  origin  there  is  a  pile  of  two  nodes  in  the  direction  of  the  axis 
of  Z.  If  we  replace  the  nodes  by  cubes  and  fasten  them  together  we  can 
place  the  piece  in  a  second  position : 


-x 


y 


which  is  the  graph  of  the  partition  (21,  10, 10),  but  we  cannot  place  it  in  the 
third  remaining  position,  which  is  the  graph  of  the  partition  (211,  100). 
Turning  the  piece  over  is  of  no  service,  and  we  can  only  realise  the  missing 
position  by  adopting  the  first  position,  after  rotation  clockwise  through  a 
right  angle, 

O  [m 

•  0 

Q  • 


y 

as  a  proper  representation  of  the  partition.  This  graph  Q  is  the  reflection  of 
the  real  graph  P  in  the  plane  yz. 

The  two  graphs 

0    •     •        0  • 

when  formed  of  cubes  fastened  together  are  essentially  different  pieces,  but 
they  are  reflections  of  one  another. 


©  • 
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In  the  theory  of  partitions  discussed  in  this  book  they  are  regarded  as 
being  essentially  graphs  which  are  convertible  the  one  into  the  other.  We 
have  two  alternatives.  We  must  either  admit  the  principle  of  reflection,  or 
we  must  denote  the  graphs  by  numbers  written  in  space  of  two  dimensions, 
so  that  they  may  be  turned  over.  For  example,  we  may  denote  the  above 
graph  by 

211 
1 

so  that  we  may  turn  it  over  and  give  it  the  position 

21 
1 
1 

The  vertical  pile  of  two  nodes  at  the  origin  is  regarded  as  a  flat  number 
two  for  the  purpose  in  hand.    It  ceases  to  be  so  when  we  come  to  the  graph 

31 
1 

In  every  case  the  representation  by  nodes  in  three  dimensions  is  replaced 
by  a  plane  partition  in  two  dimensions ;  this  is  then  regarded  as  composed 
of  square  plates  numbered  on  both  faces  so  as  to  be  reversible.  At  any 
moment,  however,  we  may  pass  back  to  the  representation  in  solido.  Thus 
the  two  plane  partitions 

322  331 
31  211 
11  2 

are  not  essentially  different  when  constructed  of  square  plates  numbered  on 
both  faces,  but  they  are  so  when  made  up  of  cubes  piled  up  on  the  plane  xy ; 
they  are  in  that  case  not  convertible  the  one  into  the  other  except  by 
reflection. 

In  fact,  in  regard  to  the  representation  by  cubes  fastened  together, 
every  form,  which  is  essentially  three-dimensional,  has  cither  one  or  three 
aspects ;  every  form,  which  is  really  two-dimensional,  has  one,  three,  or  six 
aspects.  The  above  two  forms,  for  instance,  have  each  only  one  aspect  when 
composed  of  cubes ;  but  when  made  up  of  square  plates  numbered  on  both 
faces  they  are  identical,  and  each  has  two  readings  in  the  theory  of  partitions. 
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ELEMENTARY  THEORY 

535.  For  certain  parts  of  the  Theory  of  Distributions  a  knowledge  is 
required  of  the  Theory  of  the  Symmetric  Functions  of  several  systems  of 
quantities. 

It  will  be  sufficiently  illustrative  of  the  general  theory  to  consider  merely 
two  systems  of  quantities 

a,,  a2,  as,  ...  , 
A,  • 
For  the  single  system  we  wrote 

(1  +a,a?)(l  +  *a#)(l  +  a,a>)... 
=  1  +  2a, .  x  +  Sa,a2 .  x2  +  Sa,a2a3  •  &  +  •  •• » 
=  1  +  a,#  +  a^x2  +  a^x3  +  ...  , 
=  l+(l)x  +  (l2)x2  +  (l3)a?+...  , 
and  considered  symmetric  functions 

So  now  we  write 
(1  +  a,x  +  &y)  (1  +  a2x  +  /3,y)  (1  +  a,x  +  &y)  . . . 
=  1  +  So, .  x  +  %0t .  y  +  2a,  a8 .  x-  +  Za.fc  .  xy  +  Sftft  .  y2  +  ...  , 
=  1+  a10#  +  a01y  +  a^x2  +  anxy  +  a^y-  +  a^x3  +  a2lx2y  +  aJ2xy2  +  a^tf  +  ...  , 
=  l+(10)a?+(01)y+(10  10K+(10  01)^+(01  0l)y2  +  (103)x*+(1020l)x2y+.... 
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The  most  general  symmetric  function  before  us  is 
denoted,  symbolically,  by 

(PtqiP*q,p3q3  •••)• 

The  summation  is  in  regard  to  the  expressions  obtained  by  permutation 
of  the  n  suffixes  1,  2,  3, ...  but  as  a  rule  it  is  not  necessary  to  specify  the 
value  of  n,  and  it  may  be  regarded  as  being  as  large  as  may  be  necessary. 

The  generalization  of  the  nomenclature  and  notation  for  three  or  more 
systems  of  quantities  is  evident. 

The  weight  of  the  symmetric  function  is  bipartite,  and  depends  upon 
the  numbers 

Pi  +p*+ps  +  ...  =  %p, 
qx  +  q2  +  q:,+  ...=2q. 
We  speak  of  the  biweight  (lp,  %q)  of  the  symmetric  function. 
The  expression  (p^i  p2q3  p3q3 ...)  is  a  partition  of  the  bipartite  number 
1p,  tq.    The  sum  tp  +  £9  is  the  weight  of  the  number  w  if  Xp  +  2,q  =  w. 
Associated  with  any  number  w  there  is  a  biweight  corresponding  to  every 
composition  of  w  into  two  parts,  zero  counting  as  a  part. 

Repetitions  of  biparts  are  denoted  by  exponents ;  thus 
(Pi<fi)  =  (PiqiP>qi)- 

In  the  relation  above 

aP7  =  (10f01«), 

and  is  an  elementary  symmetric  function ;  it  is  also  said  to  be  "  single- 
unitary,"  because  each  bipart  of  its  partition  contains  but  a  single  unit.  The 
expression  "unitary"  is  reserved  for  those  symmetric  functions  whose  partitions 
involve  only  units  and  zeros,  such  as  the  tripartite  partition  (111  110)  for 
instance. 

536.  The  number  of  partitions  of  the  bipartite  number  pq  is  the  co- 
efficient of  x^yi  in  the  ascending  expansion  of  the  algebraic  fraction 

 1  

l-x.\-y.\-xi.\-xy.l-yl.\-x*.\-xly.\  -xy*.  1  -y*  ... ! 
for  the  general  term  of  the  expansion  is 

xm\» (xy)m" yImwar"n»(#sy)m*1  (xy)m,« y3"*"  ... , 
which  is  equal  to  xpyQ  if 

w»w  +  2mjo  +  Mu  +  3mM  -I-  27/1..,!  +  mls  +  . . .  =  p, 
W01  +  mn  +  2mn  +  r?i8l  +  2m,a  +  3m„  +  . . .  =  q ; 
and  this  will  be  the  case  if  pq  possesses  the  partition 

( 1 0m'»01»"«'  20"»»  1 1  fm 02"'«  30'"-  2 1 1 2m'«03m«  . . . ). 
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The  number  of  times  xvyi  appears  in  the  expansion,  or  in  other  words  the 
coefficient  of  xpyq,  is  equal  to  the  number  of  partitions  of  pq. 

The  number  of  partitions  of  pq  into  exactly  /j,  parts  is,  by  similar 
reasoning,  equal  to  the  coefficient  of  afx^y*  in  the  expansion  of 

 1  ;  

1—  ax.  1—ay.  1—ax2 .  l  —  axy.  1—ay2. 1—ax3.  l  —  ax2y.  1  —  axy2. 1—ay3... ' 
This  function  is,  when  expanded  to  a  few  terms  and  omitting  terms  which 
are  simple  powers  of  x  or  of  y, 

(a  +  a2)  xy  +  (a  +  2a2  +  a3)  (x2y  +  xy2)  +  (a  +  3a2  +  2a3  +  a4)  (a?y  +  xy3) 
+  (a  +  4>a2  +  3a3  +  a4)  x2y2  + 
and  the  corresponding  partitions  are 


Number  11 

Number  21 

Number  12 

(11) 

(21) 

(12) 

(10  01) 

(20  01) 

(10  02) 

(11  10) 

(01  11) 

(10201) 

(10  012) 

Number  31 

Number  22 

Number  13 

(31) 

(22) 

(13) 

(21  10) 

(21  01) 

(12  01) 

(30  01) 

(12  10) 

(03  10) 

(20  11) 

(20  02) 

(02  11) 

(2010  01) 

(IP) 

(02  10  01) 

(11  102) 

(20  012) 

(11  012) 

(103  01) 

(02  1  02) 

(10  013) 

(11  10  01) 

(102012) 

537.    The  partitions  with  one  bipart  correspond  to  the  sums  of  the 
powers  in  the  single  system  or  unipartite  theory.    We  will  express  them  in 
terms  of  the  elementary  functions.    We  will  write  (p^i)  in  the  formsPl9l, 
just  as  with  a  single  system  we  write  (p^  in  the  form  spr 
Taking  logarithms  of  both  sides  of  the  relation 
(1  +  axx  +  fop)  (1  +  a2x  +  foy) . . .  =  1  +  awx  +  a01y  +  ...+  apqxPy*  + 
and  remarking  that 

2  fax  +  foy)  ss  s}0x  +  sMy,    2  (o^  +  foyf  =  s.Mx2  +  2snxy  +  s^y2,  etc., 
there  results 

(810x  +  s0ly)  -  \  (s^x2  +  2snxy  +  s02y2)  +  J  (s30.*3  +  Ss.21x2y  +  Ss12xy2  +  s03ys)  +  . . 
=  log  (1  +  awx  +  amy  +  ...  +  apqxVy<i  +...); 
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leading  to  1  +  awx  +  aoly  }  . . .  +  a^xf  +  . . , 

=  exp  {(8wx  +  *0,y)  -  £  (svx*  +  2suxy  +  *wy»)  +...}; 

and  now  expanding  the  logarithm  and  exponential  functions  in  these 
identities,  we  find  by  comparison  of  like  powers  of  x  and  y : 


aio  —  #10 

#01  =  «01 

am  m  sn 

'*»  =  <  -  2o» 

2o,o  =  #?0  -  #* 

*n  =  Oio«oi  -  an 

0,,  m  #10#01  "*  #11 

#o»  =  02,-  2008 

,200,  =  #01  —  *08 

r*»  =  a?o-3aT)a10  +  303,, 

6a„  =  «?0  -  3*»*io  +  2*,o 

s.a  =  a'f„a0,  —  Oaoa01  —  o„a,0  +  o„ 

2a,,  =  #?„«„,  -  s.Ms01  -  2s, 

#10  +  2*21 

2 

.9,2  —  O0,O,0  —  OMai0  —  On  tfoi  T 

2o12  =  #oi#io  —  #OJ#10  2*, 

#oi  +  2*,, 

*<b  =  «oi  -  30o2001  +  30os 

6aw  =  #2,  -  3*oa#oi  +  2*03 

and  by  an  application  of  the  multinomial  theorem  we  find 

o  o        "     _  v  '       7T.  ir„  ...  Mi  * 


p\q\ 

the  summation,  in  each  formula,  being  for  all  partitions 

(MMWP— ) 

of  the  bipartite  number  (pq). 

538.  In  the  case  of  the  single  system  we  denoted  the  sum  of  the 
monomial  symmetric  functions  of  weight  p  by  hp.  In  the  present  instance, 
if  hpq  denote  the  corresponding  sum  for  the  biweight  pq,  we  find  that 

^»..'+*«»+*^^*..«ar+*M3iN---(1_^.)(1_^>).„1(i_i9iy)(1_Ay),M; 

and,  since  the  right-hand  side  is 

(1  +hwx  +  h„x*+  +  hmy  +  h„y*+...), 

it  is  clear  that  h :  =  h^h^. 

538  bis.    A  more  interesting  function      is  defined  by  the  relation 

1  +  o,0ar  +  Oo,y  +  . . .  +  a^xPtf  +  ... 

=  1  , 

~  1  -  k»x  -  kmy  +  ...  +  (-y^k^y*  +  ... ; 
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for  then 

- -  -(i  -v-MQ.  -*»- Ay) ... ' 

and  ^  = 

Moreover,  1  +  &i0#  +  &012/  +  . . .  +  kpqxvyi  +  ... 

1 


1  -  a10a;  -  Oo,y  +  ...  +  {-y+qapqxPy<i  +  ... ' 

so  that,  in  any  relation  connecting  the  functions  apg  with  the  functions  kpq, 
we  are  always  at  liberty  to  interchange  the  symbols  a  and  k. 

We  have  the  formula 

and  the  similar  one  with  a  and  A;  interchanged. 
From  Art.  537 

*io«  +  8my  -  i  (sao*2  +  2snxy  +  s^y*)  +  ... 
=  -  log  {1  -  kwx  -  kmy  +  ...  +  (-y+ikpqxvyi  +  ...}, 
and  this,  by  the  multinomial  theorem,  leads  to 

(P  +  <2~  !)!  a   _  v  e-^.-i  (^7r-1)!  m 

plq\      spi~^  )       ttJtt,!...^.  ft*-* 

and  it  will  be  remarked  that,  if  we  multiply  the  left-hand  side  by  (— 
we  may  replace  the  symbol  k  by  the  symbol  a  on  the  right-hand  side. 

Thus  spq  remains  unchanged  when  k  is  replaced  by  a,  except  for  a  change 
of  sign  when  p  +  q  is  even. 
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THE  THEORY  OF  SEPARATIONS  AND  THE  ALLIED 
THEORY  OF  DISTRIBUTIONS 

539.  What  has  been  said  by  way  of  definition  and  explanation  con- 
cerning the  separations  of  a  partition  applies  equally  in  the  general  case 
of  multipartite  partitions.  Thus  of  a  partition  (p^i  Jfcgbjfc$«^  »  separation 
might  be  (p^  p3q3)  {pt<$  composed  of  separates  Qv/iJ^ft)  and  (p%qa);  its 
specification  is 

(Pi  +ps,  qx  +  q3,  p*qz), 

a  partition  of  the  same  bipartite  number  as  the  separated  partition.  The 
separation  theory  must  now  be  connected  with  a  Theory  of  Multipartite 
Distribution.    Consider  three  identities 

I  +  a10x  +  aoty  +  ...  +  a^Py*  +  ...  =  (1  +0/  *  +  ft'  y)(l  +<  #  +  ft'  y)..., 
\+bwx  +  bny  +  ...  +bpqxPyi  +  ...  =  (1+  or,"  x  +  ft"  y)  (1  +  <  x  +  ft"  y)  ... , 
1  +  c10x  +  c0ly  +  ...  +  Wyi  +  ...  =  (1  4-  ■»">  +  ft"'y) (1  +  a^x  +  ft"'y)  .... 

Assume  the  various  coefficients  of  x  and  y  in  the  two  first  identities  to  be 
given  and  those  in  the  third  to  be  connected  with  them  by  the  relation 
1  +<h^+c0iV+-  •  •  +  cPU£pv'1  +  ■   =  11  (1  +  or/610f +ft'60l*7  + . . .  +<*'': /3"}bpqp>7,'i+ . . .), 

£  and  77  being  undetermined  quantities. 

Multiplying  out  the  right-hand  side  and  denoting  by  partitions  symmetric 
functions  of  the  quantities  a,',  er2',  a./,...;  ft',  ft',  ft',...  we  find  by  com- 
parison of  coefficients  of  like  powers  of  £  and  77  the  series  of  relations : 

c10  =  (10)610, 

Co,  =  (01)601, 

cx  =  (20)b„  +  (W>)b\0, 

cu  =  (ll)6n  +  (10  01)61060„ 

c„  =  (30)  bM  +  (20  10)  6*  610  +  (10s)  6?0, 
c21  =  (21)  62,  +  (20  01)  6»  601  +  (11  10)  6n  610  +  (10s  01)  6?0  601, 
c,2  =  (12)612  +  (02  10)  6026,0 +  (11  01)611601  +  (01a10)6gI  610, 
C03  =  (03)  6M  +  (02  01 )  6W  60,  +  (OP)  6*. , 
etc. 

=  28  ( p,  ?i  *>2?3  ^3^3 &Pl  9l  &p,9j      •  •  • , 

the  summation  being  for  every  partition  of  (pq). 
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It  will  be  observed  that,  when  the  quantities  bpq  are  each  of  them  put 
equal  to  unity,  cpq  becomes  hpq  and  splits  up  into  the  product  hp0  hoq ;  more- 
over when  b10  =  b01  =  1  and  the  remaining  quantities  bpq  are  put  equal  to  zero, 
Cpq  becomes  apq. 

540.  In  order  to  establish  comprehensive  laws  of  symmetry  in  analogy 
with  those  appertaining  to  the  unipartite  case  we  now  require  a  new  theory 
of  distributions. 

Let  parcels  of  type  (pi(fc  piqipfa  •••)  be  denoted  by 
A^Bf  A^Bp  A$*Bp 

that  is  to  say  there  are 

px  similar  parcels  each  denoted  by  A1} 
qi         n  »  „  Bu 

Pi        „  „  „  A2, 

<?2        »  »  »  B2, 

Pz  »  »  if  A, 

qs  n  w  „ 


let  objects  of  type  fos, r2s2rss3 ...),  where  Xr  =  ^p  =  nu  Xs=  2q  =  n2,  be 
denoted  by 

«['  bf 1  aj2     a33  M3  

The  number  of  objects  is  equal  to  the  number  of  parcels  and  we  define  a 
distribution  of  the  objects  into  the  parcels,  one  object  into  each  parcel,  in  the 
following  manner : 

"A  distribution  of  objects  of  type  (r^  r.2s2  rss3 ...)  into  parcels  of  type 
(PiqiPiqiPsqs  •••)  is  sucn  tnat  denoting  the  objects  and  parcels  by 

aj"»  bp     h$?  aj»  6*= . . . ,    Af  •  Bp  Af*  Bp  Ag>  Bp...  respectively, 
the  objects  a^apap...  are  to  be  distributed  into  the  parcels  A^ApAf*... 
and  the  objects  6f>  bp  bp...  into  the  parcels  Bp  Bp  Bp  ..." 

The  number  of  these  distributions  is  clearly  equal  to  the  product  of  two 
numbers,  one  denoting  the  number  of  ways  of  distributing  objects  of  type 
(r1r2r3 ...)  into  parcels  of  type  (p^ps ...),  and  the  other  the  number  of  ways 
of  distributing  objects  of  type  (s^Sg...)  into  parcels  of  type  (q^qs  ...)• 
From  the  unipartite  theory  the  one  number  is  given  by  the  coefficient  of 
(rir2r3  ...)a  in  the  expansion  of  hPi0hP20hP:s0 ...  and  the  other  by  the  coefficient 
of  (sjSaSs.-Op  in  the  expansion  of  h^h^h^ ....  Hence  the  number  of 
distributions  is  given  by  the  coefficient  of 

(rlr2r.i...)a(s1s2s3...)fi, 

in  the  expansion  of 

hpiii  ^j?2?2  hp3q3  •••  >  since  hpq  —  h^h^. 
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These  distributions  are  considered  to  be  unrestricted  since  the  condition 
of  the  distribution  that  objects  a  and  6  must  be  placed  in  parcels  A  and  B 
respectively  is  fundamental  and  does  not  count  as  a  restriction. 

We  may  write  the  unipartite  functions  (rjr2r3  ...)a,  (*,*,s3...  )^  in  the 
bipartite  forms 

(r,0 r20  rs0  ... ),  (0*,  0s2  0*3 . . . ), 

and,  multiplying  them  together,  we  see  that  the  enumeration  is  given  by  the 
coefficient  of  the  bipartite  function  (r^r^r,*,...)  in  the  development  of 

''pi'/.  *Pt§»"9$h  — 

From  the  reciprocity  that  has  been  established  in  the  unipartite  case  we 
see  that  we  may  interchange  the  partitions  (r,r2r, ...),  (p1p2p3 ...)  and  also 
similarly  the  partitions  (Mt*s...),  (ftftft  •••)•  Thus  the  enumeration  is 
given  in  either  of  four  forms : 

(i)  as  coefficient  of  (r^  r2s2  r^s3  ...)  in  hPit}i  hPtqt  hPtqj 

(ii)  n  i  --)in  Kiqthrtqt  hr^t 

(iii)  »  „     (r,?,  r.,q2  r3qs  ...)in  hPi,t  h^h^ 

*     (iv)        „  „    (piqiPtqzPiq,  •-.)  in  Ar,,,  K^Kh  •••• 

The  last  of  these  is  derived  at  once  from  the  bipartite  distribution  by  a 
simple  interchange  of  objects  and  parcels  or  of  capital  and  small  letters 
in  the  literal  distribution  scheme.  The  development  of  hPiqi  hPt<lj  hPi(ji ... 
enumerates  the  distribution  of  objects  of  all  types  into  parcels  of  type 
(PiQiP^PiQa  •••)  and  is  therefore  the  "Distribution  Function,"  the  dis- 
tributions being  unrestricted. 

As  in  the  unipartite  case  every  distribution  has  itself  a  type  specified  by 
a  partition  of  the  original  bipartite  number.  If,  in  the  distribution,  we 
observe 

objects  a*1  b^'  in  parcels  A"^  Bf* , 

where  s2  are  any  integers  and  au  <t2  are  integers  one  of  which  may 
be  zero,  we  are  given  one  part  <Ti<r2  of  the  partition  which  specifies  the  type 
of  the  distribution. 

Ex.  gr.  For  the  distribution  of  objects  of  type  (22)  into  parcels  of  type 
(11  10  01)  we  find  only  one  distribution  shewn  by 

A,  B,  A2  B, 

a,  6j  a,  &i 

Here  for  sl  =  s2  =  1      we  have  <r,  =  1,  <r2  =  1, 

s,=  \,  sa=  2       „       <r,  =  1,  a2  =  0, 
s,  =  1 ,  s.,  —  3        „        er,  =  0,  a,  —  1, 
shewing  that  the  distribution  is  of  type  (11  10  01). 
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If  we  interchange  capital  and  small  letters  we  find 
A1  A,  B,  % 

cij  a2  6j  b:) 

and  we  observe  that  the  type  of  the  distribution  has  not  changed ;  it  is  still 
necessarily  (11  10  01). 

In  general  the  interchange  of  capital  and  small  letters  does  not  alter  the 
type  of  the  distribution.  This  circumstance  is  of  first-rate  importance 
because  it  leads  directly,  as  will  be  seen  presently,  to  a  theorem  of  algebraic 
symmetry. 

The  interchange  of  capital  and  small  letters  may  be  denoted  by  the 
substitutions 

(Aa)  (Bb). 

Looking  merely  to  the  effect  of  the  substitutions  upon  the  type  of  the 
distribution  we  have 

(Aa)  (56)  =  1. 

If  we  merely  interchange  the  symbols  A,  a  the  types  of  both  the  objects 
and  parcels  connected  with  the  distribution  are  changed  and,  in  general,  the 
type  of  the  distribution  is  also  changed.  That  this  is  so  is  seen  at  once 
from  the  definition;  for  when  objects  a°'  &J2  occur  in  parcels  A"1  B°\  giving 
rise  to  a  part  in  the  partition  specifying  the  type,  it  is  clear  that  if 
A,  a  be  interchanged  the  part  does  not  arise  unless  s1  =  s2.  Similarly 
also  for  the  interchange  of  the  symbols  B,  b. 

We  find  however  that  the  interchange  (Aa)  produces  a  distribution  of 
the  same  type  as  the  interchange  (Bb).  This  is  so  because  if  we  first  make 
the  substitution  (A a)  and  second  the  substitutions  (Aa)(Bb)  the  latter 
has  no  effect  upon  the  type  of  distribution.  Accordingly 

(Aa)  =  (Aa) .  (Aa)  (Bb)  =  (Bb), 
since  (Aa)  (Aa)  =  1. 

The  effect  of  (A a)  upon  the  type  of  the  distribution  is  therefore  the  same 
as  that  of  (Bb). 

541.  The  distribution  function  hPiQi  hp^hV3<l3...  is  precisely  the  same  as 
cPiqicP%q*cpsq3  •••  wnen  the  whole  of  the  quantities  bpq  are  put  equal  to  unity. 
If  we  retain  these  quantities  bpq  and  use  the  product  cPiqicP2<llcP3q3  ...  we  are 
able  to  single  out  the  distributions  which  have  any  given  type.  For  consider 
the  relation 

cijlc01=(21)(01)6816oi+(2001)(01)6ao6g1+(1110)(01)6u61„6oi+(101001)(01)6f06Si 
and  make  the  observations: 

(i)  the  symmetric  function  product  attached  to  any  6-product  is  a 
separation  of  the  partition  which  specifies  the  6-product ; 

(ii)  the  symmetric  function  product  in  every  term  is  a  separation  of 
specification  (21  01),  (21  01)  being  the  partition  which  specifies  the  c-product. 
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If  we  further  develop  the  right-hand  side  of  the  relation  we  find 
c7Xc0X  =  {(22)  +  (21  01)}  bvbn  +  {(21  01)  +  (20  02)  +  2  (20  01  01)1  b„b\x 
+  {(1210)  +  2(11  11)  +  (111001)}  6„6,n60, 
+  {(11  10  01) +  (10  10  02) +  2  (1010  01  01)}6?0%. 
We  will  now  exhibit  the  whole  of  the  distributions  involved. 


Type  of  Objects 

(22) 
(21  01) 
(21  01) 
(20  02) 
(20  01  01) 
(20  01  01) 
(12  10) 
(11  11) 
(11  11) 
(11  10  01) 
(11  10  01) 
(10  10  02) 
(10  10  01  01) 
(10  10  01  01) 


Parcels  of  type  (21  01). 

The  Distribution 

4,4,5,  52 
a,  a,  bx  bx 

4,4,5,  5a 
a,  a,  6,  b.2 

AXAXBX  5, 
a,  a,  6,  6, 

A1A1Bl  Bt 
ax  ax  b2  b2 

AXAXBX  B2 

a,  Oi  68  6, 

AXAXBX  B% 

ax  a,  6,  b2 

AXAXBX  5, 
a,  a,  6,  6, 

AXAXBX  52 
a,  a,  6,  6, 

AXAXBX  5, 
a,  a,  6j  6, 

4,4,5,  52 
a,  a,  6,  6, 

.1/1  /  >  B 

a,  a,  6,  6, 

a,  a,  63  6, 
4,4,5,  5, 
a,  a,  6,  bt 

4,4,5,  52 
a,  a,  64  6, 
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It  will  be  observed  that  the  type  of  the  distribution  is  invariably  the 
same  as  that  which  specifies  the  6-product  to  which  the  symmetric  function, 
denoted  by  the  same  partition  as  the  type  of  the  objects,  is  attached.  To 
explain  this  consider  for  a  moment  the  terms 

(21  Ol)6„601,  (2101)6*% 
in  the  expression  of  c21  cm ,  and  therewith  the  second  and  third  distributions 
set  out  above.  The  term  (21  01)&21&01  arises  from  the  development  of  the 
term  (21)  (01)  b21  bm  and  thus  (21  01)  arises  from  the  product  (21)  (01); 
therefore  it  must  be  possible  to  distribute  the  objects  of  type  (21  01)  in  such 
wise  that  the  type  of  the  distribution  is  (21  01).  Similarly  (21  01)620^oi 
arises  from  the  development  of  (20  01)  (01)  6206^;  (21  01)  comes  from  the 
product  (20  01)  (01)  and  thus  it  must  be  possible  to  distribute  objects  of 
type  (21  01)  in  such  wise  that  the  type  of  the  distribution  is  (20  01  01). 

Hence  if 

cPi?.  cj>2?2  cP,<h  •••  =  •••+  6        r.2s2  r:ts3 . . .)  6f]Wi  bhUi  bhVt ...  + 
there  are  6  ways  of  distributing  objects  of  type  (r^  r2s2r3s3 ...)  into  parcels 
of  type  {pYqx  p2q2  p3q3  ...)  so  that  the  distributions  are  of  type  (t^  t2u2  t3u3...). 
We  have  shewn  also  that  we  may  interchange  the  types  of  the  objects  and 
parcels  without  the  type  of  the  distribution  being  affected.    Hence  also 

Crlgl  Cr2s2Cr3s3  •••  =  •  •  •  +  6  (frfy  p2q2  p3q3  . . .)  6t,„,  ...  +  .... 

542.  We  have  therefore  an  intuitive  proof  of  a  law  of  symmetry.  If  we 
write 

cP\<j\  CP2Q2  ci>s<?3  •  ••  =  •••  +  PbtlUl  bt2u2  btsu3  ....  +  . . . , 
P  is  a  linear  function  of  separations  of  the  function  {t^  t.2v.2t3u3 ...),  each  of 
which  has  a  specification  (piqip2q2p3q3 ...).    If  P  be  developed  so  that 

P=  ...  +  0  (nsj  r2s2  r3s3  ...)  +  ...  , 
we  have  seen  that  the  number  6  remains  unchanged  when  the  partitions 
{P\q\ P^2 P*q-s  ■  •  •)>  (r^  r2s2  r3s3 . . .)  are  interchanged,  while  the  partition 
(£jW!  t2u2  tsu3 ...)  remains  constant.  Hence  the  whole  of  the  functions 
(r^j  r2s2  7*3s3 ...)  that  arise  by  multiplying  out  the  various  functions  P  must 
be  the  same  as  the  various  specifications  of  the  separations  of  (^Wj^^^Wa...). 

There  is  therefore  a  one-to-one  correspondence  between  the  functions  P 
and  the  functions  (r^  r2.92  r3s3  ...),  and  we  may  form  a  table  which  possesses 
row  and  column  symmetry,  by  expressing  the  different  functions  P  apper- 
taining to  the  various  specifications  (piqip2q2p3q3 ...)  of  the  separations  of 
(tiUj^Uttttii ...)  in  terms  of  the  equi-numerous  functions  (r^  r2s2  r3ss ...) 
which  in  some  order  are  identical  with  the  functions  (pi^i p2q2 p3q3  ...). 

There  is  a  symmetrical  table  in  connexion  with  every  partition  of  a  given 
bipartite  number.    There  will  also  be  the  inverse  tables  expressing  the 
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monomial  functions  whose  partitions  are  specifications  of  the  separations  in 
terms  of  the  members  of  the  system  of  functions,  each  member  being  a 
definite  linear  function  of  the  separations  which  have  a  particular  speci- 
fication. 

The  inverse  tables  will  also  be  symmetrical.  This  may  be  established 
by  making  use  of  the  operators  as  in  a  previous  chapter,  or  it  may  be 
regarded  as  necessarily  following  from  the  known  properties  of  determinants. 

In  the  direct  tables  the  corresponding  distributions  are  all  of  them  of 
type  t%u*  tsU* ...).  When  in  particular  the  chosen  partition  is  (10*  01«) 
we  find  that  the  whole  of  the  monomial  functions  are  expressible  in  terms 
of  the  separations.  Each  separate  is  an  elementary  function,  and  the  cor- 
responding distributions  are  such  that  into  a  set  of  parcels  A^B^'  are  placed 
objects,  no  two  of  which  have  the  same  suffix.  The  combinations  atat,  atbt 
are  not  permissible. 

As  in  the  unipartite  case  we  have  a  theorem  of  expressibility,  which  may 
be  enunciated  as  follows : 

Theorem  of  Expressibility. 

543.  "  If  any  partitions  of  the  bipartite  numbers  p^q^,  ptq„  ...  be 
selected,  and  all  of  the  parts  assembled  so  as  to  form  another  partition  of  the 
same  biweight  as  (pi^i/Ja^aP,^  ...),  the  symmetric  function  (/^iJVfa.p,*?, ...) 
is  expressible  as  a  linear  function  of  the  separations  of  the  partition  thus 
formed." 

There  is  also  the  theory  of  Groups  of  Separations,  and  in  the  inverse 
tables  the  sum  of  the  coefficients  of  the  separations  of  a  group  is  zero, 
according  to  the  theorem : 

"  In  the  expression  of  a  symmetric  function 

(m'1  p*q?  p,q's  •••) 

by  means  of  separations  of 

«•...), 

the  algebraic  sum  of  the  coefficients  in  each  group  will  be  zero  if  the  partition 

(PxWP&PAV  •••) 
possesses  no  separations  of  specification 

(ti*„  t,!*,,  t,*,,  t,u,,  t,*,,  t,u,,  ...)." 
The  law  may  be  verified  in  the  case  of  the  table  of  separations  of  (10*  OP) 
for  the  symmetric  functions  (22),  (21  01),  (12  10),(11»),  (11  10  01),  for  none  of 
these  five  functions  can  be  separated  with  a  specification  (20  02).  On  the 
other  hand,  the  law  does  not  obtain  for  the  functions  (20  02),  (20  01«),  (02  10*), 
(10*  01'),  for  each  of  these  four  functions  can  be  separated  with  a  specification 
(20  02). 
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It  must  be  observed  that  in  the  unipartite  case  there  is  no  group  theory 
when  the  replaced  partition  is  and  the  separates  are  .elementary 

functions.  In  the  bipartite  case  there  is  no  such  exception,  because  the 
separated  partition  (10^  01 «)  does  not  consist  of  repetitions  of  a  single  bipart. 
Hence  the  group  theory  exists  when  functions  are  expressed  in  terms  of  the 
elementary  functions.  On  the  other  hand,  an  exception  occurs  when  the 
separable  partition  does  consist  merely  of  a  single  bipart  repeated. 

Ex.  gr.    Exceptions  occur  for  the  separated  partitions  (ll2),  (213),  etc. 

543  bis.  In  order  to  examine  more  closely  the  subject  of  multipartite 
separation  we  recall  the  identities 

l+a10x  +  a0ly  + ...  +  apqxPy«  +  ...  =(l  +  a/  x  +  ft'  y)  (1  +  a/  x  +  ft'  y)..., 

1  +  bwx  +  b01y  +  ...+  bpqxPy<*  +  . . .  =  (1  +  a/'  x  +  /3"y)  (1  +  a2"#  +  ft"  y)  ■  •  • , 

1  +  cwx  +  c01y  +  ...+  cpqxPy<i  +  ...  =  (1  +  a{"  x  +  ft'" '  y)  (1  +  a2"'x  +  &"y)..., 

and  the  connecting  relation 

l+c1oHc0]97  +  ...  +  cMp77</+...  =  n(^^^^ 

The  right-hand  side  of  this  relation  is,  from  the  second  of  the  three 
identities,  if  we  put  therein  x  =  a/£,  y  =  ft'7;  in  succession  for  all  values  of  s, 
equal  to 

nn(H«;o("^0;»l 

*  t 

so  that         n  (1  +  a/"£  +  ft"'??)  =  II  II  (1  +  ag'at"%  +  ft' A"  17), 

S  S  t 

or  taking  logarithms 

2  log  (1  +  a/"£  +  08"'v)  =  2  2  log  (1  +  a,V£  +  ft'ft"??). 

S  *  if 

We  now  expand  each  side  in  ascending  powers  of  £  and  77,  and  observing 
that 

%  2  («8V)*  (ft'ft")*  =  (^X  (pg^j 

where  symmetric  functions  of  quantities  a',  ft;  a",  ft';  a'",  ft",  are  denoted 
by  partitions  in  brackets  (  )i,  (  )2,  (  ^respectively,  we  find  by  comparison  of 
coefficients  of  j-*rf*  the  noteworthy  identity 

(pq%  =  (pqh  (P9)*< 

This  important  result  may  be  written  in  the  two  forms 
(-)*-(&r-l):  „    „  v^'^-Dy, 

-1)1  (-)»-' (I, -l)i„ 

*  7Tj  !  7Tj !  .  . .  J  ,,1^1...  'mV'"; 
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In  fact,  the  connecting  relation  is  unaltered  when  the  singly  dashed 
quantities  a',  f¥, ...  are  severally  interchanged  with  the  doubly  dashed 
quantities  a",  .... 

Taking  the  latter  form  of  the  result  the  next  step  will  be  to  compare  the 
coefficient  of  the  term 

6"   bWt  .... 

on  the  dexter  with  the  coefficient  of  the  same  term  when  the  sinister  is 
developed  by  means  of  the  relation 

cM  =  2  (Pi9i  P*q*         •)  Ki<  bP,i, 

of  Art.  539. 

When  the  left-hand  side  is  multiplied  out  each  symmetric  function 
product  which  multiplies  the  term 


is  necessarily  a  separation  of  the  symmetric  function 

The  result  of  the  comparison  will  be  therefore  the  expression  of  the 
function  (pq\  in  terms  of  such  separations. 

Let  (-^-MSp-l)! 

Pi !  p2 ! ...  11 

be  a  term  of  the  left-hand  side  of  the  identity. 

Since  the  coefficient  herein  of 

6"   6"  ... 

Pi9i  Pi«i 

is  a  linear  function  of  separations  of 

of  specification  (r, «f>  r24« . . . ), 

it  is  clear  that  we  are  only  concerned  with  those  terms  in  the  expression  of 
cri<1,  crtH,... 

which  involve  symmetric  functions  which  are  separates  of  separations  of 
(Piti'M?  •••)• 

In  other  words,  we  need  only  to  attend  to  the  terms  which  involve 
exclusively  symmetric  functions  composed  of  the  parts  pxqlt  ptq„  ...  . 

If  we  do  this  there  is  no  necessity  to  attend  to  the  6-products  at  all 
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Let  us  denote  then  by 

W.   

various  separates  of  separations  of 
(ft 

and  suppose  that  the  effective  part  of  cr,Sl  is 
W  +  W  + 

and  of  c,.^  W)4<J*)+ 

etc. 

Then  the  effective  part  of 


!  oA  . 


wherein  of  course 

P11  +  P12+  •••  =  />i,         +/322+  •••  =      •••  • 
This  may  be  written 

2  p  rrr^ru-r^ — w'" w'"  ■  ■  ■  «>   

pn  1  p12 1 . . .  p2l  i  1  

wherein  2  pu+2  Pet+  ...  =  P; 

and  the  symmetric  function  product 

is  a  separation  of  (Pi?"1  •••) 

of  specification  (r^f  •  r2s£*  . . . ). 

From  this  result,  in  order  to  proceed  to  the  effective  part  of 
(-)».-.  Cfrr- 1)1 

7TJ  !  7T2!  ...         p»«>  '"' 
we  must  consider  all  terms  of  the  sum  which  involve  a  c-product 

t\  «i    r2  s2  ' 

(rYs^  r8«f"  ...)  being  a  partition  of  the  bipartite  number  pq,  and  also 
specification  of  some  separation  of 

We  find  that  the  required  effective  part  is  necessarily 
^       Ji 1  h  •  -  -  • 
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where  the  summation  is  in  respect  of  every  separation 

of  the  partition  (Pi 9*'  Pi0''  •••)• 

Hence  the  formula 
(-)*»-*  (Z,r-  J 


7T,  :  7T2  : 

where  the  summation  is  in  regard  to  a  particular  symmetric  function 
p2(y.j» ...),  and  to  every  separation  of  it. 

544.  This  important  result  is  a  generalization  of  the  Waring  formula 
for  the  expression  of  the  sums  of  the  powers  of  a  single  system  of  quantities 
in  terms  of  the  elementary  symmetric  functions.  The  generalization  is  of  a 
dual  character  because  there  are  two  systems  of  quantities  and  the  expression 
is  in  terms  of  separations  of  an  arbitrary  partition  of  the  bipartite  number. 
The  like  reasoning  at  once  extends  the  theorem  to  any  number  of  systems 
of  quantities,  and  the  reader  will  have  no  difficulty  in  realizing  the  truth  of 
the  formula 

where  the  summation  is  for  every  separation 

of  the  partition  (p1qir1       p^r^. ..**...)  of  the  multipartite  number 
(pqr...). 

545.  Ex.  gr.    To  express  (31)  by  means  of  separations  of  (20  10  01). 
Here  7r,  =  tt3  =  7r:)  =  1,   ~7r  =  3, 

and  we  find 

2  (31)  =  (20  10  01 )  -  (20  10)  (01)  -  (20  01)  (10)  -  (10  01 )  (20)+ 2(20)  (10)  (01 ). 
Again  to  express  (333)  by  means  of  separations  of  (311  011  011). 
Here  irl  =  1,  tt2  =  2,  %tt  =  3,  and 

(333)  =  (311  011  011)-(311011)(011)-(0118)(311)  +  (311)(011)» 

546.  The  formula  that  has  been  reached  may  be  written  in  the  form 

(-)*-' (frr-1)  !  _  2  (-)*-' (Sj-l)i  (J  y,  (J  y,- 

the  notation  being  such  that 

o 

0>i  7i*'  •) 
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denotes  Spq  or  (pq)  when  expressed  in  terms  of  separations  of  the  symmetric 
function 

(Piq"ip*$*  •••)• 

In  this  notation,  recalling  a  previous  formula,  viz. : 

since  aPl9l  =  (lO^1  01>)  and  the  formula  expresses  Spq  as  a  linear  function  of 
separations  of  the  symmetric  function 

(10*  01«), 

the  formula  is  equivalent  to 

( -)P+^ (P  +  q-V1  S        =2 (->*-  <^=i> ! (^y . 


CHAPTER  III 


THE  DIFFERENTIAL  OPERATIONS 

547.  The  elegant  properties  of  these  symmetric  functions  are  most  easily 
established  by  means  of  the  differential  operations  which  we  now  consider. 
The  theory  is  completely  parallel  to  that  of  the  single  system  discussed 
in  Section  I. 

Starting  with  the  identity 

(1  +  M  +  fty)  (1  +  a2x  +  &y)  .t.  (1  0ny) 
=  1  +aX9x+  a^y  +  awa?  +  au  xy  +  a^y'  +  ...  +  aOTa^y«  + 
where  n  may  be  as  large  as  we  please,  and  multiplying  each  side  by 
(  \  +  fix +  vy),  the  right-hand  side  becomes 

1  +  («io  +  /*)  OS  +  (Ooi  +  l/)  y  +  (tla,  +  /ACho)     +        +  A^i  +  "aio)  «f  +  . .  i  , 

and  in  general  Opq  becomes  converted  into 
Write  now 

<7io  =  3a,0  +  «oi9an  +  +ap-i,93ap,+  •••> 
#01  =  ^ooi  +  Oio^an  +  •  •  •  +  ap,<7-i  9o„  +  •  •  •  • 

Then  any  rational  integral  function  of  o,0,  am,  a&,  On>  <ba, ...»  &pq>  •  ••  say 

/(oio,  Om.  a»,  »u»      •••  <hq>  •••)s3/ 
becomes         /(aw  +     a»i  +  v,  . . . ,  aM  +  ftOp-i,?  +  ■%wr* » •••) 
which  is  by  Taylor's  Theorem 

f+iWio  +  "#oi)/+  ^-j  Wio  +  vg01ff+  i  (m#w  +  vgoiy/+  . . .  =  exp(/i0„ +*£„)./, 

where  the  bar  of  exp  denotes  that  the  multiplication  of  operators  is  symbolic 
as  in  Taylor's  Theorem. 

Moreover  -  (^10  +  vgny  =  X  -r—-.  (#&  gtdfSv", 

s  .  P  •  H  • 

the  summation  being  subject  to  +  £  =  *  and  the  placing  of  g^g^  in  a 
single  bracket  denotes  symbolic  multiplication  of  the  operators. 
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Therefore  if  we  write 
we  obtain 

(1  +  n&io  +  V0M  +  IJ?GW  +  fMvGn  +  P*Qn  +...+  flWGpg  +...)/ 

=  exp  (fig10  +  vgn).f. 
Observe  that  as  regards  quantity  we  may  write 

1  +  yLtaJ0  +  va01  +  fjfdw  +  fivOn  +       +  . . .  +  /xpvqapq  +  . . .  =  exp  (p810  +  vs01) 

if  we  agree  that  on  the  right-hand  side  there  is  a  symbolism  according  to 
which 

pi  q\(s™s^  s  aM' 

This  is  important  from  the  point  of  view  by  which  there  is  throughout 
this  subject  an  exact  correspondence  up  to  a  certain  point  between  the 
algebras  of  quantities  and  differential  operations. 

We  are  about  to  see  that  in  these  algebras 

Q>pq  >  Spq 

correspond  to  Gpq,  gpq  respectively. 

548.  Now  suppose  that  the  function  /  is  a  symmetric  function  which 
when  expressed  in  terms  of  au  ySx ,  a2,  /32,  a3,  /83,  ...  is 

The  introduction  of  the  new  quantities  fi,  v  results  in  the  addition  to 
(^itfii^i^s  •••) 

of  the  new  terms 

ffc  vQl  (p*q*  p,qa  •  •  • )  +  Hv*     fa  q>psq3...)  +  H>P3vq3  (pi  &  p*q*  ...)+•••  ■ 
Hence 

(1  +  fiG10  +  vG<n  +  ...+!MPv«Gpq+..  .)/ 
=/+  iiPijfti  (p2q2p3q, ...)  +  fiv*vi*  (fHfi  p,q3 ...)+•••» 
and  equating  coefficients  of  like  products  fipvq  we  find 
Grgf=  0, 

unless  the  bipart  rs  occurs  in  the  expression  of  /, 

Gpiti  (Pifr  P*& P»9*  •  •)  "  (P*q*P3<l3  •  •  •)» 

( pi  qi  p»q*p*q»  •••)  =  (  Pi  qi  p$  ft  • .  •  )> 
Gpqipq)^1' 

Gp,q,  •••  {piqiM*m*  •••)  =  h 
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From  these  relations  we  gather  the  important  fact  that  the  effect  of  Gpq 
upon  a  symmetric  function  symbolized  by  a  partition  is  to  obliterate  one 
part  pq  when  such  part  is  present  and  to  cause  the  function  to  vanish  when 
no  part  pq  appears  in  it. 

549.  Returning  to  the  relation  of  operators,  now  written  without  speci- 
fication of  an  operand, 

1  4-  fiOw  +  vG0l  +  . . .  +  (i?  v<*  Gpq  +  . . .  =  exp  (/i#10  +  vgn) 
we  recall  that  on  the  right-hand  side  the  multiplications  of  operators  are 
symbolic    We  now  seek  to  replace  the  right-hand  side  by  an  expression 
which  involves  products  of  linear  operators  which  are  not  symbolic  products 
but  on  the  contrary  denote  successive  operations. 

To  the  two  linear  operators 

£io  =  3a„  +  Ma*  +  Ooi3aM  +  •  •  ■ 
#>i  =  da„  +  «oi3a„  +  Oioda,,  +  ••• 

we  add  a  general  linear  operator  including  them  and  defined  by  the 
statement 

9pq  ~  dapq  +  ^lo^ap+i,,  +  «0i3op,?+i  +  •••  +  art<Wr,fl+i  +  •••• 

We  will  establish  the  relation 

exp  (m^o  +  m01g01  +  m*gM  +  viugn  +  ...  +  m^g^  +  ...) 
=  exp  (M10g10  +  M0lgQ1  +  MKgM  +  Afngu  +  . . .  +  M^g^  +  ...), 
where  if  £,  rj  be  undetermined  algebraic  quantities,  the  numerical  magnitudes 
Mpq  are  given  in  terms  of  the  numerical  magnitudes  tripq  by  the  relation 
exp  ( Ml0%  +  M0lrj  +  ...+  M^tjI  +...)  =  1  +  m10£  +  m« V  +  •  •  •  +         V*  +  •  •  •  • 
First  observe  the  well-known  relation 

(ffpq)  (<7r»)  =  (9pq  9r.)  +  &>+r,,+# 

where  on  the  left-hand  side  the  multiplication  denotes  successive  operations 
and  the  second  term  on  the  right-hand  side  is  obtained  by  operating  with 
gpq  upon  grt  where  g„  is  considered  to  be  a  function  of  algebraic  quantities 
only  and  the  differential  inverses  are  not  subject  to  operation.  The  reader 
should  verify  the  simple  case 

(gu)(9oi)  =  (giog<n)  +  gn- 

Put  u1  =  m10g10  +  mxng0l+  ...  +  mPqgpq+  ... 

and  observe  that  if  wM<fo  be  written  symbolically  m^g,  we  obtain 
=  (m10  +  m„i  +      +  nipq  +  ...)g. 

Two  successive  operations  of  m,,  written  (t*,)*,  result  in  two  terms,  one  of 
which  is  an  operator  of  the  second  order,  written  (uf%  and  the  other  a  linear 
operator,  formed  by  simple  differentiation  as  above  explained,  which  we  will 
write  ut: 

(tit)'  =  M  +  Mf . 


300 


>  AN  IMPORTANT  CALCULUS  OF  OPERATIONS  [SECT.  XI 

Also  ih  =  tmpqnirggp+rtq+g,  and  if  we  write  mpq  mr8 gp+r>  q+s  in  a  symbolic 


form 


it  is  at  once  seen  that 


leading  to 
and 


where 


Similarly 


u2  =  (m10  +  m01  +  . . .  +  mpq  +  . . .  f  g. 

Oi)  («a)  =  {UiUz)  +  u3, 
u3  =  (mw  +  m01  +  ...  +  mpq  +  ...)3g; 
us  =  (w10  +  m01  +  ...  +  mpq  +  ...)8g, 
(us)(ut)  =  (usut)  +  us+f 


Moreover  it  has  been  shewn  in  Volume  I  that  for  any  series  of  linear 
partial  differential  operators  u1}  u2,  u3, ...  enjoying  the  property 

(ug)(ut)  =  (usut)  +  us+t, 


the  multiplications  which  arise  on  the  development  of  the  right-hand  side 
being  non- symbolic. 

Hence  on  substitution  for  ulf  u2>  u3, ... 

exp  (m10g10  +  m01g01  +  . . .  +  mpqgpq  +  ...) 

=  exp  {(m10  +  m01  +  . . .)  g  -  \  (mM  +  w01  +  . .  .fg  +  £  (m10  +  m01  +  ...fg -...}. 

If  the  right-hand  side  be  written  in  the  form 

exp  (M10g10  +  M01g01  +  ...+  Mvqgm  +...) 

we  must  have,  for  undetermined  multipliers  £,  77, 

exp  {(m10i;  +  m0lr)  +  ...)- %  (m10£  +  m0lV  +  ...)*  + i  (m10t;  +  7nQ1r)  +  ...)-  ...} 

=  exp  (M10g10  +  M01g01  +  ...  +  Mpqgpq  +  ...); 

and  since  the  left-hand  side  is 

exp  log (1  +  m10i;  +  mnr)  +  ...  +  mpq^Tf  +  ...), 

we  have  the  identity 

exy(M10Z  +  M0lV  +  ...  +  Mpq^vq  +  ...) 

=  1  +  1*41  +  m01T)  +  ...+mpq  i;Pr}1  +  ... 

for  the  determination  of  the  magnitudes  when  the  magnitudes  mpq  are 
given  and  vice  versa. 

The  relation  is  clearly  otherwise  written 


we  have 


exp  (wj)  =  exp  («,  —  %u2  +  fah  —  •••)> 


MwZ+M0lV  +  ...+Mpqpv*+... 
=  log  (1  +  m10£  +  w01?7  +  . . .  +  mpq^7]9  +  ...). 
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Comparing  Art.  537  it  is  evident  that  wOT  and  MM  are  connected  in  the 
same  way  as 

a„and(-)^.^-,1)!»K. 
Thence  the  formulae  of  the  same  Art.  give 

=  m"  m'» 

PI      "\    /  7T,  !7T8!...  m* 

the  summation  in  each  case  being  for  all  partitions 
(PxqVPAl*  •••) 

of  the  bipartite  number  pq. 

The  particular  case  of  this  theorem  that  we  require  now  is  obtained  by 
putting  m10  =  fi,  Wo,  =  v,  mvq  =  0  in  other  cases. 
Thus 

exp  (fjLgl0  +  vgn)  -  exp  (Mi0g10  +  M0lg0l  + ...  +  M^g^  +  ...), 
where         Jfw|  +  Jf«q  + ...  +  MMpff*  +  ...  « log(l  +  j*£  + 
We  derive  the  relation 

so  that  exp  (/jtg10  +  vgn) 

= exp  {(^10 + vgn)-  ±  (n'gK + 2fivgu + v^) +$((i'gK + QpVgfa + 3^,2 + i/ty*) +...}. 
Thence  from  Art.  547 
(^0io  +  vg<n)  -  £  (/^Vm  +  2fivgu  +  v2sr<«)  +  i  (j*s03o  +  V*^  +  Sfiv*gM  +  i/ty„)  -  . . . 
=  log(l  +fiGl0  +  vGn  +  ...  +tSiftGpq+  ...). 
Expansion  of  the  right-hand  side,  and  subsequent  comparison  of  like 
terms  in      v,  yields  the  relations: 


010  =  #io 

#io  =  0io 

001  =  ^01 

#oi  =  001 

g»  =  G\0-2GM 

2#2O=0?o-0» 

0u  =  #10  #01  -  #11 

#11  =010001  ~  011 

0U2  =  #01  -  2#02 

2#«  =  0j,-0« 

08o=#?o-3GJ6#lo  +  3G>. 

6#3O  =  0?o-30v»0,o  +  20» 

021  =  #?0#01  -  #»#01  —  #11  #10 

+  #2. 

2#„  =  0?o0oi  -  0»0oi  -  2gngw 

0,2  =  #01  #10  -  #02  #10  -  #11  #01 

+  #,2 

2#,2  =  02,0.0  "  0020,0  -  20„0„ 

008  —  #oi  —  3Gos(/„l  +  3(?o, 

6#o3  =  00,-  30020.,  +  2gn 

etc. 

etc. 

relations  to  be  compared  with  those  of  Art.  537. 
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The  corresponding  general  formulae  are 

the  summation  being  for  every  partition 

(p,q^p2q?  ...) 

of  the  bipartite  number 

In  the  second  formula  the  multiplications  of  linear  operators  denote  their 
successive  performance. 

550.  By  comparison  of  these  relations  with  the  corresponding  algebraic 
ones  to  which  reference  has  been  made,  it  is  found  that  gpq  and  Gpq  are  in 
co-relation  with  spq  and  apq  respectively.  In  other  words,  these  operations 
correspond  to  the  partitions  (pq)  and  (10p  019).  It  is  necessary  to  find  the 
operations  which  correspond  to  the  remaining  partitions  which  symbolize 
symmetric  functions.    We  easily  derive  the  relations 

(#Pi9i)  (Qpate)  =  ($Wi  9p^)  +  9pi+P2,  ?i+92  ' 

(#Pi9i)  (9p*qd  (dpzQz)  =  (9piqi  9pi<i<i  9paqa)  +  (#Pi9i  9p2+ps,  92+93)  +  (Stags  9pi+p%,  91+93) 

+  (^3  98  9pi+P2,  91+92)  +  9P1+P2+P3,  91+92+93  » 

(9piqif  (^292)  =  (#23i 91 5^292)  +  ^  (gPiqi  9pi+p2,  91+92)  +  Wnut  29i ^292) 

+  9>Pi+Pt,  291+92  ' 
(9pqf  =  (tfpq)  +  8  29  +  S^,  39  5 

and  comparison  with  the  algebraic  formula} 
1  (pqf  =  2(pq*)  +  (2p,2q), 

(piQi)  (p*q*)  (p»q»)  =  (piq-i  p*q*P*q*)Hpiq*  p»  +p*,  q2  +  q»)  +  (p*q*Pi  +p>,  qi  +  q») 

+  (p3qs  Pi  +  Pa,  qi  +  q»)  +  (Pi  +P2  +  p3,  qi  +  q2  +  q»), 
(Piffi)8  (p*q*)  =  2  (p,q\  p2q2)  +  2  (p.q,  p1  +p2,  qx  +  q2)  +  (2p,  2q,  p2q2) 
+  (2p1  +  p2,2q1  +  q2)) 
(pq)3  =  6  (pq3)  +  3  (2p,  2q  pq)  +  (Sp,  Sq), 
shews  that  the  operators 

2~j  (9pq)>    2~i       9i9ptqi)>  g~\(9pq) 
are  produced  according  to  the  same  law  as  the  symmetric  functions 

(pq%  (Piqtp2q2),  (pq3)- 
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In  general  the  operator 

corresponds  to  the  symmetric  function 

There  is  thus  complete  correspondence  between  quantity  and  operation, 
and  any  formula  of  quantity  may  be  at  once  translated  into  a  formula  of 
operations. 

Observe  that  a  product  of  symmetric  functions 

(PiWM?—)^!*  '»*£••••) 
is  in  correspondence  with  the  operation 

ir,! ».!...  (£* ^rr. C->' 

the  notation  indicating  that  the  two  operations 

^r:.  and  pTrirr.  •••> 

are  to  be  successively  performed. 
Ex.  gr.    From  the  formula 

(31  01)  =  -£(21  10)(01)  +  £(21  01) (10) +  ^ (10 01) (21) -i  (21  1001) 
we  derive 

(<7« g01)  =  -±(9n  9»)  (9°i)  +  £ (9* 9oi)  (9»)  +  h (9*> #>.) -  *  (#«  <An). 
551.    Since  every  symmetric  function 

is  expressible  in  terms  of  the  elementary  functions  aw,  we  may  express  every 
operator 

7T,  !  7Ta  !  . . .  (9**9 Mt  "  ^ 

in  terms  of  the  operators 

The  operation  therefore  may  be  performed  upon  a  function  symbolized 
by  a  partition  by  simply  operating  independently  with  the  successive  G- 
products  and  adding  together  the  results. 

As  a  particular  result  observe  that  since 

p!9!  tt.Itt,!...  »«. 

!  o! 


we  have  ft,  =  (- ^  ^JUL^^  G„  +  ..., 
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and  therefore  gpq  spq  =  (— )p+i~1  P  •  $  •  ' 


(jH-tf-l)!' 

and  from  a  theorem  of  symmetry  established  in  Art.  542, 

p\q\      (Stt  -  1) 
(p  +  g  -  1)  !  wi!  7r2!... 
from  which  we  derive  the  result 

<£,    ■■■)  s-= <-)J"+p+5  +      (S,r  - x) !  • 

552.    Referring  to  the  three  identities  of  Art.  543  bis,  and  the  relation 

(pq%=(pq\  (pq)*> 

we  see  that  in  the  relation 

1  +  c10£  +  C*fj  +  ...  +  cOT£V  + ... 
=  n  (1  +  as'b10%  +  ftb0lV  +  ...  +  ct*0*bP9Fifi  +  ...) 

we  can  interchange  the  singly  dashed  quantities  «/,  /Sg  with  the  doubly 
dashed  quantities  a/',  ft'. 

Let  the  differential  operators 


9pq 

9pq" 

9pq" 

Gpq" 

refer  to  the  sets  of  quantities  with  one,  two,  and  three  dashes  respectively 
and  write  the  relation 

1  +  C1Q%  +  C0lV  +  ...  +  Cpq^V*  +  ... 

=  n  (i  +       +  ftbaV  +  •••  +  +  ••♦) 

in  the  abbreviated  form 

U=u'aifil  «'«,*,...  • 

The  performance  of  the  operation 

W  =  a&M  +  ^wj.  ,  +  ftoi36p,  ^  +  ... 
upon  both  sides  of  the  relation  yields 

gpq"  U  =  (gPq'  w'«1p1K-.fls  w'«303  +  •  •  • ; 
and  since  9pq"ua  p  =         %prfu'a  p  , 

it  follows  that  U  =  (pq)1^pvq  U. 

If  we  now  substitute  1  +  c10£  +  c01ij  +  ...  for  £7",  and  compare  coefficients, 
we  find  that 

9pq"cpq  =  (pq)1> 

9pq    Crg  =  (p([)i  Cr_ p)  g_9 . 
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We  can  now  connect  the  operators  gM",<Jpq'",  for  regarding  the  coefficients 
bp]  as  functions  of  the  coefficients  c„  only 

9i>q"  =  (9pq"  cm)  ^  +  . . .  +  (gpg'  c„)  \t  +  . . . 

=       (d<w  +  Cio^,,,  +  Coi  aCp,,+1  +  •  • .  +  cr_„,  t^kfr  * -».) 

=  9pq"'- 

Similarly,  or  as  a  result  of  the  symmetry  that  has  been  established, 

and  since  {pq\  =  (p<j\(p(l)i,  we  may  write  down  the  relations 
(P?X  9ri  «=        W  =  (P/X  9m"- 
If  then  we  regard  the  relation 

1  +c10£  +  c01*7  +  ...+cM£'V  +  ... 

n  (i + ^y+AV + .*.) 
■ 

=  n  (1  +  a/'«,0f  +  ft'outi  +  .. .) 
as  defining  a  transformation  of  the  set  of  quantities 

Cjo,  C0i,  ...  Cpq  ... 

into  either  of  the  sets  of  quantities 

6,o,  &oi>  •••  bp, ... 

a,0,  cto,, ...  aM  ... , 
the  operation  (PQUfyt" 
is  an  invariant  of  the  transformation. 

Expressing  the  operators  g  in  terms  of  the  operators  G  by  Art.  549,  we 
obtain  the  system  of  relations 

G»"  =  (20),  (?„"'  +  (in 

0„"  =  (11),  Gu"'  +  (10  01),  GV"  (?„.'" 

(?w"=(02),  c+fonc 


which  should  be  compared  with  the  relations  set  forth  in  Art.  539  between 
the  quantities  cOT  and  6^. 

553.    In  general  we  may  take  the  following  view : 
We  have 

log(l  +  W  +  vGM"  +  ...  +  FvqGM"  +  ...) 
=  fr.o"  +  V9oi"  ~  *  (f +  2^„"  +  +  •  •  • 

-  2  log  (1  +  a/ (?,„"'£  +  /3.'Gn'"v  +  ...  +  a'p^G^^v"  +  ...); 
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by  making  use  of  the  relations 

we  find  log  (1  +  £G10"'  +  VGM'"  +  ...  +       Gpq"'  +  ...) 

Hence  1  +  %G10"  +  VG01"  +  ...  +  pVq  GPq"  +  — 

=n(i  +  aa'Gvrg+e;Gvrtl  + ... +a'j/S'«  gh'"p^+  ...)> 

and  comparing  this  with  the  relation  of  Art.  539,  viz. 

l  +  c10Z  +  c0lV  +  ...+cpqtPV*+... 
=  n  (1  +  a/610£  +  /3s'b0lV  +  ...  +  ctPff*bpqpv« +  ...), 

we  arrive  at  the  following  important  theorem  : 

"  In  any  relation  connecting  the  quantities  cpq  with  the  quantities  bpq  we 
can  obtain  a  relation  between  operators  by  substituting  Gpq",  Gpq"  for  cpq, 
bpq  respectively." 

It  is  established  in  the  same  manner  that  in  any  relation  connecting  the 
quantities  cpq  with  the  quantities  apq  we  can  obtain  a  relation  between 
operators  by  substituting  G^',  Gpq"  for  cpq,  apq  respectively. 

In  fact,  £,  t]  being  undetermined  quantities  in  the  assumed  relation  which 
connects  the  magnitudes  in  the  three  identities,  we  are  able  to  express  any 
product,  or  sum  of  products,  of  the  quantities  Cj0,  c01,  ...  cpq, ...  in  terms  of 
products  of  the  quantities  b10,  b01,  ...  bpq, ...  and  of  symmetrical  functions  of 
the  quantities  or/,  /?/,  oc2',  ... — or  in  terms  of  products  of  the  quantities 
ftio)  fl'oi>  •••  apq>  "•  and  of  symmetrical  functions  of  the  quantities  a", 
aa"  As" ,  —  The  substitutions  before  us  can  be  carried  out  in  any  equation 
thus  formed. 

It  must  be  borne  in  mind  that  in  any  relation  connecting  the  three  sets 
of  quantities 

«/,&';  «•"', 

we  may  interchange  the  two  sets 

«.',  a«", 

We  can  now  establish  various  laws  of  symmetry  in  regard  to  symmetric 
functions  of  several  systems  of  quantities. 


554.    In  view  of  the  equality 
it  is  clear  that  any  integral  symmetric  function  of  the  system 
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which  is  expressible  in  brackets  (  )s,  can  be  expressed  as  a  linear  function 
of  products  of  symmetric  functions,  each  of  which  is  of  the  form 

and  that  in  that  expression  we  can  interchange  the  brackets  (  ), ,  ( 
We  may  therefore  suppose  an  identity 

(A)  ...), 
=  ...+/  {(a,&;>  a2b?  ...),  (pAVPAl*  ...)*  +  («,&:•  a^V ...),  {pAVPAV 
wherein  the  functions 

(r.s?-  r,*  . . .),  aj#  . . .),    (ptf'Ptq?  • . •) 

are  all  of  the  same  weight. 

Moreover,  any  product  of  the  quantities  c10,  c01,  ...  Cpg, ...  can  be  expressed 
as  a  linear  function  of  expressions,  each  of  which  contains  a  monomial  sym- 
metric function  of  the  quantities  a/,  and  a  product  of  the  quantities 
&10A1,  •  ••  b„, ...  . 

Assume  then  the  relations 

(B>  ciw    •••  =  •••  +i<«* •••)» ^  -  +  - ; 

(C)    e* &i  c?f4t  ...  =  ...+  if      ft#  •  •   6?;.,     ...  +  ...  • 

It  will  be  shewn  that  the  numerical  coefficients  J,  L,  M  are  equal  to  one 
another. 

For  from  the  relation  (B)  is  derived  the  operator  relation 

G"P\  °7x  . -  +i ifo*    •••).     fl!Ss,M  + ... , 

and  performing  each  side  upon  the  opposite  side  of  relation  (A)  we  obtain 
after  cancelling  (Oj&J1  aj)^  ...\, 

L  Kt  <%  •  •  •  <r«* r^  •  •  On  -  J  °5a  °52i  •  •  •  (p.^-  ...V. 

no  other  terms  surviving  the  operations. 
Hence  L  =  J. 

In  a  similar  manner  from  the  relations  (A)  and  (C)  we  prove  that 
M  =  J. 

As  a  particular  verification  observe  the  relations 

(10*01)3=...  +  3  {(20  11)1(10»01>2  +  (10»01)1(20  11),}  +  ... , 
c96c„  =  ...  +  3(10301)6?(A1+..., 
c?oc01  =  . ..+3(2011)6?0&o,  +  .... 
We  have,  therefore,  another  proof  of  the  Law  of  Symmetry  which  was 
established  in  Art.  542  by  the  method  of  Distributions. 

20—2 
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Since  it  has  been  shewn  above  that  in  any  relation  connecting  the 
quantities  cpq  with  the  quantities  bpq  we  are  at  liberty  to  substitute  Gpq", 
GPq"  for  cpq,  bpq  respectively,  it  follows  from  Art.  550  that  in  any  relation 
which  connects  the  monomial  symmetric  function 

(p1q^p2q?  .-.)3 

with  a  linear  function  of  products  of  the  quantities  bpq  we  are  at  liberty  to 
substitute 

 L      (Q"*>  a"n*  ...) 

ir1 !  7r2 ! ...  v^i«i  JP^i2  ' 

for  (PAVPzql2  •••) 

and  GPq"  for  bpq. 

555.  This  fact  leads  at  once  to  a  second  law  of  symmetry,  for  if  we 
derive,  from  the  three  initial  identities  and  the  relation  assumed  to  exist 
between  the  quantities  involved,  a  relation 


wherein  P  is  some  symmetric  function  of  the  first  system  of  quantities  a,',  /?/, 
we  are  led  to  an  operator  relation 

 1  (q"">  q"«*  ...)  =  ...+  PG'"*  G'"»...  +  .... 

Now  assume  a  second  relation 

(r1s>>r2s?...)3=...  +  Qb;[qi  b^. ..  +  ..., 
and  utilise  the  operator  relation  in  the  manner 

(. . .  +  P  0£$  0£g  ...  +  ...)  fotf  r,*  . .  .)a 

= ^Ttt^:         •••)(•••  +  Q%  K\q,  •••  +  •■•>  > 

and  we  find  P  =  Q,  since  no  other  terms  survive  the  operation. 
We  thus  have  before  us 

A  Theorem  of  Symmetry. 
"  If  (AS?  fttfs  •  •  • )»  =  •  •  •  +  P  6*  Si  bpttf  ...  +  ..., 

the  co-factor  symmetric  function  P  is  unaltered  when  the  partitions 
(Pi^T1  V^ql1  •••),  (^sf1  »*9«g« . . .) 

are  interchanged." 

The  function  P  presents  itself  in  the  first  place,  as  a  linear  function  of 
separations  of  the  partition  appertaining  to  the  6-product  to  which  it  is 
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attached.  The  theorem  furnishes  linear  functions  of  separations  of  any  two 
partitions 

(fttfJMS*»»>  (r.afr,*...) 

respectively  of  the  same  biweight,  which  are  algebraically  equal  to  one 
another. 

To  elucidate  the  matter  we  can  form  a  table  of  biweight  21  as  follows: 


*10  &01 

(21)3 

+  (21) 

+  (20  01) 
-(20)  (01) 

+  (11  10) 
-(11)  (10) 

+  (10*01) 

-(io*)(oi) 

-(1001)  (10) 
+(10)*  (01) 

(20  01)3 

-(21) 

-(20  01) 
-(20)  (01) 

-(1110) 
+  (11)  (10) 

-(10*01) 
-(10*)  (01) 
+  (10  01)  (10) 

(11  10)s 

-(21) 

-(20  01) 
+  (20)  (01) 

-(1110) 

-(10*01) 
+  (10*)  (01) 

(10*01), 

+  (21) 

+  (20  01) 

+(1U0) 

+  (10*01) 

which  is  to  be  read  by  rows. 

The  table  possesses  certain  properties : 

(i)  Each  term  in  a  column  is  a  separation  of  the  partition  of  the 
^-product  at  the  head  of  the  column. 

(ii)  The  separations  in  any  line  of  terms  as  written  possess  the  same 
specification. 

(iii)  A  row  of  terms  possesses  at  most  four  lines,  because  the  partitions 
prefixed  to  the  rows,  viz.  (21),  (2001),  (11  10),  (10*01),  are  four  in  number 
(the  same  of  course  as  the  number  of  rows).  In  any  row  of  terms  the  speci- 
fications of  the  separations  in  the  first,  second,  third  and  fourth  lines  are 
equal  respectively  to  the  partitions  (21),  (20  01),  (11  10),  (10*01). 

(iv)  The  separations  which  appear  in  the  same  line  are  affected  by  the 
same  coefficients. 

(v)  The  Theorem  of  Symmetry  shews  that  algebraically  the  table 
possesses  row  and  column  symmetry. 

The  block  of  terms  in  the  rth  row  and  cth  column  is  algebraically 
equal  to  the  block  of  terms  in  the  cth  row  and  rth  column. 
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A  block  of  terms  in  the  rth  row  and  cth  column  may  be  briefly  and 
suggestively  defined  to  be 

"  A  linear  function  of  separations  of  the  partition  of  the  6-product  at 
the  head  of  the  cth  column  formed  according  to  the  law  of  the  function 
prefixed  to  the  rth  row." 

We  may  then  state  the  Theorem  of  Symmetry  in  the  form :  "  The 
assemblage  of  separations  of 

(r^p  r28p ...), 
formed  according  to  the  law  of  the  function 

is  algebraically  equal  to  the  assemblage  of  separations  of 

(Piq^Prt?  ■■•)> 
formed  according  to  the  law  of  the  function 

(r^  rss§* ...)." 


CHAPTER  IV 


THE  LINEAR  PARTIAL  DIFFERENTIAL  OPERATORS  OF  THE  THEORY 
OF  SEPARATIONS  AND  THE  PARTITION  OBLITERATING  OPERATORS 

556.    We  have  seen  that  if  the  biparts  of  a  monomial  symmetric  function 
6  are  themselves  partitioned  in  any  manner  into  biparts  so  that  when  they 
are  all  assembled  in  a  single  bracket  they  are  represented  by  the  partition 
(VjSf'  r28?  ...) 

the  symmetric  function  6  is  expressible  as  a  linear  function  of  certain 
assemblages  of  separations  of  the  symmetric  function  (r,s?'  rts%* ...).  We 
have  moreover  actually  so  expressed  the  functions  whose  partitions  comprise 
but  a  single  bipart.  For  the  calculation  of  other  functions  in  terms  of 
separations  of  a  determined  function  it  is  necessary  to  find  the  adaptation 
of  the  linear  operators  gw,  g01,  ...  gn,  ...  so  that  they  may  be  performed  on  a 
function  when  it  is  expressed  in  terms  of  separations.  Of  any  partition 
(ri*f'  rts^  •••)  separates  are  formed  by  taking  all  possible  combinations  of 
its  parts  one,  two,  etc.  at  a  time.  There  are  thus  (pi  +  1) (p„+  1)  ...  —  1 
distinct  separates  which  must  be  regarded  as  independent  variables.  Let 
any  such  separate  be 

(lO^'"  01--+*'  . . .  rs'r>+^ . . .), 

where  (10'" 01»«  . . .  rsWn ...) 

is  some  partition  of  (pq). 

Then  by  a  known  theorem  of  transformation  in  the  differential  calculus 
9p9=  2  {gpg  (10"«+».01-+*.  ...  rs'r'+or. ...)}  a{10-..+*.0i*..+*....r.»«+*....), 

where  ~  has  been  written  in  the  notation  dx  and  the  summation  on  the 
dx 

right-hand  side  is  in  regard  to  every  distinct  separate  of  the  partition 
(r,s?'r2s§» ...).  Unless  however  a  separate  contains  some  partition  of  (pq)  the 
operation  of  gw  will  cause  it  to  vanish.  We  can  immediately  transform 
the  expression  of  gm  because 

P  !  q  !  7TW:  TTn\  ...  irr,l... 


312  SEPARATES  AS  INDEPENDENT  VARIABLES  [SECT.  XI 

and 

Gft*  G£M  .  . .  G%*  .  .  .  (lO'-o+P..  Ol'o'+ft"  .  . .  rS"r.+Pr,  .  . .)  =  (IQP.o  Qllhi  . . .  rsp™ ...). 


Hence  (-)^-     +      X>  !  ^ 


the  summation  being  in  regard  to  (i)  every  partition  (10"r">01'r«»  ...rs77™...) 
of  (pq),  (ii)  every  separate  (10Tr"i+'>>»01'r'»+',»»  ...  rsw«+fr« ...)  of  the  partition 
(r^rjSg*...).  The  right-hand  side  of  this  relation  may  be  regarded  as  the 
sum  of  a  number  of  portions  in  each  of  which  the  numbers  ir10,  wOT>  ...  7rrs,  ... 
are  constant. 

In  fact  writing 

£  (10*.  01*» ...  rs»™  ...) a(10»,.+pM oi-o.+Po. ...  ...)  =sr(i0T..0i-  ...  ...), 

we  have 

(_)  ^p\~qT~9pq  -?  7rlo!7r01!...^!... ^oi^... 

a  formula  which  should  be  compared  with  the  two 

Pl-<2]-  w  7T10!  7T01!  ...  7Trg!  ... 

w^^  to) = s  ^;",(av?>'  «•« ...  a- ... s 

p  \  q  I  „  7Tio  !  7T01  !  .  . .  7Trs  :  .  .  .  « 

the  summation  in  each  formula  being  for  every  partition  (107r">01'r<» ...  rs"™  ...) 
of  the  bipartite  number  (pq). 

The  operator  g  (10t,0  017r01    rsvrs   j  is  of  biweight  pq.    It  is  equal  to 
2(10"o01*» ...  rap*  -03(i(^+^bi^+^...^+^.)!  . 

where  (107ri°+'>1001,rM+'>in  ...  f-s^+p™ ...)  is  a  separate  of  the  given  separable 
partition.    If  this  separable  partition  be  written  in  the  form 


10<no oi^oi ...  rsa™  ...), 


the  expression  of  0/lo*wol*o 
and  also  a  term  corresponding 
(10-' 


sn„   j  will  involve  the  term  3  ^1()W10  0lJr01   rgirr,  j 


'  to  every  separate  of 
»0I*"-**...  r*»«^ ...), 
and  thus  altogether  it  will  involve 

(<x10  —  7r10  +  1)  (o-01  —  7r01  +  1)  . . .  (<rrs  —  ir„  +  1)  ...  terms. 
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557.  The  operator  gipq)  is  a  linear  function  of  the  operators 

#(10*,001*w ...  r*Wn ...)' 

and  in  the  general  case  this  linear  function  may  be  regarded  as  involving  as 
many  partition  operators  as  the  number  (pq)  possesses  partitions 

(10*,001'01 ...  r8w"  ...); 
but  for  particular  operands  some  of  these  partition  operators  will  be 
necessarily  absent,  for  a  given  separable  partition  may  not  contain  every 
partition  of  (pq). 

In  particular  we  have  in  the  simplest  cases 

#10=  #  (10) » 

#oi  =  #<oi)» 

#*>  =  #00*1  —  2<7(so,, 

#n  =  #(1001)  —  #(ii)  > 
#oa  =  #(oi»)  _  2#f0j)> 

#30  =  #(10»)  —  3#(a,10)  +  3*7(50), 

#21  =  #(10*01)  —  #(3001)  _  #(1110)  +  #(«)» 

etc. 

Some  developed  expressions  of  partition  operators  are 

#(10)  —  9(10)  +  (10)30*.  +(01)a„oo„  +(20)9(a010)  +  (\0*)d(m 

+(ii)9„i,o,  +(iooi)d«MMU  +(02)a(10C8,+(op)a(1„01,,  +  ...; 

#(2001)  =  9(2001)  +  (10)  +  (01)3»««,  +(20)3,^0,,  +  (10*)  V  (8010*01) 

+  (H) 9.W..0,)  +  (10  01 ) d^mm  4-  (02) dmmm  +  (OP)  dmv*  +  . . . . 

558.  It  will  be  seen  that  the  operators  #(10»io01ww  rtw„  )  are  readily 
performed  upon  a  separation  but  their  importance  lies  mainly  in  important 
properties  which  they  possess,  to  which  we  now  proceed.  Denote  any  two 
operators  of  the  same  or  different  weights 

#(10"° 0l">l...r$v"...)'    0(10*°  01*»  ...r*"™...)' 

by  #.-),  9m  respectively  and  #(1o*lo+^ol*«+*^..r»»«+*^..)  by  #«»+„,  we  have 

#(»,  9m  =  (#<»>  #<*>)  +#(w+pi  I 
because  #(w+P)  is  the  result  of  operating  with  g(w)  upon  the  algebraic  portion 
of  <jr(p),  the  differential  inverses  being  regarded  as  coefficients. 
Thence  we  find 

#(»)  #w  -  #w  #<»»  =  0 ; 
establishing  that  any  two  partition  operators  are  commutative. 

The  same  fact  is  expressed  by  saying  that  the  alternant  of  any  two 
partition  operators  vanishes. 
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We  learn  therefrom  that  if  <j>  be  an  operand  such  that 
9M  0  =  0, 

then  also  g(lt)  [g{(t)  <£}  =  0;  in  other  words  if     be  a  solution  of  the  equation 
ffin)  =  0,  then  also  is  g{p)  (f>  a  solution. 
If  the  right-hand  side  of  the  relation 

M  p\ql      ^~2'7r10!7r01!...7rr8!  ...#(10^01^...^....) 

be  performed  upon  a  linear  function  of  separations  of  the  function 

(10**01«"  ...  rs"" ...), 

which  satisfies  the  equation  gpq  =  0,  the  effect  of  the  particular  partition 
operator 

#(10,7lo01,ro1  ...) 

is  the  production  of  terms  each  of  which  is  a  separation  of  the  function 

( 1  o^io  -  wio  01   - nn  . . .  rsft*  ~  n"  . . . ) ; 
and  separations  of  this  partition  cannot  be  produced  by  any  other  partition 
operation  included  under  the  sign  of  summation.    In  consequence  the  terms 
in  question  must  vanish  identically  and  the  function  which  satisfies  the 
equation  gpq  =  0  must  also  satisfy  the  equation 

#(10*10  Ol^01   _   rs*rs  ...)  =  0- 

559.    We  thus  obtain  the  theorem : 

"If  a  function,  expressed  in  terms  of  separations  of  a  given  monomial 
symmetric  function,  be  annihilated  by  a  certain  biweight  linear  operator,  it 
must  also  be  annihilated  by  every  linear  partition  operator  of  the  same 
biweight." 

This  is  the  cardinal  theorem  for  use  in  the  calculation  of  tables  of 
separations  of  symmetric  functions. 

Ex.  gr.  We  will  calculate  the  function  (31  01)  as  a  linear  function  of 
separations  of  the  partition  (21  10  01).  The  law  of  expressibility  shews  that 
this  is  possible  because  (21  10)  is  a  partition  of  (31).  Observing  that  the 
separation  (21)  (10)  (01)  cannot  present  itself  because  it  is  the  only  separation 
which  on  multiplication  produces  the  function  (32)  we  put 

(31  01)  =  A  (21 10)  (01)  +  B  (21  01)  (10)  +  C  (10  01)  (21)  +  D  (21 10  01). 

Now  a  monomial  symmetric  function  vanishes  by  the  operation  of  g(pq)  if 
no  partition  of  the  weight  pq  is  comprised  amongst  its  parts.  Therefore  the 
only  operators  which  do  not  annihilate  (31  01)  are  goi,  g-n  and  g^  and  the 
annihilating  operators  are  g10,  g.n,  ....    Hence  the  partition  operators 

ffw)>  9(2l)> 

cause  the  function  to  vanish  and  are  sufficient  for  the  purpose. 
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Retaining  only  significant  terms 

{dm  +(01)a,IOo.,  +(21)  r)(2U0)  +(2101)  dmiom)\ (3101)  =  0, 

\dm)  +  (io)a(an„,  +  (oi)dM  +(iooi)a(an„OI)}  (3ioi)  =  o, 

leading  to      A+C=0,    Ji+I)  =  0,    C  +  D  =  0,    A+B  =  0, 
or  J)  =  -C=-B  =  A. 

Hence 

(31  01)  =  A  {(21 10)  (01)  -  (21  01)  (10)  -  (10  01) (21)  +  (21 10 01)}, 
and  now  it  is  easy  to  see  that  A=  —  \. 

The  Partition  Obliterating  Operators. 

560.  In  the  foregoing  a  generalization  has  been  m;ide,  in  the  case  of  the 
linear  operators  </,<>, #oi>  •••  9Pq,  •••  fr<>m  a  number  to  the  partition  of  a  number. 
We  proceed  pari  passu  with  the  theory  regarding  a  single  system  of  quantities 
and  now  seek  the  like  generalization  in  regard  to  the  obliterating  operators 
Gl0,  GM, ...  Gpg,  ....    Consider  a  symmetric  function 

/(«10,    «01,  ...Upg,  ...)=/ 

to  be  the  product  of  m  functions  and  write 

/-/i/. .../». 

Supposing  r/M  to  be  changed  into  am  +  fiap-i,q  +  vaP,q-i  we  nave  fr°m 
previous  work 

(l+pG10  +  vG01  +  ...  +  l*+  flW+:)/ 
=    (1  +  ^  +  vGm  +  . . .  +       G„  +  . .  •)/, 
x  (1  +  ^G10  +  i>G0i  +  •  •  •  +  Hp»9  G«  +  •  •  )/2 

X  (1  +  flG,0  +  ftf.  +  .  .  .  +  flW  Gpg  +  . . .  )/3 

x  

X  (1  +  /XG10  +  1>G„,  +  •  •  •  +  flPPq  Gpq  +  . .  .)/M. 

Expanding  the  right-hand  side  and  then  equating  coefficients  of  like 
products  of  powers  of  fi  and  v  wo  obtain  the  relations 

(/10/=S((?10/1)A/;. ../,„, 

<V=  2  (<?„/,)  (Gw/2)/3  .../w  +  2(^7,)/,  • -A. 

Gu/=^(G10fl)(G0lf2)/i  .../m  + 2  ((?„/,)/, 

<W=  2  (G10/,)  (G10/,)  (G10/3)/, . . ./w  +  2  (G„fMG„fi)f, . . •/,„ 

+  2  (G^A/*  •••/«., 
Gffl/=  2  (G,0/,)  (G10/8)  (G01/3)/< . . ./«  +  2  (<?„/,)  (G*/,)/, . .  ./m 

+  2  (GKfy)(G0ifi)fs...fm  +  l(GM/1)ft.../m, 

etc. 


316  CONNEXION  WITH  PART  OBLITERATING  OPERATORS        [SECT.  XI 

Herein  the  summations  are  in  regard  to  the  different  terms  that  may 
be  obtained  by  permutation  of  the  m  functions  /i/2.../TO  and  there  is  no 
diminution  in  the  number  of  terms  arising  from  any  equalities  between  the 
m  functions.  Regarded  in  another  manner  we  may  consider  the  m  functions 
to  be  fixed  in  order  and  the  sum  to  arise  by  distributing  the  operators  in  all 
possible  ways. 

Generally  in  the  expression  for  Gpqf  there  will  occur  a  summation  corre- 
sponding to  every  partition  of  pq.  If  such  a  partition  be  {p^qly  p2q2,  •  •■psqs) 
the  summation  is 

2  (<W0  (<W.)  •  •  •  <<W.)  -u  ■  ■  ./*• 

561.  Thus  when  performed  upon  a  product  of  functions  the  operation 
Gpq  breaks  up  into  as  many  distinct  operations  as  the  weight  pq  possesses 
partitions.    We  write  therefore 

2  ($Pi9i/0  (GPlq^fz)  . . .  (Gpsqgfs)fs+i  . .  ,/m  =  G (PlQx  PiQi  ...Psqs), 

and  call  G{plqlpiqi...Pgqg)  a  partition  obliterating  operator. 
In  this  notation  we  have 
$io  =  G(W), 

$20  =  $(20)  +  $(102), 

^11   =   ^(11)    +  G{i0Ql), 

GS0  —  G{3q)  +  $(2010)  +  $(103), 

$21  =  $(21)  +  $(1110)  +  $(2001)  +  $(102  01), 

etc. 

and  generally 

ITpq  —  '"^(piqlp2q.1...p»qs), 

where  the  summation  is  in  regard  to  every  partition  of  pq. 

This  is  a  theorem  for  operating  with  Gpq  upon  a  product  of  functions 
and  is  strictly  analogous  to  that  obtained  for  a  single  system  of  quantities. 
The  reader  will  have  no  difficulty  in  seeing  that  when  there  are  more  than 
two  systems  of  quantities 

Gpqr...  =  Zt  G(plqlri...,psqtrl .... ...  p,q,r !...)• 

562.  The  next  step  is  to  connect  the  linear  partition  operators 
9iPi9iP»q*-p»<n)  witn  the  partition  obliterating  operators  G(PiqiP2q.,..,Psq>). 

We  have  the  three  relations 

{   }  plql      9pq-,7^\  tt01!  ...  *„\...  ^(10^01^  ...  „-"...). 

{pVi:^-9p, = 2  tT;1,^"11' 

P  •  q  ■  7T  T^io  :  ^01  •  •  •  •  ^rs  •••• 


-%G{ 


(10^  Ol"01.. 
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the  summation  in  each  case  being  for  every  partition  (lO'^Ol** ...  r*r" ...) 
of  pq.  From  these  we  can  eliminate  the  two  operators  g^,  Gpq.  Thus  the 
first  two  relations  yield 

,,(-)»-'(&■■- 1)1  -(-)»— (2^-1)! 

and  with  this  we  have  now  merely  to  combine  the  third  relation.  The 
simplest  particular  cases  are 

j  #(io)  =  £'lo  =  £(lo)i 

I  #(01)  —  £«  —  ^(01) » 

{#(!*)  -  2#(ao)  =  Gfo  -  2(r20  =  {Gf,0)  -  2G(I01)}  -  2G(20), 
i7(iooi)  —  #(ii)  =  £io  £01  —  £n  =  {^(io)  £(oi)  —  £(iooi)|  -  £(11)1 
#(o,.  -  2gm  =  £«.  -  2£,«  =  [<?m  ~  2£(op,I  -  2£,<*„ 
/  #(ios)  —  3<7(20  io)  +  3<7<3o)  =  £?o  —       G,„  +  3G3,, 

—  j£fiO)  —  3£(io«)  £(io)  +  3(r(10»,}  —  3  [G(w)  G{m  —  £(anio)}  +  3G(J0), 

■  #(io«oi)  -  #(aooi) —  #(n  io)  +  #tai) =  £fo  £oi  —  £»  £oi  -  £n  £w  +  £« 

=  {£fio)  £(od  —  £(ios)  £(oi)  -  £(iooi)  £(io)  +  £(io»on} —  {£(»)  £(on  ~~  £(»od) 
^     —  |£(in  £(io) —  £(n  io)}  +  £(2D  > 

and  we  learn  much  from  their  examination. 

563.    Take  the  result 

#(io»)  —  2/7(20)  =  {£fio» —  2£(10i)}  —  2G)20) 

into  consideration. 

Suppose  that  the  operand  is  a  linear  function  of  separations  of  a  given 
partition. 

Upon  it  the  two  sides  of  the  operator  relation  must  produce  identically 
the  same  function ;  but  the  terms  produced  by  gim,  GfI0,  and  G(m  are 
separations  of  one  partition,  and  the  terms  produced  by  gm  and  Gm  are 
separations  of  one  partition  different  from  the  former.  Hence  for  the  given 
operand  the  relation  breaks  up  into  the  two  relations 

#(io*)  =  £fio)  —  2G(10t), 

#(*»  =  £(20)  • 

This  reasoning  is  applicable  in  general  and  gives  us  the  relations 

#(10)   =  £(10) » 

f  #(io*)  =  £fio)  —  2(r(lflS), 

I  #(20)    =  £(»)- 


318  OPERATOR  FORMULA  ANALOGOUS  TO  WARING'S  [SECT.  XI 

■  ^(10  01). 


<7(1001) 

—  Lr(10)  U(oi )  - 

.  9{n) 

=  £(n)> 

=  (rfioj  —  SG{ 

#(20  10) 

=  (r(2o)  £(10)  - 

Sm 

=  £(30)  > 

SW'Ol) 

=  GfM)  G(01)  - 

<7(20  01) 

=  (t(20)  £(01)  - 

9<n  io) 

=  £(11)  £(10)  ~ 

9m) 

=  &w 

.)  Gvio)  +  £(i< 


^(20  01)> 
^(11  10)  > 


564.    The  general  formula  that  will  be  established  is 

(Sir  -1)1  (_)*-i(2j_i), 

■hi  «•«! ...  »»i ...  ^rr-' ~  i  w  « 


(JO  W>  *' 

where  the  summation  is  for  every  separation 
of  the  partition 

(lO*10 Ol"01  ...  rs"™  ...). 
We  proceed  from  the  formula 

—  Z  {—)  .        .        —  tTio  "01  •  •  •  «>*  •  •  • 

„  7T10!  7T01!  ...  7Tr4  !  ... 

and  we  have  to  substitute  for  Gw,  G01,  ...  Grs,  ...  the  sums  of  the  partition 
operators  of  weights  10,  01,...  rs, ...  respectively.  We  have  then  to  collect 
on  the  right  all  the  G  operator  products  which  are  associated  with  separations 
of  the  same  partition  and  to  equate  them  to  the  corresponding  g  operators  on 
the  left. 

Suppose  (o-j),  (<r2),  . . . 

to  be  the  several  partitions  of  (rs) ;  we  find  that 

leading  to  the  relation 

/  (Stt-1)!  _^     x^-x^j-l)!^,  Qji 

(_)       T^TTro,!...^!...^1001"1-  .«-...)-*(-)      jjj,!...  V^W" 

where  (J^(J^... 
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is  a  separation  of  the  symmetric  function 

(10*w01*«  ...  T8*»  ...) 

and  the  summation  is  in  regard  to  the  whole  of  such  separations. 

This  formula  is  to  be  compared  with  that  which  expresses  9^  in  terms  of 
separations  of  any  partition 

(lO'wOl*"     rsw»  ...) 
of  the  bipartite  number  pq,  viz. : 


(-) 


565.  From  the  above  relations  we  can  express  the  partition  G  operators 
in  terms  of  the  partition  g  operators.  Thus 


=  9<m> 

[  2!  G{m 

~  9  m  —  ff{v*)> 

{  Gm 

=  9m> 

(           ^(10  01) 

—  #oo)#(on  —  #(won» 

=  #on> 

3!  G{m 

—  #?lo)  ~  %(l(W  #(io)  +  2#( 

G(m  io) 

=  #(20)  #(10)  —  #(»10)» 

^(30) 

=  #(30)  > 

2G!(iojoi) 

=  #00)  #(oi)  —  #005)  #(oi)  —  ! 

^(»01) 

=  #(20)  #(01)  —  #(»  01)» 

6{n  io) 

=  #(11)  #(10)— #(1110). 

=  #(21)« 

The  general  formula  that  is  established  follows  the  law  by  which  any 
symmetric  function  is  expressed  in  tenns  of  the  one-part  symmetric  functions. 
Thus  the  first  of  the  last  batch  of  formula?  is  in  correspondence  with  the 
formula 

2  (1 02  01 )  =  *?0*01  -  *„«bi  -  2*,,*io  +  2*„ , 
and  it  will  be  noted  that 

takes  the  place  Qf  jPiafk  J»fkfftfh~)  on  tne  right-hand  side. 

It  will  be  noted  that  the  partitions  associated  with  the  right-hand  side 
of  the  algebraic  formula,  viz.: 

(10s  01),    (20  01),    (11  10).  (21), 
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are  the  specifications  of  the  separations 

(10)3(01),    (102)(01),    (10  01)  (10),  (10201), 
which  are  associated  with  the  right-hand  side  of  the  operator  formula. 

The  formula  which  expresses  any  monomial  symmetric  function  in  terms 
of  functions  with  a  single  part  in  their  partitions  is 

(lO^10 Ol^i ...  rat*  ..,) 

K   }  p+\pm\  

where         W  =  ( th/ln  M»  •  •  •  )>    W  =  (Ma  Pm&  •  •)»   

and  (Ji)jl  (J2)j2  •  •  •  is  a  separation  of 

(lO*10 Ol*01 ...  rswr>...). 

If  (Jx),  (J2),  ...  are  of  weights  faqi,  p2q2,  •••  respectively,  S(Ji)y  s(j2),  ...  are 
equal  to  sVl9l,  sPiqi, ...  respectively. 

The  corresponding  operator  formula  will  be  found  to  be 

(_)27T-1   G(loW,001»M  r8T„  ) 

;  /^...^If*!  9™g™  ' 

but  here  of  course  we  are  not  at  liberty  to  substitute  ptfi,  p2q2,  ...  for 
(Ji),  (J2), ...  respectively  in 'the  formula. 

566.  In  these  formulae  the  multiplications  of  operations  denote  succes- 
sive operations.  The  products  of  g  partition  operators  are  readily  transformed, 
so  that  the  multiplications  may  be  symbolic ;  for,  denoting  symbolic  multi- 
plication by  external  brackets  as  usual,  we  find 

2 !  &m  =  (gU)> 

£(iooi) =  (9(w)9w))> 
3\Gim  =  (g?m), 

and  in  general 

7T]0!  7T01!  ...  7Trg!  ...  (t(10tio  Ol^i  ...  rsn"...)  ~  (frm  9w\  9{n)"-)> 

and  this  is  to  be  compared  with  a  previous  result 
p\q\Gpq  =  {g^glx). 
These   results   are   readily  generalizable   for   multipartite  symmetric 
functions  in  general.  Thus 

(-)**-*  (Stt-I)! 


TTioo...'  ""oio...!  •••  T^rst 


9{100...nm  -  OK)...*™-  rst... *r«-) 
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where  (J,y«  (Jty* ...  is  a  separation  of  (100...*"»  010..."**   rst.. .'«<•••  ...), 

and  the  summation  is  in  regard  to  the  whole  of  the  separations. 

The  reader  will  have  no  difficulty  in  reversing  this  formula. 

Also 

TTluo. ..  j  ^010...!  ...  7Trtt ...  !  ...  G^iqq    »ic*  010     »ow-  r«t... *"*•  -...) 

These  relations  are  of  importance  in  the  studies  of  combinations  on  a 
chess  board  or  lattice,  which  will  be  taken  up  in  the  next  chapter.  In  that 
theory  it  will  be  found  that  certain  enumerations  are  determined  in  the  forms 

Gii<*?i>     G?u«ui>  Gmi«m  

and  generally  in  the  form  G^+r+  a^+?+r+ - . 

In  fact  these  expressions,  on  evaluation,  are  integers,  and  .severally 
enumerate  interesting  combinations  on  a  chess  board. 

567.  We  have  above  the  results  that  have  been,  or  are  likely  to  be,  of 
the  greatest  service  in  Combinatory  Analysis.  An  example  may  be  given  of 
the  use  of  the  operators  in  the  multiplication  of  symmetric  functions. 

Suppose  that  we  require  the  coefficient  of  (IP)  in  the  product 
(10*)  (01)'. 

Put  (10s)  (01)'=  ...  +  4(11')  +  .... 

When  we  operate  with  G\x  on  the  right-hand  side  the  result  is  A,  since 
every  other  tenn  is  caused  to  vanish. 

Hence  A  =  G2,  (10*)  (01)'. 

Now  GU  =  G{U)  +  G 

and  since  the  operand  involves  no  part  (11)  we  find 

A  =  «f,001)(10')(01)'  =  2G(1001)  (10)(01)=  2. 
Again,  to  find  the  coefficient  of  (11  10  01)  in  the  product 
(10  01)  (10)  (01), 

we  have  to  evaluate 

6^,0  Go.  (10  01)  (10)  (01) 

(10  01)  (10)  (01) 
=  G^o  on  Gm  {(1001)(10)  +  (10)«(01)} 
m  $m  n)  {(10  01)  +  (10)  (01)  +  2  (10)  (01)|, 
and  remembering  that  GtlooV  (10  01)  =  0,  since  in  operating  with  (?,„,„  the 
parts  (10),  (01)  must  be  taken  away  from  separate  factors  of  a  product,  we  find 
the  result 

<?<,..,).  3(10)  (01)  =  3. 

M.  A.  II.  21 
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The  Construction  of  Symmetrical  Tables. 

568.  It  has  been  established  in  Art.  542  that  it  is  possible  to  form  two 
symmetrical  tables  in  connexion  with  every  partition  of  every  biweight. 
Certain  representative  tables  are  given  as  far  as  weight  4  inclusive.  Of  that 
weight  we  neglect  the  biweights  40,  04  as  they  are  practically  the  same  as 
the  weight  4  for  a  single  system  of  quantities.  Of  the  remaining  biweights 
31,  22,  13,  it  is  only  necessary  to  give  the  two  former,  because  the  biweights 
31,  13  are  practically  the  same. 

There  are  seven  partitions  of  biweight  31,  viz.: 

(10301),    (11  102),    (2010  01),    (20  11),    (21  10),    (30  01),  (31), 

and  nine  of  biweight  22,  viz. : 

(102012),    (11  10  01),    (11*),    (20  012),    (20  02),    (2101),  (22). 

(02  102)',  (12  10), 

Of  these  the  tables  for  (20  012),  (21  01)  give  those  for  (02  102),  (12  10) 
respectively  by  transposing  the  elements  of  the  biparts,  and  the  four  cor- 
responding to  (31)  and  (22)  are  mere  identities,  so  that  the  number  is 
reduced  from  32  to  24. 

The  earlier  tables  which  are  necessary  are  those  of  the  partitions  (10  01), 
(20  01),  (11  10),  (10301). 

Each  table  is  read  horizontally,  or  as  may  be  said,  by  rows  and  not  by 
columns. 


CHAPTER  V 


FURTHER  THEORY  OF  THE  LATIN  SQUARE 

569.  The  question  of  the  Latin  Square  can  be  regarded  from  another 
point  of  view.  Let  us  consider  the  symmetric  functions  of  many  systems 
of  quantities  and  the  associated  differential  operators.  Three  systems  of 
quantities  may  be  taken  as  typical  of  the  general  case.  As  operand  we  may 
have  the  product 

a*,*,,,  <*Wfc."  aw.  =  (100*'  010*  001")  (100**  010*  001'»)-..(100M)10M>01'«) 
and  as  operator 

(\^Vi\.zp-iV.2 ...  \gfisvs)  and  (piq^p^q.^ ...  ptqtrt)  being  partitions  of  the 
same  tripartite  number. 

It  will  be  remembered  from  Chapter  in  that 

=  jp\      jjrj  ($<*>9ov>9(Kn)> 
where  gloe  =  Sa^,  q  r  d^, 

•  #010  =  ^-^pq-l  r  ^Opqr  • 

#001  =  ^dpqr—i  dapqr" 

Moreover  it  was  proved  that  if  on  multiplication 

aAlMl a*,*,,  ■ . .  ajw,        +  A  (p,?, r, p^n . . . ptqt rt)  +  .  . , 
then  (rPl9,ri  GMtr% ...  GPtqtrt  «SM,r,  a^^r, ...  ^t,t  =  A. 

We  must  carry  out  the  operation  upon  the  function 

(100*.  010*'  001"-)  (100^'  010*'  00l"«) ...  (100*'  010**  001'.) 
and  then  determine  the  nature  of  the  diagrams  enumerated  by  the  number 
A.    Consider  first  the  operation  of  GPiqifl.    It  operates  through  the  par- 
titions of  (^i^r,)  upon  the  operand.    The  only  effective  partition  is 
(100*.  010'.  001r>), 

and  its  parts  must  be  picked  out  from  the  factors  of  the  operand  in  all 
possible  ways  subject  to  the  condition  that  only  one  part  must  be  taken 
from  any  one  factor.  The  operation  breaks  up  as  usual  into  a  number  of 
minor  operations  and  each  of  these  yields  a  first  row  of  a  lattice  of  *  columns, 

21—2 
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s  being  the  number  of  factors  of  the  operand,  and  of  t  rows,  t  being  the 
number  of  factors  composing  the  operator.  The  first  row  comprises  s  com- 
partments and  in  ply  qly  rx  of  these  will  occur  the  tripartite  numbers  100,  010, 
001  respectively,  px  +  qx  +  rx  compartments  being  occupied  and  s  —  p±  —  q1  —  r, 
unoccupied. 

Read  from  left  to  right  these  tripartite  numbers  constitute  a  composition 
into  parts  100,  010,  001  of  the  tripartite  number  (p^q^).  Similarly  a  minor 
operation  of  GP2q2r,2  gives  in  each  case  a  second  row  involving  the  numbers 
100,  010,  001,  p2,  q2,  r2  times  respectively,  and  these  numbers  read  from  left 
to  right  constitute  a  composition  into  parts  100,  010,  001  of  the  tripartite 
number  (p2q2r2). 

We  finally  arrive  at  a  diagram  such  that  the  tripartite  numbers  in  the 
successive  rows  read  from  left  to  right  constitute  compositions  into  parts 
100,  010,  001  of  the  tripartite  numbers  {p^q^),  {p2q2r2)y...  (ptqtrt),  respec- 
tively; and  in  the  successive  columns  if  the  reading  be  from  top  to  bottom, 
we  have  compositions  into  parts  100,  010,  001,  of  the  tripartite  numbers 
(\fiiVi),  (X2/a2z/2),  ...  (XsPsVs)  respectively.  To  give  the  proposition  a  purely 
literal  form  we  write  100,  010,  001  equal  to  a,  b,  c  respectively,  and  the 
diagrams  are  then  such  that  there  are  s  columns  and  t  rows,  the  products  of 
letters  in  the  successive  rows  being 

aPx    cr,  t  ap2  b**cr*,...  a*>t  bit  crt , 
and  in  the  successive  columns 

a^'c"',  a^^c"*,  ...  a^frtc"*. 

The  number  of  these  diagrams  is  therefore 

^l?!?!*-,  ^p2(?2r2  •■•  Gptqtn  aKW\  a*2V2V2  a*«*i«V 

In  this  distribution  not  more  than  one  letter  occurs  in  each  compartment 
and  there  may  be  empty  compartments. 

Ex.  gr.  With  the  operator  Gm  Gm  Gm  and  the  operand  ^  a101  a0l0  a102  we 
.obtain  the  integer  7  which  enumerates  diagrams  of  four  columns  and  three 
rows  such  that  the  products  of  letters  in  the  successive  rows  are  abc,  ac,  abc 
and  in  the  successive  columns  ab,  ac,  b,  ac2.    The  seven  diagrams  are 

a      0      b      c  a      0      b      c  0      a      b      c  b      a      0  c 

0      a      0      c  ,        0      c      0      a  a      0      0      c  0      c      0  a 

|   b      c      0  1  a  |       b      a      0      c  b      c      0      a  a      0      b  c 


0      c      b      a  b      c      0      a  b      c      0  a 

a      0      0      c  a      0      0      c  0      a      0  c 

b      a   |   0      c  0      a      b       c  a      0      b  c 


and  they  are  the  only  ones  satisfying  the  conditions. 
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If  we  rotate  these  diagrams  we  obtain  those  derivable  from 

$i!0  $101  $010  $102  ^111  tf101  ^111  » 

which  therefore  necessarily  has  the  value  7.    In  general  we  thus  prove  that 

$Pi?ir,  $|»,7»»t  •••  @Pt9trt  a*tWt  ••'  aA,M*r, 

=  $*,*,»-,  $a,^»'1  •••  $A*Mi't  apxqir,  aptqtrt  "•  °v%qtTt* 
involving  a  law  of  symmetry  already  established  in  this  Section,  Art.  542. 

570.  If  we  require  diagrams  with  no  empty  compartments  we  must 
have 

+        ri  =  P*  +  q»  +  r2  =     =Pt+qt  +  n  mg, 
and  +  fii  +  *>i  =  X.2  +  yu>  +  v.,  =  . . .  =  \,  +  fi,  +  vt  =  t. 

Thus  Gm  $,a  ano  am  a,,,  a110 

leads  to  the  three  diagrams 


possessing  the  property  that  the  letters  in  the  successive  rows  make  the 
products  a2bc,  a¥c  and  in  the  successive  columns  the  products  ab,  ac,  be,  ab. 

These  diagrams  when  rotated  correspond  to  the  same  integer  3,  viz. : 

$110  $101  $011  $110  #211  ^lffl' 

Further  if  the  diagrams  are  to  be  squares  we  must  have  8  =  t.  Moreover 
if  the  diagrams  are  to  be  Latin  Squares  the  product  connected  with  each 
row  and  each  column  must  be  abc  and  for  the  third  order  we  find  that  the 
Latin  Squares  are  enumerated  by 

ft3  n3 

and  for  the  order  n  by 

$m  ...i  Oiii..  i» 
a  very  simple  expression  for  the  numbers. 
571.    Again  corresponding  to 

QK+*+*  ap+9+r 

pqr  Am" 

we  have  diagrams  such  that  there  are  X  +  /*  +  v  rows  and  p  +  q  +  r  columns 
with  a  product  avbqcr  corresponding  to  each  row  and  a^b^c"  to  each  column. 

Ex.  gr.    The  expression       a?„  gives  diagrams  such  as 
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which  have  the  property  that  each  row  gives  the  product  a262c2  and  each 
column  the  product  abc. 

In  particular 


gives  square  diagrams  of  order  A.  +  /j.  +  v  such  that  the  product  aKb^cv  is 
given  by  each  row  and  each  column. 

In  general 

gives  square  diagrams  of  order  \  4-  /x  +  v  4-  ...  such  that  the  product  corre- 
sponding to  each  row  and  each  column  is  a^b^c" .... 

This  is  the  generalization  of  the  Latin  Square  previously  met  with  in 
Section  V,  Art.  219. 


TABLES  OF  SYMMETRIC  FUNCTIONS  OF  TWO  SYSTEMS 
OF  QUANTITIES 


Biweioht  11.    Partition  (10  01). 


(10  01)  (10)  (01) 

(") 

(10  01) 

(nj 

-1 

(10  01) 

1 

(10  01) 

1 

(10)  (01) 

1 

Biweight  21.    Partition  (20  01). 

(20  01)  (20)  (01) 

(21) 

(20  01) 

(21) 

-1 

1 

(20  01) 

1 

(20  01) 

(20)  (01) 

1 

1 

Partition  (11  10). 

(11  10) 

(11)  (10) 

(21) 

(11  10) 

(21) 

-1 

1 

(11  10) 

1 

(11  10) 

1 

(11) (10) 

1 

Partition  (102  01). 
«2i     a»aoi  «naio  «ioOoi  (21)    (2001)  (11  10)  (10*01) 


(21) 

1 

-1 

-1 

1 

<H\ 

1  j 

(20  01) 

-1 

1 

<ha<h\ 

1 

(11  10) 

-1 

1 

1 

2  | 

(10*01) 

«10«01 

1 

1 

•1 

(31) 
(30  01) 


Biweight  31.    Partition  (30  01). 

(30  01)  (30)  (01)  (31)      (30  01) 

(30  01)  I 


1 

1 
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Partition  (21  10). 


(21  10) 

(21) (10) 

(31) 

(21  10) 

(31) 

-1 

1 

(21  10) 

1 

(21  10) 

1 

(21)  (10) 

1 

1 

Partition  (20  11). 


(20  11) 

(20)  (11) 

(31) 

(20  11) 

(31) 

-1 

1 

(20  11) 

1 

(20  11) 

1 

(20) (11) 

1 

1 

Partition  (20  10  01). 


(31) 

-i 

-* 

-\ 

i 

(30  01) 

-* 

-i 

i 

(21  10) 

-h 

i 

* 

(20  11) 

-h 

i 

i 

(20  10  01) 

1 

(20  10  01) 

(20  10)  (01) 

1 

1 

(20  01)  (10) 

1 

"1 

(10  01)  (20) 

1  1 

(20)  (10)  (01) 

1 

1 

1 

1 

OF  TWO  SYSTEMS  OF  QUANTITIES 
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Partition  (11  102). 


(31)   (2011)  (21  10)  (11  10*) 


(31) 

1 

i  -i 

i 

(11  10*) 

(20  11) 

-1 

-1 

i 

(10*)  (11) 

1 

1 

(21  10) 

-1 

1 

(11  10)  (10) 

1 

2 

(11  102) 

1 

(11)  (10)* 

1 

2 

2 

Partition  (KFOl). 


«81 

03,0,0 

(31) 

-1 

1 

1 

1 

-2 

(3001) 

1 

2 

-1 

1 

(21  10) 

-1 

0 

-1 

1 

(2011) 

-1 

1 

(20  10  01) 

-2 

-1 

1 

(11 10») 

-1 

1 

(WOl) 

1 

^       ^       ^       o  o 

s    2    a    2  s 

S      S3      &      §  S 


«3I 

1 

«30«01 

1 

1 

04,0,0 

1 

1 

3 

Oaoo,, 

1 

■1 

3 

1 

1 

1 

3 

3 

«11<*10 

1 

2 

3 

4 

6 

1 

3 

:i 

3 

6 

6 

21—5 
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TABLES  OF  SYMMETRIC  FUNCTIONS 


B I  weight  22.    Partition  (21  01). 


© 

©, 

© 

CM 

2- 

B  1 

1 

(21  01) 

1 

(21)  (01) 

1 

1 

Partition  (20  02). 


(■22) 
(20  02) 


(20  02) 
(20) (02) 


1 

1 

1 

Partition  (ll2). 


(ll2) 

(11)2 

(22) 

(ll2) 

(22) 

-2 

1      |  (ll2) 

1 

(ll2) 

1 

(ll)2 

1 

2 

Partition  (20  OP). 


©, 

© 

©, 

© 

©, 

(ST 

o 

© 

© 

g 

o" 

© 

S~ 

CM 

CM 

o 

CM 

o 

CM 

(22) 

-1 

-1  1  1 

(20  012) 

1 

(2002) 

-1 

-1 

1 

(20)  (012) 

1 

1 

(21  01) 

-1 

1 

(2001)(01) 

1 

1 

2 

(20  012) 

1 

(20)  (01)2 

1 

1 

2 

2 

OF  TWO  SYSTEMS  OF  QUANTITIES 


Partition  (11  10  01). 


(22) 

4 

-i 

-j 

-1 

i 

(11  10  01) 

! 

1 

(21  01) 

-4 

-i 

4 

(11  10)  (01) 

1 

2 

1 

(12  10) 

-4 

4 

-4 

1 

(11  01)  (10) 

1 

0 

2 

1 

(11*) 

-* 

i 

-* 

2(10  01)  (11) 

2 

2 

0 

2 

10  01) 

1 

(11)  (10)  (01) 

1 

1 

1 

2 

Partition  (102  OP). 


aiaa10 

«?, 

«o»«io  «n«io«oi  «?oa?j 

(22) 

-4 

4 

s 

4 

-t 

-5 

-4 

1 

(21  01) 

1 

4 

"3 

-i 

-4 

-4 

1 

4 

(12  10) 

-1 

4 

-i 

-4 

S 

-4 

4 

(20  02) 

i 

-1 

-1 

-4 

-4 

-4 

4 

(lla) 

4 

-4 

-4 

-4 

4 

4 

4 

-4 

(20  01») 

-1 

-4 

1 

-4 

4 

4 

4 

-4 

(02  10s) 

-3 

i 

-4 

-4 

4 

4 

4 

-4 

(11  10  01) 

-4 

4 

4 

4 

-4 

-4 

-4 

4 

(102  012) 

l 

3 

o" 

o 

© 

g 

10  01) 

© 

©v 

8 

o 

«22 

1 

1 

l 

2 

«18«10 

i 

0 

l 

2 

CtjoOoj 

l 

0 

0 

1 

"ll 

i 

2 

2 

2 

2 

4 

«««01 

1 

0 

2 

0 

1 

2 

2 

o««?o 

1 

0 

0 

2 

0 

2 

2 

1 

1 

2 

2 

2 

3 

4 

«ioOm 

i 

2 

2 

4 

2 

2 

4 

4 
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ENUMERATION  OF  SOLID  GRAPHS 


Enumeration  of  Solid  Graphs. 

umber 

Number  of 

Number  of 

Number  of 

Number  of 

Total 

Total 

Distinct 

Distinct 

Distinct 

Number 

Socles 

Graphs 

Graphs 

Graphs 

of 

of 

having 

having 

having 

having 

Distinct 

Graphs 

one  aspect 

two  aspects 

three  aspects 

six  aspects 

Graphs 

1 

1 

0 

0 

0 

1 

1 

2 

0 

0 

1 

0 

1  ' 

3 

3 

0 

0 

2 

0 

2 

6 

4 

1 

0 

2 

1 

13 

5 

0 

0 

4 

2 

6 

24 

6 

0 

0 

6 

5  | 

11 

48 

7 

2 

0 

6 

11 

19 

86 

8 

1 

0 

11 

21 

33 

160 

9 

0 

0 

16 

39 

55 

282 

10 

2 

0 

20 

73 

95 

500 

11 

1 

0 

28 

129 

158 

859 

12 

0 

0 

41 

226 

267 

1479 

13 

2 

51 

388 

442 

2485 

14 

1 

1 

70 

659 

731 

4167 

15 

0 

0 

93 

1100 

1193 

6879 

16 

1 

122 

1821 

1947 

11297 

If  we  add  together  the  2nd,  3rd,  4th  and  5th  columns  we  obtain  the  6th  column. 

Also  adding  the  2nd  column,  twice  the  3rd,  three  times  the  4th,  and  six  times  the  5th 
we  obtain  the  7th  column. 

The  graphs  are  unrestricted  in  regard  to  the  numbers  of  nodes  that  may  be  placed 
along  the  three  axes. 


INDEX  TO  THE  TWO  VOLUMES 


[Volumes  are  indicated  by  Roman  numerals. 
Pages  are  indicated  by  Arabic  numerals.] 

Abbreviation  :  (g)  for  I -of,  i,  136;  x^  for  x„x„,  n,  266 

Addition :  magic  .squares  and  other  configurations  which  may  be  added,  II,  157 
Algebra :  connexion  with  Arithmetic,  I,  Introduction ;  of  operators,  i,  30-32,  79-80 
Analysis  :  partition  analysis,  II,  91-170 

Angle:  of  nodes,  n,  13;  of  nodes  in  the  case  of  a  symmetrical  graph,  II,  16-18;  solid 
angles  of  nodes,  n,  261-262 

Arrangements:  Probleme  des  rencontres,  I,  99;  of  cards,  i,  187;  upon  a  chess  board, 
I,  224-241 ;  Latin  squares  and  rectangles,  i,  246-260 ;  Probleme  des  menages,  I, 
253;  magic  squares,  II,  157-170;  in  two  dimensions,  n,  171-246;  in  three  dimen- 
sions, II,  247-257;  of  functions  prior  to  multiplication,  II,  187,  270 

Arrays :  two-dimensional  array  of  numbers,  I,  125 

Ascending  :  ascending  specification  of  permutations  of  different  integers,  1, 188  ;  arrange- 
ment of  parts  of  partition  in  ascending  order,  n,  91 
Aspect :  of  a  graph,  n,  179,  271,  277-279 
Assemblages :  of  letters,  i,  87 
Auxiliaries :  in  generating  function,  n,  183 

Average :  values  of  indices  of  permutations,  of  greater  index,  of  equal  index,  of  square 
and  higher  powers  of  greater  index,  I,  141-144 ;  of  sums  of  powers  of  components 
of  index,  I,  145;  of  class  of  a  permutation,  I,  146;  values  connected  with  the  equal 
index,  i,  147 ;  of  major,  equal  and  minor  contacts  in  random  dealing  of  playing  cards, 
I,  149 

Axis:  of  plane  graph,  I,  172;  of  solid  graph,  I,  176 

Binomial  Coefficients:  calculus  of,  i,  74-77;  certain  permutations  enumerated  by  the 
sum  of  the  «th  lowers  of,  I,  116-117;  application  of  Master  Theorem  to  sums  of 
powers  of,  I,  119-122 

Binomial  Theorem:  linear  function  of  squares  of  binomial  coefficients,  I,  120 

Bipart :  the  term,  I,  264 ;  II,  281  ;  partitions  with  one  bipart,  II,  282-284 

Bipartite :  the  term,  I,  264 ;  enumeration  of  bipartite  numlters,  i,  265-276 ;  theory  of 
bipartite  partitions,  II,  280  et  seq. 

Biweight:  the  term,  i,  281 

Boundary  partitions  :  ii,  275 

Branch:  of  a  tree,  the  term,  i,  181 

Calculus:  of  finite  differences,  I,  75;  II,  213-231  ;  II,  241-242;  of  binomial  coefficients. 


334 
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Cards:  random  dealing  of  playing  cards,  I,  149;  Simon  Newcomb's  game  of 
"  patience,"  I,  187 ;  ascending  and  descending  specifications  of  a  pack  of,  I,  188, 
197 

Cayley  :  writes  (s)  for  1  —  Xs,  I,  136 ;  I,  Introduction  ;  on  Latin  square,  I,  247  ;  transforma- 
tion of  generating  function,  n,  59-61,  71 
Cells :  of  a  lattice,  I,  225 
Characteristics :  of  a  separation,  i,  46 

Chess  board :  arrangements  upon,  I,  224-245 ;  Latin  square,  I,  246-260 
Circulator :  Cayley's  prime  circulator,  n,  60-63 
Clarendon  type:  the  notation  (s)  for  1  -Xs,  i,  136 

Class:  distribution  of  a  series  of  elements  into  a  series  of  classes;  species  of ;  type  of; 
of  unarranged  objects;  of  arranged  objects,  I,  8;  of  a  permutation  qud  major 
contacts,  I,  135  ;  qud  equal  contacts,  qud  minor  contacts,  I,  136;  average  value  of, 
I,  146 

Column:  of  a  lattice,  I,  124;  of  a  chess  board,  I,  190;  of  a  graph,  II,  3;  (see  also 

Conjugate  and  Reciprocation) 
Combinations :  enumeration  of,  i,  87 ;   restricted   combinations,   T,   89 ;   identity  of 

enumeration  of  combinations  and  permutations  in  certain  cases,  I,  90-92  ;  of  order 

k  in  respect  of  p  units  and  in  general,  I,  180-186 
Compartments  (see  Cells) 
Complete  lattice  (see  Lattice) 

Components  :  of  index,  I,  145 ;  average  value  connected  with,  ib. ;  connexion  with  class 
of  permutation,  i,  148;  properties  of,  ib. 

Compositions:  of  numbers,  the  term,  I,  9;  of  unipartite  numbers,  I,  150-154;  graphical 
representations  by  black  and  white  nodes,  and  by  zig-zag  graph,  i,  152-154;  con- 
jugate, inverse,  self-inv.erse,  ib.  ;  of  multipartite  numbers,  the  generating  function, 
I,  155;  connexion  with  the  theory  of  permutations,  i,  159;  graphical  representation 
of  bipartite  compositions,  I,  165  ;  principal  compositions,  I,  171 ;  inverse  bipartite, 
I,  172;  of  tripartite  numbers  in  particular,  i,  178;  generalization  of  the  idea  and 
correspondence  with  "  Trees,"  I,  180  ;  connexion  with  Simon  Newcomb's  problem, 
I,  187 

Compound  denumeration :  the  term  after  Sylvester,  i,  264 
Conditioned  product :  the  term,  n,  41,  49 
Configuration :  arithmetical,  the  term,  n,  157 

Conjugate:  graphs  and  lattices,  n,  3;  partitions,  ib. ;  compositions,  I,  151-154;  self- 
conjugate  permutations,  I,  118  ;  inverse  conjugates,  I,  153 

Contact :  major,  equal  and  minor  contacts,  the  terms,  I,  132 ;  in  the  compositions 
of  multipartite  numbers,  I,  176;  in  permutations,  I,  177-183;  species  of,  in 
bipartite  compositions,  I,  168 

Continuants  :  connected  with  partitions,  n,  46 

Continued  fractions:  in  connexion  with  Diophantine  inequalities,  n,  118-125 
Contraction :  the  term,  n,  21 

Convergents:  in  connexion  with  Diophantine  inequalities,  II,  118-125 
Crelle:  u,  23,  foot-note 

Crude  generating  function :  the  term,  if,  93 ;  ultra-crude,  the  term,  n,  94 
Cube :  solid  graph  formed  by  the  summits  of,  II,  252 ;  partitions  in  solido,  ib.  ;  cor- 
responding lattice  permutations,  lattice  functions  and  generating  functions,  n,  252- 
257 

Degree :  of  a  separation  of  a  partition,  the  term,  i,  46 
Denumeration  (see  Compound  denumeration) 
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Descending:  descending  specification  of  permutations  of  different  integers,  I,  188; 

arrangement  of  parts  of  partition  in  descending  order,  II,  91 
Determinant :  guiding  determinant  of  the  Master  Theorem  in  permutations,  the  term, 

I,  100 ;  in  solutions  of  problems,  ii,  213-234 
Diagonal  properties:  <>f  magic  squares,  n,  157 

Diagram  :  in  theory  of  arrangements  on  a  chess  board,  and  in  denoting  minor  operations 
into  which  differential  operations  may  be  dissected,  I,  224-263 

Differential  Calculus:  applied  to  theory  of  distributions  on  a  line,.  I,  26  et  seq.;  to 
arrangements  on  a  chess  board,  I,  224  et  seq. ;  to  theory  of  permutations  and  com- 
binations, r,  87  et  seq. ;  to  compositions  of  numbers,  t,  160,  174 ;  to  enumeration  of 
multipartite  partitions,  I,  225  et  seq. 

Diophantine  :  analysis,  n,  91 ;  inequalities  and  equalities,  ib.  et  teq. 

Discordant  permutations:  the  term,  i,  253;  with  any  given  permutations,  i,  |M  -■>■> 

Displacements :  theory  of,  i,  99 

Dissection  :  of  differential  operations  into  minor  operations,  i,  224-263 
Dissimilar :  objects,  i,  8 ;  parcels,  ib. ;  parts,  n,  9-14 

Distributions:  theory  of,  I,  8-18;  operators  in  the  theory,  I,  26-44;  restricted,  49; 
derived  from  jwrtitions  with  zero  parts  only,  I,  76;  concerning  more  than  two  seta 
of  objects,  i,  83 ;  upon  a  chess  board,  I,  224  et  seq. ;  applied  to  the  multipartite 
partitions  which  appertain  to  a  given  group,  I,  264  et  seq. ;  in  the  theory  of  separations 
of  multipartite  partitions,  n,  285-296 

Divisors :  of  numbers  connected  with  partitions,  n.  57-58 

Dixon :  oubei  of  binomial  coefficients,  i,  121 

Durfee  :  his  square  of  nodes  appertaining  to  a  graph,  ii,  15 ;  square  of  i1  nodes,  ii,  25 

Elementary  symmetric  functions :  the  term,  i,  2 

Elliott:  on  linear  homogeneous  Diophantine  analysis,  II,  111-114 

Elliptic  functions :  Jacobi's  identity  in,  n,  23 

Equal  index  (see  Index) 

Equality:  Diophantine,  connected  with  Diophantine  inequalities,  II,  103-104 
Essential  nodes  :  upon  a  line  of  route,  the  term,  i,  167 

Euler:  i,  Introduction,  v;  on  the  Latin  square,  I,  246;  on  partitions  of  numbers,  D,  1; 

his  celebrated  formula  in  partitions,  KX,  21  ;  upon  divisors  of  numbers,  n,  57 
Expressibility :  theorem  of,  i,  53  ;  n,  291 

Ferrers :  his  graph  of  a  unipartite  partition,  n,  3 
Figurate  numbers:  appear  as  exponents,  n,  175 
Finite  Differences  (see  Calculus) 

Fractions :  i>artial,  after  Cayley,  n,  59 ;  partial,  derived  from  symmetric  function 

transformation,  ii,  61-71 
Franklin  :  D,  5,  foot-note  :  graphical  proof  of  theorem  in  Comptes  Rendu*  of  the  Iustitut, 

II,  21 

Fundamenta  Nova  of  Jacobi,  II,  31 

Fundamental  forms :  in  various  theories  derived  from  partition  analysis,  II,  91-170 

Gauss:  a  series  of,  n,  24;  methods  and  prtn-essos  of,  II,  78  K\ 
General  magic  square:  the  term,  ii,  157 

Generating  function :  I,  Introduction,  and  throughout  both  volumes  (see  Crude,  Real, 

Redundant,  Ultra-crude) 
Girard :  n,  Introduction,  Note 

Glaisher:  I,  Introduction,  viii;  proof  of  theorem  in  partitions,  n,  12 
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Gbttingen  Commentaries,  n,  24,  foot-note 
Graeco-Latin  square :  of  Euler,  i,  246-248 

Graph:  line  graph  of  composition,  I,  151-153;  zig-zag,  I,  153-154;  representation  of 
compositions  of  bipartite  and  multipartite  numbers,  i,  165  et  seq. ;  of  partition,  Q, 
3  et  seq.  ■  transformation  of,  II,  13;  square  of,  after  Durfee,  II,  15;  in  transforma- 
tion of  series,  n,  26 ;  functions  placed  at  the  nodes  of  a  rectangular  graph,  If,  145, 
270;  solid  graph,  n,  258;  aspects  of,  in  three  dimensions,  n,  277 

Greater  index  (see  Index) 

Ground  forms  (see  Fundamental  forms) 

Group :  in  theory  of  distributions,  the  term,  I,  8 ;  of  separations,  the  term,  I,  47 
Guiding  determinant  (see  Determinant) 

Hammond :  I,  Introduction,  ix  ;  his  operators  d,  D,  I,  27  et  seq.  ;  proof  of  laws  of  sym- 
metry, I,  40-41 
Hilbert :  solutions  of  inequalities,  n,  107 

Homogeneous  product  sums  :  expression  in  terms  of  other  symmetric  functions,  i,  3-4, 
7  ;  connexion  with  the  theory  of  distributions,  I,  10-15  ;  derivation  of  the  functions  t, 
I,  14  ;  connexion  with  distribution  into  groups  of  type  (lm),  I,  17-18  ;  connexion 
with  distribution  in  general  through  the  derived  functions  H,  I,  19-22  ;  derivation 
of  the  operator  8,  I,  36-37  ;  in  enumeration  of  permutations  and  combinations,  I,  87- 
92  ;  connected  with  Simon  Newcomb's  problem,  I,  197  et  seq.  ;  derivation  of  a  new 
function  habc... ,  I,  200  ;  connected  with  arrangements  on  a  chess  board,  I,  234  ; 
connected  with  multipartite  partitions,  I,  277-287 ;  connected  with  generating  func- 
tions of  partitions,  it,  62  et  seq.  ;  of  several  systems  of  quantities,  II,  283  ;  in jmulti- 

*     partite  distribution,  n,  287 ;  connected  with  magic  squares,  II,  166;  (see  also  Tables) 

Identity :  theory  of  Three  Identities,  I,  79-86 

Incomplete  lattice  :  the  term,  n,  191 

Indeterminate  equations :  in  partition  analysis,  n,  91-170 

Index  :  of  permutation,  I,  135-149  ;  in  the  study  of  lattice  functions,  n,  189  et  seq.  ;  in 
the  theory  of  permutation  functions,  n,  206-212  ;  in  the  study  of  solid  lattice 
functions,  II,  247-257  ;  (see  also  Multiplicity) 

Inequality  (see  Diophantine) 

Inner  lattice  function  (see  Lattice) 

Integer  :  consecutive  integers,  properties  of  algebraic  forms  of,  II,  151-156 
Integral :  finite  and  integral  character  of  a  standard  form  of  generating  function,  II, 
145-150 

Intermediate  (see  Convergents) 

Intuitive  :  generating  function  of  Euler  (see  Euler) 

Invariant :  arising  from  the  theory  of  Three  Identities,  I,  79-80 

Inverse  :  compositions,  I,  152  ;  self-inverse,  ib.  ;  inverse  conjugates,  153  ;  inverse  line  of 
route  through  a  graph,  the  term,  I,  172  ;  bipartite  compositions,  ib.  ;  inverse  principal 
compositions,  I,  173  ;  of  a  permutation  of  different  integers,  I,  188 

Jacobi  :  elliptic  function  identity,  II,  23-24  ;  Fundamenta  Nova,  II,  31 

Knot :  of  a  tree,  the  term,  I,  181  ;  terminal  knot,  ib. 

Laplace  :  I,  Introduction,  vi 

Latin  square  :  of  Euler,  theory  of,  I,  246  et  seq. 

Lattice  :  permutation,  the  term,  I,  124-125  ;  correspondence  with  two-dimensional  arrays 
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126 ;  enumeration  of,  127-134  ;  incomplete,  the  terra,  II,  213  ;  factor*  at  the  points 
of,  D,  187  ;  lattice  function,  the  term,  II,  189  ;  sub-lattice  function,  II,  194  et  seq.  ; 
Outer  and  Inner  lattice  functions,  the  terms,  II,  216  ;  lattice,  lattice  permutations  and 
lattice  functions  in  solido,  II,  247-257 
Lemma:  in  theory  of  Diophantine  inequality,  n,  115-116 

Lesser  index  (see  Index)  \ 

Letters :  in  envelopes,  I,  Introduction,  ix  (see  Probleme  des  rencontres) 

Limited  double  product :  studied  by  Sylvester,  u,  72-77 

Line  :  partition*  on  a  line,  the  term,  n,  171  ;  line  of  route,  the  term,  I,  167 

Linear  operator  (see  Operators) 

London  Mathematical  Society's  Proceedings  :  Hammond  in,  I,  27 
Lots  :  grouping  of  compositions  in,  I,  188 
Lucas  :  on  Probleme  des  menages,  I,  253 

M  (see  Modified  multiplication) 

Magic  square:  theory  of,  n,  157  ;  general  magic  square,  the  term,  ib.  (see  also  Chess 
board) 

Major  :  contact  {see  Contact)  ;  index  (see  Index) 

Master  Theorem  :  in  permutations,  I,  Introduction,  vii ;  i,  93-98  :  applied  to  theory  of 

displacements,  I,  99-114  ;  to  powers  of  binomial  coefficients,  etc.,  i,  115-123 
Maxima  and  Minima :  in  connexion  with  sub-lattice  functions,  n,  198-200 
Menages:   Probleme  des,  I,  253 
Metzler:  n,  Introduction,  v 
Minor  :  contact  (see  Contact)  ;  index  (see  Index) 
Modified  multiplication  :  denoted  by  M,  n,  42,  49 

Modulus  :  greater  index  of  permutation  in  respect  of  a  prime  modulus,  i,  140 
Modus  operandi:  concerned  with  arrangements  on  a  chess  board,  i,  228 
Monomial  symmetric  function :  the  term,  i,  7 
Muirhead :  on  VVaring's  theorem,  n,  Introduction,  Note 

Multinomial  theorem:  applications  of,  i,  7;  symmetric  function  expression  of,  i, 
231 

Multipartite  :  numbers,  I,  1,  155,  264  ;  symmetric  functions,  II,  280 :  representation  by 

graphs  of  nodes,  O,  176  ;  generating  function,  u,  54 
Multiplicity:  of  a  separation,  i,  46 

Netto :  Combinatorik,  n,  Introduction,  71 
Newcomb's  problem  iii  patience,  I,  187 
Node  :  of  graph  or  lattice  (see  Graph,  Lattice) 
Non-unitary :  symmetric  function  or  partition,'  i,  2  ;  II,  281 

Notation :  Cayley's  writing  (s)  for  1  -x*  (see  Clarendon  type,  Cayley);  exp  (see  Operators) 

Objects :  in  theory  of  distributions,  I,  8 
Obliterating  operator :  the  term,  i,  28 ;  u,  298-299 
Omega  :  operative  symbol  Q,  il,  92,  101 
Operation :  Q  (see  Omega) 

Operators  :  Hammond's,  I,  27 ;  notation  for  symbolic  multiplication,  ib.  ;  algebra  of  i 
28;  the  notation  exp,  I,  31  ;  upon  a  product  of  symmetric  functions,  I,  32  ;  oblite- 
rating, I,  28  ;  partition  obliterating,  i,  33 ;  applications  of,  I,  38 ;  of  the  theory  of 
separations,  i,  62  ;  the  operator  D0  and  its  properties,  i,  74-77  ;  applied  to  enumerate 
permutations  and  combinations,  i,  87-90 ;  in  theory  of  displacements,  i,  99  ■  in 
enumeration  of  multipartite  compositions,  i,  160,  206,  213  ;  in  arrangements  upon 
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a  chess  board,  I,  224  ;  dissection  of,  ib.  ;  connected  with  diagrams,  I,  225  ;  of  Calculus 
of  Finite  Differences,  I,  241  ;  in  theory  of  Latin  square,  I,  248  ;  in  enumeration  of 
bipartite  and  multipartite  partitions,  I,  267  et  seq.  ;  in  theory  of  symmetric  functions 
of  several  systems  of  quantities,  II,  2!)7  ;  in  further  theory  of  Latin  square,  II,  323-326 

Order  :  of  algebraic  forms  of  integers,  II,  152 

Ordinary  magic  square :  n,  157 

Outer  lattice  function :  n,  216 

Parcels  :  in  theory  of  distributions,  I,  8  et  seq.  ;  type  of,  ib. 
Parity :  of  greater  index  of  a  permutation,  I,  139 

Part :  of  partition,  the  term,  I,  1  ;  partition  into  different  kinds  of,  II,  1  et  seq. 
Partial  fractions  (see  Fractions) 

Partitions :  definitions  connected  with,  I,  1,  45  ;  operators,  I,  66  ;  of  zero,  I,  77  ;  perfect, 
the  term,  I,  217  ;  sub-perfect,  the  term,  ib.  ;  Ferrers  graph  of,  I,  236  ;  of  zero  leading 
to  distribution,  I,  242  ;  bipartite  and  multipartite,  I,  267  et  seq.  ;  Euler's  theory,  II, 
1-58  ;  Cayley's  transformation,  II,  59-60  ;  transformation  by  symmetric  functions,  II, 
61-71 ;  processes  of  Gauss,  n,  78  ;  connexion  of  theory  with  other  combinatory 
theories,  II,  84-90  ;  new  basis  of,  n,  91  ;  partition  analysis,  II,  91-170  ;  in  two  dimen- 
sions, II,  171  et  seq.  ;  in  solido,  ir,  247-257 

Patience  :  Simon  Newcomb's  game  of,  I,  187 

Perfect  partition:  the  term,  i,  217 

Permutations  :  as  particular  case  of  distributions,  I,  9  ;  enumeration  of,  I,  90 ;  Master 
Theorem  in  theory  of,  I,  93  ;  displacements,  I,  99  ;  Theory  of  Substitutions,  I,  112"; 
enumeration  by  powers  of  binomial  coefficients,  i,  115  ;  lattice  permutations,  I,  124- 
133  ;  prime  and  composite,  ib.  ;  redundant  generating  function,  I,  128  ;  indices  of, 
I,  135-148  ;  index  components  of.  I,  146  ;  connexion  with  compositions  of  multi- 
partite numbers,  I,  157  ;  with  given  number  of  major  contacts,  I,  181-186  ;  discordant, 
I,  254 ;  permutation  function,  II,  189,  206-212  ;  derivation  of  lattice  function,  II, 
189  et  seq. 

Plates :  representation  of  regular  graphs  by,  It,  277 

Point  :  of  graph  or  lattice  (see  Node) 

Prime  lattice  permutation  (see  Permutations) 

Prime  circulator  (see  Cayley,  Circulator) 

Principal  composition:  i,  171 

Probabilities  :  I,  Introduction  ;  I,  133,  149,  187 

Probleme  :  des  rencontres,  I,  99,  247  ;  des  menages,  I,  253,  255 

Projection :  of  solid  graph,  n,  246 

Protraction :  applied  to  a  graph,  the  term,  n,  22 

Quarrel  magiques  :  of  Euler,  i,  246 

Ramanujan  :  identities  of,  n,  33-48 

Reading:  of  graph,  n,  176 

Real  generating  function :  the  term,  n,  97 

Reciprocation  :  method  of,  I,  232  -233 

Rectangle :  Latin,  i,  251 

Reduced  Latin  squares :  the  term,  i,  248 

Redundant  generating  function :  the  term,  i,  128 

Reflection:  of  graph,  n,  277 

Rencontres  (see  Probleme) 

Repetitions:  partitions  without,  II,  33  (see  Unequal  parts) 
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Restricted  distribution :  i,  49 ;  on  a  chess  board,  r,  234 

Reticulation  (see  Lattice) 

Roots :  primitive  of  unity,  ii,  137 

Rotation :  of  graph  or  lattice  (see  Reciprocation) 

Rothe:  on  self-conjugate  permutations,  I,  118 

Route :  line  of,  the  term,  i,  167 

Row:  «»f  graph  or  lattice  (see  (Jraph,  Lattice) 

Self-conjugate:  j>ermutation.s,  i,  118;  partitions,  n,  13-18;  graphs,  II,  18-20,  179-181 
Self-inverse  compositions:  i,  152-153 
Separate:  <>f  a  partition,  the  term,  I,  45 

Separations :  of  a  partition,  theory  of,  i,  45-54 ;  characteristics  of,  i,  46 ;  groups 
of,  I,  47,  58  ;  multipartite,  ii,  285-296 ;  the  connected  differential  operators,  I, 
62-73 

Sequences:  <>f  numbers  in  a  partition,  n,  14;  partitions  without  sequences  or  repe- 
titions, II,  33 ;  partitions  without  sequences,  n,  49-54 

Simultaneous  Diophantine  inequalities:  n,  126-135,  138  et  seq.,  152  et  seq. 

Single-unitary :  symmetric  function  and  partition,  n,  281 

Solid  graph:  the  term,  n,  177;  partitions  in  solido,  ii,  247-257 

Space :  in  enlarged  idea  of  composition,  I,  181  ;  blank  space  as  a  symbol,  ib. 

Specification:  of  a  separation,  the  term,  I,  46;  of  a  bipartite  serration,  n,  285; 
ascending  and  descending  of  a  permutation  or  composition,  I,  188 

Square  (see  Magic  square,  Latin  square) 

Standard  forms:  of  generating  functions,  n,  150 

Stepping  back:  to  a  crude  form  of  generating  function,  h,  93 

Steps :  between  points  of  a  graph,  the  term,  I,  164 

Sub-lattice  function:  n,  194 

Sub-perfect  partitions:  the  term,  i,  217;  theory  of,  i,  223 
Sub-permutation  function :  n,  207 

Substitutions:  theory  of,  in  the  Theory  of  Displacements,  i,  112 
Summits :  of  a  cube,  certain  partitions,  ii,  252-255 

Sums  :  of  homogeneous  products,  I,  3 ;  of  powers  of  elements,  i,  4 ;  of  powers  of  binomial 
coefficients,  I,  119-121 

Sylvester:  I,  Introduction;  I,  32;  II,  13,  14;  in  Johns  Hopkins  University  Circulars, 
II,  15;  in  Collected  Papers,  ib. ;  on  Jacobi's  identity,  D,  24;  on  continuants,  II,  46; 
on  expansion  of  enumerating  functions,  n,  71 ;  on  a  limited  double  product,  n, 
72,  76 

Symbolic  form :  of  an  enumerating  expression,  I,  273 
Symmetric  functions:  i,  1-86;  n,  280  et  seq. 

Symmetry :  laws  of,  1, 1 1,  14 ;  Hammond's  proof  of  second  law,  i,  40 ;  proofs  by  operators, 
I,  42-43;  generalization  of  laws,  I,  51 ;  concerning  binomial  coefficients,  I,  76  ;  further 
laws,  I,  79;  D,  290;  of  arrangements  on  a  chess  board,  i,  236 

Syzygy:  syzygetic  theory  of  Diophantine  equatious,  II,  107  et  seq. 

Tables:  i,  201-202,  288-300;  n,  327-332 

Transformation :  geometrical  of  certain  series,  n,  26-32  ;  of  generating  functions  by 

Cayley,  n,  59-61  ;  by  symmetric  functions,  n,  61-69 
Trees :  the  mathematical  forms  so  called,  I,  181-182 
Tripartite :  numbers  and  partitions,  I,  277-287 

Type :  of  classes,  parcels,  groups,  and  objects,  I,  8 ;  of  a  distribution,  I,  50 
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Ultra-crude  generating  function:  u,  95 
Unequal  parts :  of  partition,  n,  11-14 
Uneven  parts:  of  partition,  n,  11-14 
Unipartite  number:  the  term,  i,  1 
Unitary  symmetric  functions :  the  term,  i,  2 

Values:  average,  connected  with  indices  of  permutations,  i,  139-147 

Waring :  n,  Note  following  Introduction ;  formula  of,  I,  5 ;  generalization  of  formula, 

I,  5,  57;  II,  283,  295 
Weight :  of  a  symmetric  function,  the  term,  I,  3 ;  of  a  separation,  I,  46 
Whitworth  :  Choice  and  Chance,  I,  Introduction ;  n,  220 
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